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ELECTRODYNAMIC THEORY OF A DENSE PLANE 
GRATING OF PARALLEL CONDUCTORS 


A.N. Sivov 


In this report is solved the electrodynamic problem of determining the coefficients 
of reflection and transmission for inclined incidence of a plane electromagnetic wave at a 
plane grating in free space. The period of the grating is assumed to be small in comparison 
with the wavelength. The shape of the conductor is considered. The derived formulas 
show, in particular, the limiting case of infinitesimal proximity of conductors (wherein 
the grating becomes a corrugated surface). 

The fields in the vicinity of the conductors are determined. A system of equivalent 
boundary conditions is derived for the grating. The Lamb error in the acoustic problem 
for a grid of circular rods is discussed. Expressions for the fields in the vicinity of 
the conductors permit taking into account losses caused by nonideal conductors. 


1. STATEMENT OF THE PROBLEM. INTRODUCTION 


At a plane infinite grid in free space (€ =u =1) a plane electromagnetic wave is 
incident at an oblique angle. The grid is formed by parallel conductors with two axes of 
symmetry in the cross section. Assuming the period small in comparison with the wave- 
length it is necessary to determine the transmitted and reflected fields, the field in the 
immediate vicinity of the conductors, and also to derive local boundary conditions equiv- 
alent to the effect of the grid. Solution of the problem is undertaken for investigation of 
attenuation and phase characteristics of electromagnetic waves in periodic waveguides. 

Let us introduce a rectangular system 
of coordinates x, €, y related to the grating 
as follows (Figure 1). Axis ox is perpendicular 
to the conductors and lies in the grating plane; 
0€ is directed along the conductors and passes Y 
through the center of one of them; oy coincides 4 
with the normal to the grating plane. The 
grating consists of parallel, ideally conducting 
conductors of arbitrary shape of a cross sec- 
tion having, however, two axes of symmetry, 
ox and oy. The grating period p is small in 
comparison with the wavelength A, so that 
the dimensionless parameter kp (k = 2k/A) 
is small. Dependence of the fields on time Vie 
is assumed in the form exp(iwt). From the 
direction of negative values of the y'-axis 
(Figure 1), the direction of which in the Figure 1 
system x, €, y is fixed by direction cosines 
a, y, B (02 + y2+ 62 =1), a plane electromagnetic wave of unit amplitude falls upon the 
grating. The wave reflected from the grating leaves in the negative direction of the oy''- 
axis, the direction cosines of which are -@, -y, 8. Since the grating is uniform in the 
€ direction, dependence of the fields on € will be the same as in the incident field, that is, 
it will be determined by the factor 3 


ett, 2 = — iby. (1) 


In the present problem it is necessary to distinguish the two polarizations of the incident 
wave according to the orientation of its electric and magnetic fields relative to the direction 
of uniformity of the grating. In the case of H-polarization the electric field is located in 
the plane perpendicular to the conductors and the magnetic field has a component directed 
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along the conductors. In the case of E-polarization the magnetic field is perpendicular to 
conductors and the electric field has a component directed along the conductors. For 
analysis of the general case it is sufficient to examine the two polarizations individually. 


2, CASE OF H-POLARIZATION (Eé = 0) 


In this case, in accordance with the Maxwell equations, all components of the field 
are expressed in terms of H€ as follows: 


4 oH, 4 
EB, =_q =a ap He = TE 
4 0H. (2) 
c 
Ey =e Hv = TEs. 


The HE component satisfies the Helmholtz equation 


Vie +k (1 72) He = 0 (3) 
: 20k ; oHE a 
with the boundary condition at the cross-sectional contour of the conductor On | thio 


(n is the direction of the normal to the cross-sectional contour of the conductor). 


(1) Expression for Fields in Remote 
Zones in Terms of Fields at the Conductor 


Contour and at Plane y=0. Figure 2 shows 
a typical field sector bounded by volumes V1 
and Vo on different sides of the grating. Sec- 
tors 5'-5 and 5' -5 are located at distances 
from plane y = 0 which ensure formation of 
the plane fields. In order to determine the 
relationship between the fields in the remote 
zones and the fields in the vicinity of the 
conductors let us apply the Lorentz lemma, 
(see, for example, reference [1]) 


$ ((EH'), — (E'H),}ds =0 (4) 


(n is the direction of the outer normal) to the 
surfaces bounding volumes Vj and Vg. As 
the auxiliary fields figuring in the lemma let 
us take the fields of the plane waves in free 
Figure 2 space, choosing their direction of propagation 
so that the auxiliary waves are "opposed" to 
the true fields. In other words, the E!, H1! field (opposed to the reflected wave) is the 
field of the wave propagating in the positive direction of the y-axis; the E2, H2 field 
(opposed to the transmitted wave) is the field of the wave propagating in the negative 
direction of the y' axis. : 

It follows from the above remarks that the quantities [EH"], and [E1H],, do not depend 
on €; hence the sum of the integrals over areas lying in planes €=Oand € = éyyields 
zero. As a result we obtain zero for the integrals evaluated over the I; contours in the 
plane €=0.* 

In vertical sectors 5'-5' and5 - 5 the following relationships apply: 


H (4) ey Ti (— 5) e—tkep, E(#) = E(—$)e-te, E! 3) 23 E! (—2) etter, 
; (9) 


H' (2) =H'( $) etter 


* 

Instead of the Lorentz lemma we may use Green's theorem in "pure form" and operate 
with potentials H E and H E: However, there is little essential difference between the two 
methods. 


430 


This leads to the vanishing of the integral over the vertical sectors. Considering that 
at the contour of the conductor the tangential component of electric field Eg is equal to 
zero, we arrive at the desired relationships linking the far fields with the fields at the 
conductor contour and at the line y = 0 between conductors: 


| (ELH. — ExHi) dz = | Bileds+ | (BiH, — ExHi) de, 


(6-5) (32-8) (4’—3"}, (3-4) 
(6) 
(E,Hi — ELH) dz = \ E\H, ds — (ELH, — ExH}) dz. 
@3) (3-3-8") (4’—8'),(3—4) 


The true far fields and the auxiliary fields are: 
fory<0 Hy =VI— 7 (eH + Rett’), 
for y>O Hya=V1—y?Te-itv, (7) 


Hi=V1— em, HR= V1— yew’, 


R and T are the sought reflection and transmission coefficients. Inserting (7) into (6), 
we find 


E\H,ds + (EXH; — E,H}) dz = 0, 
(3’—2—8) (4’—38’), (8—4) 
ElH, ds — \ (ELH; — E,H}) dz = — 2BpR, 
(3-2-8') (4#’—3’), (84) 
(8) 
FH, ds + \ (E2H, — E,H?) dx = — 2BpT, 
(3’—2—8) (4’—8’) (8-4) 

EtH, ds — (E2H; — E,H?) dz = 2Bp. 


(3-2-2") (4’—3’) (3-4) 
. 4 


Thus, coefficients R and T (that is, of the far field) were expressed in terms of the 
fields at the contour of the conductor ec: 


—28pR = § E!H,ds,  2Bp(t1—T) = $ E2H: ds. (9) 


(2) Fields in the Vicinity of the Conductors. Let us find the fields in the vicinity of the 
conductors of the grating. Replacement of wave equation (3) with the Laplace equation leads 
to an error of the order of (kp)? Hence, if the solution of equation V7 H = 0 is found with 
an accuracy of the order of (kp)2, it may then be assumed that it represents the true field 
with the same accuracy. As seen from (8), this solution 
will be used by us only at the contour of the conductor 
and at line y = 0 between conductors. Thus, we shall 
seeka quasi-static solution satisfying the obvious require- 
ments: 

(1) the quantities H¢ and dHe/ dy are continuous at 
4' - 3' and at 3 - 4; 

(2) dHE/ dn = 0 at the cross-sectional contour of the 
conductor. 

In order to determine-the form of the solution let us 
carry out conformal mappings of z1(z) and z9(z) 
translating regions Dj and Ds of the planes of complex 
variables z1 =x + iy, and Z =x, + iyo into region D 
: of. complex variable z=x+ iy. Correspondence of the 
eee points is shown in Figure 3. Solution of the problem in 
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the entire region under discussion will be sought in the form 
for y>O He = (Az + Boys) (1 + Coxe), (10) 


for yO He = (Ai + Buy) (1 + C122). 


Here y;(x,y) and x9(x,y) are the imaginary and real parts of the transformations of z, and 
Los Ayo B. and C. are constant quantities. Let us emphasize that at sector 2-3 oy 4 fon ~ 


~ 8x9 / On =0. Let us determine functions yj and xg over the boundaries of region D from 
the conditions 


n(—2y) =m (2,y), 1 (% —y)=—Nn(Z,y), 


(11) 
L_(— 2, y) = — Xe (x,y), V2 (Z, — Y) = La (ZX, y)- 


Solution will be subject to the stated conditions. | 
; (1) in sector 3-4 ae Sle and Ming 0. This gives A,- Ag = Cane = C1A4)X2 and, | 
since xg = const, this equality is possible only with Aj = A9, C1 =Cg (let us designate Aj = A, 
C, =C); 
1 ; 
(2) from the continuity of E, in sector 3-4 it follows that B, = Bg (let us designate B, = B); 
(3) finally, the conditions in (5) permit easy determination of C = -ika. Asa result, a 
field in the vicinity of the conductors may be represented in terms of two constants A and B 


in the form F 
Hy = (A + By,) (1 — thaxe). (12) 


Quantities A and B are determined from the first and fourth equations, ink(S)amlias 
shown below that B is of the order of kp; hence V7H is of the order of (kp)“, that is, the 
desired solution represents the true field with the assumed accuracy. 

(3) Calculation of R, T, A and B. Now, by use of relationships (8) and (9) and the de- 
rived fields in the vicinity of the conductors, it is not difficult to calculate the quantities 
which we seek. Let the cross-sectional contour of the conductor be given by the equation 
y = y(x). In evaluating the integrals along the conductor contour let us replace the expo- 
nents by the first two terms of expansion for ky (the vertical dimensions of the conductor 
are assumed to be small in comparison with the wavelength). 

As a result of integration we find 


gees oa BV Ett vl arts ee 
4 B—ik[(i—y)l+a%])’ ~  d+ikpA ”’ 
Ra AMBRE RIA— TL + tL) jibe (13) 
2 \B—ik(4—7l + aL) T+ ikpAf’ 


Teast (Oe (a eae — 
2 \B—ik[(i—7)l+ atl) ' T+ ikpAf* 


Here / =S/2p (S is the cross-sectional area of the conductor); 


A = BA, — ikp (B?A, — As); 
b b (1) 
2 2 
A= F\ nde; Oe= S| yyde; Ay = 3) (e—22) ny! de: 


0 ° 0 


b 
2 : i 2 
Les - \ zy’ dz (the integrands are applied to points of the contour, y' is the derivative of 
0 
function y(x), 2b is the maximum dimension of the conductor in the direction of the ox axis). 
It may be shown that Ay =1,/p, where 1, is determined from conformal mapping as 
the limit: 


h reas (yi—y)- (14) 


(4) Checking the Limiting Cases. It is evident that the obtained coefficients of reflection 


432 


and transmission satisfy the law of conservation of energy RR +TT = 1.With q =2b/p > 
> 0(b- 0) T>1, R-0. The same transition to the limit occurs with kp -0 (in other 

ul doa decrease in period leads to an increase in penetration of the field through the 
grating). 

Let us explain the behavior of R and T with q -1 (transition to solid filling, that is, to 
corrugation). For this purpose let us make still another transformation; that is, let us 
carry out conformal representation of the upper semiplane of the auxiliary complex plane 
W (Figure 3) in the region Dj of plane z 1 so that points -~ ,0,1,0, +” of the real axis W 
are transferred to points 1,2,3,4,5, respectively, of plane Z1. The transformation is 


written in the form 
a= Zaresin/ Y=. (15) 


Parameter a depends on the shape and relative dimensions of the conductor. For calcu- 
lation of 4 it is necessary to know the values of y; at sector 2-3. At this sector 0< W< 1, 
hence, 


Vi-W+Vc_—w 
Vo—1 (16) 


With q >1 (the conductors approach one another infinitesimally b> p/2) 0 > 1, and yy >= (let 
it be remembered that it was not required that kyi< 1, and only that ky € 1). Then, from 
the integrals defining A the principal terms tending toward infinity are isolated. (It may be 
shown that the singularity of expression in (V1-W+ Vo-W) at the point W =1 for o=1is 
integrable); 


y= na = in 


at ae Be pee ER 
A=F, Axe l, As p+), (17) 
B2A, —a?A, mae (14 — 72) + a2Z). 


Inserting this into the formula for R and T, we find for q =1 


B+ ik [1 —7?) 1+ aL) 
R= Bika pls eL] es 


In addition, T = 0, IR | = 1, which was also to be expected. With normal incidence a@&‘y=0. 
B=1. Formula (18) for Rin our approximation may be written in the form 


s 
R= Ay: P. (19) 


For a rectangular waveguide this formula, as it should, yields a phase excursion with 
simple displacement of an ideal conducting plane in the negative direction of y. Thus, with 
normal incidence of a plane wave of H-polarization on a corrugated plane surface with a cor - 
rugation of arbitrary shape, the phase excursion in the reflection coefficient is proportional 
to the cross-sectional area of the figure forming the ‘corrugation. 

(5) Equivalent Boundary Conditions. The derived coefficients of reflection and trans- 
mission permit the description of local boundary conditions which are equivalent to the 
effect of the grating. Actually, after calculation of R and T, in accordance with formulas 
(7) and (2), we know the true fields for regions lying above line 5'-5 and below line 5' - 5 
(we will recall that these sectors are located from plany y = 0 at distances sufficient for the 
formation of fields of plane waves. Usually, these distances are of the order of a period, 
since the fields of local waves attenuate rapidly with distance from the grating.) If now 
we continue the fields to y = 0 as fields of plane waves (remembering that this does not 
represent the continuation of a true field), we thereby introduce with y =0.a certain semi- 
transparent, infinitely thin film at which the jumps in the components of the field are defined. 

It is evident that the effect of this hypothetical film is equivalent to the effect of this 
hypothetical film is equivalent to the effect of a real grating, since the fields in the remote 
zones are preserved. The jumps in field components may be regarded as the equivalent 
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boundary conditions which must be laid down with y = 0. In this manner we obtain the follow- 
ing boundary conditions for waves of H-polarization: 


— ikl, tad 
Hz,z— Hy = areca |Eat Ex + % (Aw +5 Hy) |, 


(20) 
Ex. ae i Ex = tk [/ (Hes ota Hz) — cen ae Ey)|- 


Consideration of the component of the order of (kp)2 in the denominator of the first 
boundary condition, as in the formulas for R and T, makes sense for q sufficiently close to 
unity when parameters Ag and Ag begin to increase substantially. These results are a 
generalization of the results given in reference [2] (for ¢ = 1) for the case where the fields 
are dependent on coordinate €(9.. ./a& # 0). ‘ 


3. CASE OF E-POLARIZATION (Hé = 0) 


In this case all the components of the field may be expressed in terms of the component 
of the electric field along the conductor as follows: 


4 oF, 
Fax ES ay ee! Bemmttys 
(24) 
—4 OE, 
Hy =a ay pe ee 


The same component Eg satisfies the equation E é + k2 (1- y)EE = 0 with the boundary 
condition at the conductor contour Eg |g = 0. 


(1) Expression for Far Fields in Terms of the Field at the Contour and at the y =0 Plane. 
Application of the Lorentz lemma to volumes Vj and V9 leads here to the relationships: 


(Ei H.— E,H') dz = \ EtH,ds + (ELH, — ExH',) dz, 
(5’—6) (3’—2—8) (4’—3’), (3—#) (22) 
\ (E, Ht — ELH,)ds = \ EtH, ds — \ (ELH, — E,H') de. 
(5’—6) (3-2—3’) (4#’—8"), (3—4) 


The true far fileds and the auxiliary fields are 


for y>O Ep, =TV1— 7 iv, 
for y <0 E, = Vi —*"? (e—ikv’ 2h Reikv’), 
Fl=ViaPe, R= VT ott, 


Inserting (23) into (22), let us find the relation of the desired coefficients R and T to the 
fields at the conductor contour: 


(23) 


EYH,ds + (Ei{H, — E:H;) dz = 0, 

(3’—2—8) (4’—3'), (8-4) 

\ ELH, ds — (EtH, — E<H})dz = 2BpR, 24) 
(3—2—3’) (4’—3') (3-4) ( 

E?H,ds + (EH, — EzH}) dz = — 2BpT, 
(3’—2—8) (4’—3’), (8-4) 
E?H,ds — (E?H, — EzH?) dz = 2Bp, 
(3-2-2") (4’—3’), (8—4) 
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— 28pR = b ELH, ds, 
° (25) 
2Bp(1 —T) = $ E?H, ds. 


(2) Fields in the Vicinity of Conductors. Let us seek the fields in the vicinity of the 
conductors from the solution of the electrostatic problem, which may be formulated in the 
following manner. It is necessary to find the solution of E¢ of the Laplace equation 

. (with an accuracy of the order of (kp)) satisfying the requirements: 

(1) the quantities Eg and dE é /dy are continuous at 4'-3', 3-4; 

(2) Eg = 0 at the cross-sectional contour of the conductor. A similar electrostatic 
problem is solved in reference [3] for the case of independence of the fields on coordinate €. 

In order to determine the form of the solution let us carry out conformal representation 
of z3(z), translating region Dg of plane zg = x3 + iyg3 to region D of complex plane z = x + iy 
(Figure 3). Solution of the problem has the form 


for y>0O Ee, = (A2y2 + Bays) (1 + C222), 
(26) 
for y<O Eg, = (Arye + Biys) (1 + Cite). 


Here yo(x,y) and ya(xy) are the imaginary parts of transformations of z9(z) and Z9(Z); 
X2(x,y) is the real part of transformation of z2(z); An, By and Cy are constants. Let us 
determine the functions of y2 and yg beyond the limits of region D from the conditions 


Yo(— 2, y) = y2(2,y), Yo(Z, —y) = — ya (2, y), 
Ys(— 2, ¥) = ¥s(2,Y), Ys(Z, — ¥) = Ya (2, y)- (27) 


As in the case of H-polarization, one of the functions is extended beyond y = 0 symmetrically 
and the other asymmetrically. 

(1) At sector 3-4 E¢ 9 = Eé 1. This gives B, - Bg = (B{Cy - ByCo)x9, whence 
Bi = Bg, Cy = C2 (let us designate Bj = B, C, =C). 

(2) From the continuity of H, (Hx = slo eee SEE ) at 3-4 it follows that Aj = Ag 
(let us designate A, = A). ik(ln=‘y~) ) oy 

(3) The conditions in (5), as before, give C@ika. Thus, the sought field in the vicinity 
of the conductors may be written in the form 


Ez = (Aya + Bys) (1 — ikaze). (28) 


Constants A and B are determined from the first and fourth equations of (24). 
(3) Calculation of A, B, R, and T. For calculation of A and B let us add and subtract 
the first and fourth equations of (24). We obtain 


EH, ds ~ ( E?H, ds —2 H1E~ dz = 2Bp, (29) 
(3’—2—8) (3—2—3’) (4’—3'), (3-4) 
= E1H,ds + \ E?H,ds —2 E}H, dx = 2Bp. 
(38’—¢—3) (3—2—3') (4’—3’), (3—4) 


At sectors 4'-3' and3-4, Yor 0 and Eg may be represented in the form 


—B . pikax 
Ex = Byse*™*, Uh scarier . 


Hence, 


— BB 


sans Y3 dz. 
vi=7 west, (34) 


H\.E; ai — 
(4’—3’), (8—4) 


435 


At this same sector 8x2 / dy = 0 and dy3 / dy = 0, whence 


A OY 
He = Fa Oy 
and 5 ay. 
1 ba ates CEN o9s “ 
Ny Balls Oe oie ay 
(4 —3’), (34) (4’—3"), (3—4) 


It is required that we evaluate integrals along the conductor contour of the form i) Et H, ds, 


but H_ = 1 OE~ and, since at the conductor contour yg = you 0 
5 ik(l-y2) on ae 
E edd Oy Oys —ikaxy 
ri (4 B+ BBE) eotten, 
my —1 i OY2 OYs * ikax, 
( FeHds = apy \ Et (AGE + BBV axe dy, 


Inserting these expressions in formula (29), we find 


B OY ge j ous g dx\| = —ikV1— 2 Bp, 
a tale Heys (ly an” , = oth Oats *)| ; y (30) 
Aye ds — \ dx —ikp \ y 2 ds | = ikVT— 7 Bp. 


(3’—2—8) (4’—3"), (3-4) (3'—2—3) 


Let us evaluate the integrals in the left-hand sides of the equations by means of Green's 
formula. _We write the condition of equality to zero for the integrals over the closed contour 
T2 from the functions dyg/ on, dy3/ dn, dy2 __ dy3 OV Be = © oy, 

én’? 2en ’ Yon’? “Y3 on ° 
For the mentioned conformal representations there occurs the limiting relationship 


dzj / dz -1(i=1, 2, 3) withy -@; hence yj =y +i. From this circumstance we find 
a dy oy: 
s2 ds = —p, rn 3, dt =— Py 
(3’—2—8) (3’—2—8) (4’—3"), (3—4) 
(31) 


x) 
y us ds = ple, \ y ed ds + \ y3dxz = pls. 
(3-2-3) (3"—2—3) (4°—5"), (3-4) 


Inserting (31) into (30), we obtain A and B (i.e., the field in the vicinity of the conductors): 
_ —ikgVi- _ ikgpVi-— 7 
A Sind hitless, Sadar Bilao? oF 


Now from formulas (25) we may obtain the desired coefficients of reflection and transmission: 


14 < 1 — ikBls 
R= a [4 a= 2ikBl, ae t+ TEBE | H (33) 


4 ; 1 — ikBl, 
T = +[1—2iKpl, — =). 
Parameters /: depend on the shape and relative dimensions of the conductor. Formulas 
(33) permit, in particular, both limit transitions (q -0, q>1). It is further shown that 
forq-0, 4 -QOand 1s -& , hence T>1landR-~0;forq—-1, J,—J;, , hence T>0 and 
—2tkBl, 

R-e Lae s: Br, : 

(4) Equivalent Boundary Conditions. The derived expressions for the coefficients of 
reflection and transmission, as in the case of H-polarization, permit writing the boundary 
conditions equivalent to the effect of a real grating in the following form: 


Ey, — Ex, = tkl, [(Hza + Hx) —+ x (Lin ae Ey)| ’ 
(34) 


é Ll O72 = 
Ee, + By = ihls|(Hsa— Hn) — | % (En — Ew)]- 


436 


For the special case of a grating of ribbon conductors these conditions coincide with the 
boundary conditions obtained in reference [4]. Boundary conditions (20) and (34) may be 
used for analysis of attenuation and the phase characteristics of electromagnetic waves in 
helical waveguides taking into account the period, shape, and relative dimensions of 

the conductor for the entire range of changes in parameter 2 (from a grating of extremely 
fine conductors to a corrugated surface ). 


4. CALCULATION OF PARAMETERS. 
CONDUCTORS OF CIRCULAR ANN RECTANGULAR CROSS SECTION 


In order to obtain the more convenient formulas defining the J:, parameters let us carry 
out conformal representations of z;(W) (i =1, 2, 3) translating regions D; of the planes of 
complex variables of zj to the upper semiplane of complex variable W (Figure 3). These 
transformations may be presented in the form 


OF pie 70! = 
Cine Te sin Gia! 
arc sin Vee k (39) 


arc sin VW. 


Zo = 


|» als 


wy 


Stee i 


The correspondence of points is shown in Figure 3. Formulas for calculating /, and J, 
may be presented in the form 


4,=1,+ lim (y¥i— 91). 


Mee; (36) 
Using the transformations of (35) for calculation of the limits, we find 
= 
lp=h— $n 
(37) 


l= + $-In(o—1). 


The formulas are valid for conductors of any shape. By means of the Cauchy-Riemann 
conditions it may be shown that parameter L in the formulas of H-polarization is equal tol». 

(1) Conductor of a Circular Cross Section. For a grid of circular conductors we may 
use Blokh's extremely precise transformation [5]. 


mb. 38 —t + Ab) : 
Z, =2—-—— In ———__ (38) 
: on sin  (z—2b) 
P 


where b is the conductor radius, m and are parameters depending of q. For parameter 
l, the following formula is obtained: 


Using the transformation of z1(W), we find 
6 =cth?r, 


r= [14 are te (te + gh cth 5) 


(here = is the ordinate of point 2 at plane z1), whencel, = ,—£ In cosh r and J, = 1, —= 


er cinh i for g—0 r—>0, 6-> 00, 1, +00, 1, +0, 13 > 0. 


for g—>1 4-1, roo, bls 0,45. 


In the case of H-polarization, normal incidence and a fine conductor (q 1) use of Blokh's 
transformation leads to formulas 
R=3ikl, T =1—ikl, (39) 


coinciding with the formulas derived in [6]. Lamb's results [7], derived for this case in the 
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acoustic problem of a grating of thin circular rods with the identical statement of the 
problem, and Gans' results [8] are erroneous. Their formulas did not consider the annular 
current along the perimeter of the conductor, which led to an error of 1.5 times for the 
reflection coefficient. 

(2) Conductor of Rectangular Cross-Section. Ribbon Conductor. Fora conductor of 
rectangular cross section, by means of the Christoffel-Schwartz formula we may obtain 
the transformation of z(W) in the form 


Ww teed 


ae i er ees y ES ae: (40) 
Ae Te \ yraam V w= 


Here 2c is the conductor dimension in the direction of the oy axis. Parameters 0 and t; 

depending on the relative dimensions of the conductor, are determined from Equations (5) 

and (6) in [9]. Calculation of o and t was performed for several values of relative dimensions 

in this work. From transformations of z; (W) and z(W) from formula {1 a (y1 - y) we find 
1 N— co 


i ps \ al : 
2n 3 YI—U)(1—s) (VI—W +1) 


For a ribbon conductor (c = 0) planes z and z9 coincide, 


; * (41) 


4 1 


’ ls = In x 
sin? a q cos +4 1 sin +4 
5. CALCULATION OF THE COEFFICIENTS OF REFLECTION AND TRANSMISSION 
BY MEANS OF INTEGRAL FORMS OF MAXWELL EQUATIONS 


Solution of the problem in the case of normal incidence of the wave at the grating may be 
obtained by another, simpler method. For this purpose let us use the Maxwell equation in 
integral form. 


(1) H-Polarization. Here we use the equations 


$ E,ds = — ik \\ Hz ds, (42) 
(C:+-T2) 

Weds ik \\ L, ds. (43) 
(T3+Ts) 


For evaluation of the area integrals let us use the derived static solution: Hes Ad By,> 


= : 
Ey = ee se . At the verticals 0 .../on =0. Directly from Equation (42) we obtain 


‘ +s aS 
Bsy— Exy = — ihAdy + tk A, (44) 
The term -ik2y represents the simple phase excursion between sectors 5' - 5 and 5! - 5. 


The second term, proportional to the area occupied. by the grating, is not considered in 
the Lamb formulas. Equation 43 gives 


Analyzing the solution for far zones in terms of ky and equating the coefficients, we find 


R 4 ppa— 1 — ikl, 
7}= 30 +b Qik Fy TAR 


(46) 
—ik 


a ss Ss: 
A=1-4- ikl, B= i, a ore 
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Figure 4 
ae Figure 5 


The boundary conditions corresponding to these coefficients will have the form 


Hyg — Hy, = — ikl, (Esa + Ex), 


47 
Eo aF = ws + Hays 42) 


Formulas (46) and (47) are applicable for q not extremely close to unity and do not give the 
correct critical transition for q - 1. This circumstance is an evident consequence of the 
use of the static solution at a sufficient distance from the grating. 

In the case of H-polarization two types of current are observed at the contour: annular 
(owing to constant A) and dipole (owing to the term By1i). At the upper half of the contour 
these points are subtracted and at the lower half they are added. The dipole current is 
always small as long as the slots are quite small. This explains the excellent transmission 
of the H-polarized wave through the grating. Figures 4 and 5 show the moduli and phases 
of R an T as calculated for a grid of circular conductors from the precise formulas (13) 
for values of parameter kp = 0.1 and 0.2. 

(2) E-Polarization. Here we use the equation 


§ E,ds = Any H,ds (n=3,4). (48) 


Contours Tj, and areas 0, lie in the plane x = p/2. For evaluation of the area integrals let | 
us use the static solution Et = Ayg+By3, H= A oy2 , B dyg. We obtain 
ik dy ik dy 
Ex — Ex = 2Al, + 2Ay, 


(49) 
Ee + Ee, = 2Bls + 2By. 
Equating the coefficients with powers of y in (49) and in the expressions for the far 
field, we obtain the formulas 
R\_4 ; 1 — ikl 
- race (1 — tikly 5 + ad) , (50) 


which are a special case of formulas (32) and (33) 

The derived expressions for fields in the vicinity of the conductors permit calculation 
(from existing formulas) of losses associated with nonideal conductors. 

In conclusion I wish to express my thanks of B.Z. Katsenelenbaum for his interest and 


valuable advice in this work. 
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FLUCTUATIONS IN SELF-EXCITED OSCILLATORS 


S.I. Yevtyanov and V.N. Kuleshov 


Using the methods of shortened symbolic equations, general expressions are derived 
describing the effect of a small additive noise current on the amplitude and phase of sinu- 
soidal oscillations of a self-excited oscillator with any number of degrees of freedom. On 
the basis of these expressions there is constructed a linear equivalent circuit for fluctuation. 

The presented equivalent circuit is suitable for investigation of local stability of 
stationary operating conditions. 


INTRODUCTION 


It is the purpose of this report to derive general formulas for calculation of fluctuations 
in self-excited sine-wave oscillators. The general procedure for calculation of fluctuations 
in such oscillators has been developed in a number of papers [1 - 5]. Nevertheless, as we well 
know, the literature still contains no work in which expressions for the statistical character- 
istics of oscillations in a wide class of self-excited oscillators have been derived in closed 
form. 

Below we derive such expressions for a self-excited oscillator containing a vacuum tube 
and a four-terminal feedback network in the form of a system of low-loss tuned circuits. 
In this case the behavior of the self-excited oscillator is conveniently investigated by the 
method of shortened symbolic equations[6]. In reference [7] this method was used for cal- 
culating the fluctuations in single-tuned circuits. 

In deriving the formulas the influence of plate and grid current response is disregarded. 
The grid is assumed to be fixed-based or self-biased but lagless. 


1. DERIVATION OF EQUATIONS FOR FLUCTUATION 


Leti andU represent the complex amplitudes of the first harmonic of plate current and 
control (grid) voltage and let © represent the possible phase shift between self-oscillation 
and oscillation at a certain reference frequency Wg * 


Dale. (1) 
U = UVei*, . (2) 


If frequency is chosen within the passband limits of the four-terminal feedback network, 
then the amplitudes of I and U and phase @ will be slowly varying functions of time. The phases 
of the first harmonics of current and voltage are assumed to be identical (i.e. , electron inertia 
within the tube is disregarded). 

The relation between the amplitudes of the first harmonics of plate current and control 
voltage is determined by the oscillatory characteristics of the self-excited oscillator. 


I=I(U). (3) 


Its form depends on the shape of the static characteristics of the tube, the bias at the grid or 
the parameters of lagless self-biased meshes. , , 

On the other hand, the complex amplitudes I and U are related by the shortened symbolic 
equation 


y(p)U =I. (A) 


Here y(p) is the symbolic control (grid) admittance. It is obtained after contraction of the 
expression y(iw g+p) ifitis assumed that p =iQ., where © is a small detuning relative 
to wy, (reference [6]). 

et us now assume that a noise current is added to current I in the plate circuit. This 
noise current may also be characterized by a complex amplitude I,, having in mind analysis 
into two quadrature oscillations with random amplitudes 


PIS £20h irs (5) 
Here I, andI, are the real andimaginary components of noise current. To these components 
we will ascribe the power spectra eo and =.“ Taking into account the noise current 
Equation (4) takes the form 20 Tho 
y(p)U = 14 In (°) 


Solution of this equation is sought, as in [7], with an accuracy of the order of the square 
of the fluctuations in amplitude and phase in the form 


T= (I 4-1 + ilqe)e, (7) 
U=(U + U¢ + Ugs)e’. (8) 
Here I and U are the stationary amplitudes of the first harmonic of current and voltage of 


self-oscillation; @, the stationary difference in phase between self-oscillation and oscillation 
with frequency wg, may be constant or a linear function of time: 


g = Aat + qo. (9) 


In the latter case, the difference between the frequency of self-oscillation and frequency wo 


is Ay (correction for frequency). 

In (7) and (8) Ig , Ug and ¢ (as in reference [7]0 represent the fluctuational additions 
to the amplitude and phase of self-oscillation. 

In order to determine the stationary conditions let us assume first that Ip = 0, Us = 0, 
¢ = 0 and insert (7) and (8) into (4). Considering (9) and using the displacement theorem 
we obtain the following equation: 


y (p + iho) U =I. (70) 
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Let us divide y(p + iA w) into real and imaginary parts: 
y (Pp + iA@) = yreai (p + iAw) + YYimag(P + ido) (11) 


and insert (11) into (10), assuming p= 0. The resulting equations for stationary operation 
are 


Yreal (‘Aw) U = J, (12) 
Yimag(iAw) = 0. (13) 


Together with Equation (3) they define the values of U, I, and Aw. We may then obtain 

the fluctuation equations if we insert (5), (7) and (8) into (6) and keep in mind equalities (11) 
(12) and (13): 

Yreal (p-} iAw)U¢ —If—Yimag (p -|- (Aw) U@s = Ja, (14) 


\ 


Yimag(p -|- iAw)U¢ -+ Yreaq (p + iAo) Ug: —1pg = Jp. (15 

If we let S represent the mean transconductance of the oscillatory characteristic and 9 its | 
local slope at the stationary operating point, then the equation for relation between U andI : 
and between Ur andI f [7] may be presented in the form 


I¢ = oU ¢. (17) | 

With these expressions, and introducing the designations 
Yoo(P) = Yreal(p + iAw) — S, (19) 
Yui (p) = Yo2 (Pp) + 8 (20) 
Yi2(P) = Yimag(P + ‘Ao). 21 

we obtain the fluctuation equations in the final form 

Yui (p)Us —Yi2(p) Ug, = Ja, (22) 
Yio (p) Uf + ¥o2(p)UQs = J p- (23) 


3. EQUIVALENT CIRCUIT FOR FLUCTUATIONS 
AND SOLUTION OF EQUATIONS (22) AND (23) 


Equations (22) and (23) are the symbolic equations for the linear four-terminal network 
in y parameters. Its diagram is given in Figure 1. Examining this equivalent diagram, we 
may predict the properties of the solution of Equations (22) and (23). 

First, it is immediately evident that fluctuation 
¥4,(0)-Yio(p) _Me(@) Ip in amplitude and phase are determined by both com- 
pena ponents of noise current I, and1,, provided identity 
Y 12 (p) = 0 does not hold. If thi? condition is ful- 
filled. If this condition is fulfilled, Equations (22) 
and (23) become independent: 


Yu(p)Us =TJa, (24) 
Yoo (p)UQ = Ip, (25) 


Ta 
Maat TALS 


eo----e 


and the equivalent circuit in Figure 1 is, in effect 
two circuits. Moreover, both from the circuit and 
from Equations (24 and (25), it is evident that 
fluctuations in amplitude will be determined only by current I, while fluctuations in phase 
will be determined only by Ip: 


Figure 1. Equivalent diagram of self- 
excited oscillator for fluctuations 
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Next, it isevident that the circuit in Figure lis asymmetrical. Its input (at the side 
to which voltage Us is applied) is shunted by a conductance g. In order to appreciate the 
significance of this asymetry let us examine admittances Y22(p) and Yj9(p). From 
(19), (12) and (21), (13) it is evident that with p - 0 Yo9(p) > 0 and Y12() SOEs 
means that in the low-frequency region both admittances are capacitive in nature. Hence 
from the input side (to which voltage U,.. is applied) with current feed there occurs a charge 
storage and the mean square Ugs will increase indefinitely. It is useful to compare this 
result with that obtained in [7]. It is not new and indicates only that the random deviations 
in phase caused by the action of noise are not reestablished. By analogy with the simplest 
case, we may expect a diffused pattern of phase excursion in the self-excited oscillator. 
Such charge storage cannot exist at the side to which voltage Uf is applied, for there 
occurs a dissipation of g. Hence the mean square value of fluctuation is also limited. 

Finally, the same equivalent diagram (Figure 1) easily permits determining the expres- 
sion for the power spectra of voltages U¢ and Uo in terms of the power spectra of currents 
I, andI For this purpose it is necessary to PING the complex frequency character- 
istics oe the transfer resistances from I, and I, to Us and U Let us first find the symbolic 
expressions of Us; and Ups in terms of ee rcents Ig ae) Ip. Thése may be obtained either 
directly from the rere in Figure 1 or by solution of equations (22) and (23). Let us 
represent the determinant of this system as 


A (p) = Yi (p) Y 20 (p) -+- Yie (p)- (26) 
We write the expressions for Ug and Ugg in the form 


Ye (p) 1, — Ys (p)/ 


Us; ps My Pp ‘ 
(27) 
' Yu (Pp) Jp +Y 12 (P) 1, 
UT Ae a 


Replacing p in (27) with i , we obtain the required complex frequency characteristics. 

Let us note that if in the first of the equations in (27) we assume Ig = 0 andI 
we may derive the differential equation (p = d/dt) relative to Ug . In it Ug must be regarded 
as a small dusturbance in amplitude relative to the stationary value. If we further discard 
Ug and consider p as the characteristic index, we then obtain the characteristic equation 
for the investigation of the local stability of the stationary operating condition 


A(p) = 0. (28) 


This expression is another way of writing the general characteristic equation for the case 
of lagless self-bias obtained by Hsieh Hsi in [8]. 

If we are dealing with shot noise, components Ig and Ip are uncorrelated and their 
mutual spectrum is equal to zero. Henge, the S power spectra of U 2 and 0% are obtained 
by superimposing the power spectra ofI [2g andl ee by the frequency character- 
istics of the corresponding transfer resistances 


a | Ye (iQ) PLE Po +1 Y¥i2(i2) PP Bg ' 
ie AGO (29) 


2 4 1 Yun (iQ) ek ah (iQ) Pr, 
Visiqnys 1B (iQ) : G0) 


Moreover, as shown in [3], for shot noise it may be assumed that 25 ale) = 129 where 


IQ Q is the spectral density of shot noise, and we may further simplify formulas (29) and (30). 
Knowing the fluctuation spectra of (29) and (30), we may calculate the mean-square 
fluctuations of amplitude and frequency: _— o 
4 =| U}qd2, (31) 


0 


Spo 0° 


0 
The formulas for the spectra also permit calculation of the mean-square fluctuation ex- 


cursion in phase 
Ag? = [9 (t)—9(t— 1). 


The expression for hoe in terms of OF, is obtained by the method proposed in the 


P(t) nt-dsub trac pit) - (tt) report by G.A. Yelkin and M.I. Rodak [9]. The differ- 
Z or ence spectrum [9 (t) - @ (t - T)] is obtained at the out- 

put of the linear four-terminal network consisting of 

a delay line and a subtracter (Figure 2). Its transfer 


Figure 2. For calculation of the fondiiomtias the tome 


mean-square phase excursion of [ 
self-oscillation during time T . K (p)=1—e?*. 


From this we easily obtain the square of the modulus of the frequency characteristic of 
this four-terminal network . 


| K (iQ) |? = 2(1 — cos Qr). 


Thus, for the mean-square of the fluctuation excursion of phase we obtain 


Agi =\ GfqlK (i2) P42 = 2 | Galt —cos@x) aa. (32) 
0 0 


For any self-excited oscillator having an oscillatory system with lumped constants 
the phase fluctuation spectrum (30) may be written in the form 


2. HAH , A(Q 
via = ge t+ um (33) 


where H is a certain constant; A(Q2) and B®) are polynomials of 22, wherein the degree 
of A(Q2) is lower than that of B(Q2) and B(0) # 0. If we insert (33) into (32) and integrate 
for ] we obtain 


Ag? = nHt -+ (1), (34) 


where % (T) is a certain function exponentially approaching zero with increasing T. From 
(34) it is evident that the phase diffusion coefficient Dis easily expressed in terms of con- 
stant H: 


Deni. 
(35) 


From expressions (33) and (35) we obtain an extremely simple formula for calculation of 
the phase diffusion coefficient of self-oscillation according to the formula for the phase 
fluctuation spectrum: 


20 


Inserting (30) into (36), we may easily obtain an even simpler equality 


2 


/ 2 
PDEs toy EQ ie tt Ore | 
UF Ym Q)P * (37) 


Example 1, Double-Tuned Self-Excited Oscillator. Let us calculate the fluctuations 


in the self-excited oscillator represented in Figure 3. The tuned circuits are considered 
identical and the coupling loose. Let us introduce the designations: 
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oy =1/VL(C + Col, 
B= Gp, Yo = 1/BR, 
Pr=pl, v=OT. 
Introduction of dimensionless operator p, and 
dimensionless frequency V decreases the bulk 
of the calculations. The shortened control ad- 


mittance, described relative to the reference 
frequency Wo, has the form 


we Figure 3. Diagram of double-tuned self- 
9 (P1) = tY9 [(1 + p,)? + B). (38) excited oscillator. 


Fluctuation calculation begins with definition of the stationary operating conditions. 
Let us assume that pj = i@, where & = AwT, and applying the conditions of (12) and (13) 
for the steady-state operation, we obtain 


a=+V148%, (39) 
—2ya = S. (40) 


It follows from (40) that it is necessary to select the lower sign in (39); that is, the lower 
of the two natural frequencies of the oscillatory system is selected. 
From formulas (19), (20) and (21) we find the elements of the equivalent diagram 
(Figure 1). 
Yos (Pi) = — 2Yo%P1, 


Yi (pi) = — 2yapit+ 8, (41) 
Yio (Pi) = YoP1 (Pi + 2). 


Let us determine the values of local transconductance o and coupling factor 8 at which 
the self-oscillations are stable, for only at these values of 0 and 8 will the fluctuation 
calculations have any significance. Substituting S -o for g, in accordance with (18) and 
(41) we may write the characteristic equation 

Pit Api + 4(1 +) p, + 2a (2a 4+ 5) — 0, (42) 
Yo 


Using the Hurwitz criterion, let us determine the region of stability of self-oscillations in 
plane (8 ;o/yg) of Figure 4. In this figure the regions of stability for the self-excited oscil- 
lator of Figure 3 is delimited by the solid lines. The shaded areas are directed toward the 
region of stability. The boundary represented O/Yo 
by the dashed line in Figure 4 is discussed in 10 
Example 2. 

Investigation of migration of the roots of 
the characteristic equation for intersections 
of the boundaries of the region of stability at 
the plane (8 ;o/yo) permits a few observations 
on the change in the operating conditions of 
the self-excited oscillator. If the upper bound- 
ary is intersected (the real root passes though 
zero), then there occurs a jump from the dis- 
cussed operating condition to any other (par- 
ticularly to the quiescent state). If the lower 
boundary is intersected (the real part of the 
complex-conjugate roots passes through zero) 
then there arises a biharmonic operation. 

: On the: basis of 2%), Vand (a) lotus Figure 4. Boundaries of stability: solid 
write the expressions for the fluctuation line, for self-oscillating circuit of Figure 
spectra resulting from the shot-noise current. 3: dashed line, same but with phase shift 
As stated above, we may consider iou= Tov =Ihv of _n/2in feedback airoaie 
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where IZ) , 12,, and 12), are the spectral den- 
sities for the'dimensionless frequency. 


Thy v8.4 (4 + a2) 


Ui = 


ye «ISP ) 
ans 444 2) y2— (2 oe 
we P,, vi+ 4(14a*) v ares 
View R023 [AGy) fr 56 


! A (iv) 2 = v8 — 8Bv! + 16 (1 —a oe b a) v? + 4a? (20 + =) ; 
From the first of these formulas we may 
calculate the manner in which the mean-square 
of amplitude fluctuations within the region of 
stability varies with a change in local transcon- 
ductance o of the oscillatory characteristic and 
the coupling factor 8. These functions are plotted 
in Figure 5. The ratio of local:transconductance 
of the oscillatory characteristic to admittance yg 
is plotted on the abscissa axis; on the ordinate 
axis we give the ratio of mean-square amplitude 
Figure 5. Dependence of mean-square fluctuation to the mean square voltage induced by 
of amplitude fluctuations of double-tuned the noise current for resistances 1/yg in the band- 
oscillator of Figure 3 on local transcon- width 1/'T. 
ductance 0/yg with different values of From these curves it is seen that a sharp in- 
coupling 8 between tuned circuits. crease in fluctuations occurs only in the immediate 
vicinity of the boundaries of stability. Within this 
v2 varies somewhat slowly. With an increase in B the mean-square 


amplitude fluctuation increases and the change therein within the region of stability becomes 
more pronounced. In addition,movement along the 0/ Yo axis in the direction of the boundary 
of stability beyond which the biharmonic regime begins is accompanied by a sharper rise in 
fluctuations than movement in the direction of extinction of oscillation. 

Similar curves may be plotted for the mean-square frequency fluctuation. They will 
differ from the curves for amplitude in that with movement toward the boundary of oscillation 
extinction the mean-square frequency fluctuation will tend toward a certain finite value, while 
with movement toward the boundary of the biharmonic regime the mean-square frequency 
fluctuation will tend toward infinity. 

However, as a rule, these values are of less interest to us than the phase diffusion 
coefficient, which determines the natural bandwidth of the oscillator circuit. It may be 
calculated from the formula (37), but it must be kept in mind that we have introduced dimen- 
sionless frequency and dimensionless time and that the resulting diffusion coefficient is 
dimensionless: 


region the mean-square 


2 


I 1 
DI = wh ae 
U2 4y2a 


Substituting I/S for U in accordance with (16), taking (40) into account, and changing to 
dimensional time and frequency, we obtain —__ 
72 
D =n (AQ), (43) 


where I is the stationary amplitude of the first harmonic of plate current and AQ = 1/T is 
the bandwidth of one of the tuned circuits. 

Expression (43) coincides with the formula for the diffusion coefficient of a single-tuned 
self-excited oscillator as given in reference [7]. Hence it is necessary that in the given 
case addition of the second tuned circuit does not change the phase diffusion coefficient. 

At the end of Example 2 we attempt to explain this result physically. 


Example 2. Double-Tuned Self-Excited Oscillator with Phase Inverter. It is of interest 


to examine the problem of the influence of phase shifts in the feedback circuit on local stability 


446 


and fluctuations in the above-discussed self-excited oscillator. Here we consider one 
special case illustrating the possibility of a considerable change in properties of a double- 
tuned oscillator by the introduction of phase shift. 

Let us assume that in the grid circuit of the self-excited oscillator (Figure 3) there is 
connected a phase inverter providing a phase shift of -7/2 and having unit amplitude 
transfer constant. 

Then, instead of (38), with the same designations we obtain 


Y (Pr) = Yol(1 + pr)? + B*). 
The conditions of the stationary regime of (12) and (13) yield 
o— 0» 

S = yo(1 +8). (24) 
The correction for frequency in this self-excited oscillator is equal to zero and the frequency 
of self-oscillation is equal to the natural frequency of one of the tuned circuits. 

The coefficients with all degrees of pj are real and, hence, 
Yi2(p:) = 9, (45) 


that is, the equivalent circuit in Figure 1 breaks down into two distinct circuits. By means 
of (19) and (20) let us determine their elements: 


Yur = YoPr (2 + pi) +8, 
Yeor YoPr (2 + py). (46) 
In accordance with (28), (26) and (44) the characteristic equation is 


Pet 2p [148-2 ]=0. ee 
From (47) it is seen that there is only one condition of stability corresponding to the 
dashed boundary in Figure 4. In transition through this boundary there occurs a jump in 
amplitude. In the region of large negative values of o there is, as we see, no second 
boundary of stability, indicating that the biharmonic regime is not possible in such an 
oscillator. Detailed analysis of the causes of this is beyond the scope of this report. 

Let us proceed to calculation of the fluctuation spectra. In accordance with (29), (30) 
and (45), (46), we obtain 


Plotting the dependence of the mean-square amplitude and frequency fluctuations on 0/yg 
in this case is not difficult and we shall omit it. Let us calculate only the diffusion coeffi- 
cient. In accordance with (37), the dimensionless diffusion coefficient is 


ie 1 
Dra. 
U? aye 
Replacing U with I/S, taking into account equality (44) and changing to dimensional time 
and frequency, we obtain el 
r . 
Deine? (hQy EE 
(48) 


Let us compare the values of the diffusion coefficients in the self-excited oscillators 
of examples 1 and 2 with identical bandwidths AQ of the partial circuits and identical am- 
plitudes of self-oscillation (i.e., identical S). 
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From the condition of equality of the mean transconductances of (40) and (44), for 
each B in the circuit of example 1 let us insert two corresponding values of Bin the cir- 
cuit of example 2. One of them is always less than unity. Hence, as follows from (43) 
and (48), in the circuit of example 2 there may always be obtained a decrease by a factor 
of 2 - 4 in diffusion coefficient in comparison with the circuit of example 1. Thisis 
apparently due to the fact that with 8 < 1 the noise bandwidth of the four-terminal feedback 
network is narrower than the noise bandwidth of the single-tuned circuit. However, in 
the preceding oscillator with B< 1 the noise bandwidth is the same but no decrease in 
diffusion coefficient is observed with a decrease in 8. The cause of this lies in the fact 
that in the oscillator of Figure 3, with a change in B , the frequency of self-oscillation 
and phase of the feedback coefficient change and the increase in diffusion coefficient caused 
by their change compensates for the decrease in it due to the decrease in noise bandwidth. 
In example 2, with a change in 8 the frequency of self-oscillation does not change, meaning 
that the phase relationships in stationary operation do not change and hence the gain in 
diffusion coefficient due to the decrease in noise bandwith appears in pure form. 
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ANALOG INVESTIGATION OF SOME OPTIMUM DEVICES 
FOR FILTERING OF RANDOM-DURATION PULSE SIGNALS 


N.K. Kul'man and P.S. Landa 


The article reports on investigation of a nonlinear filter for separation of a random- 
duration pulse signal from white noise on a standard MN-7 analog computer. In order to 
determine efficiency of the nonlinear filter the results are compared with those obtained 
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with a linear filter calculated from the Wiener-Kolmogorov theory and simulated on the 
MN-7 computer. Operation of optimum nonlinear and linear filters in conjunction with 
threshold computer devices was studied with various signal-to-noise ratios as well as 
with different signal parameters. 


INTRODUCTION 


Problems associated with selection of optimum systems achieving separation of weak 

signals from noise have increasingly greater importance. Theoretical examination of the 

, problem of the optimum method is found in a number of works [1-6]. In the works of 
Wiener [1] and Kolomogorov [2] there is presented a theory of linear filtering. As is 
known, if the signal and noise have Gaussian probability distribution, then a linear filter 
designed in accordance with the Wiener-Kolmogorov theory is the most optimum filter by 
all criteria. If either the signal or noise does not have Gaussian probability distribution, 
then the optimum filter system will be a nonlinear filter giving at the output an a posteriori 
probability distribution for the given type of signal in conjunction with a computing device. 
(references [3-6]). Choice of the computing device is determined by the assigned optimality 
criterion of the filter, depending on the specific conditions of the problem. 

In references [3,4,], for a posteriori probabilities, integral expressions are presented 
on the basis of which in many even relatively simple cases it is extremely difficult to 
construct an actual system. In this respect greater convenience is found in description 
of the optimum system in the form of differential equations [5], the use of which permits 
relatively simple implementation of the actual optimum system (for example, by means of 
electronic analogs. ). 

In the present work a standard MN-7 analog computer was used for investigation of 
a nonlinear filter for separation of a pulse signal of random duration from white noise. 

In order to determine the operational efficiency of the nonlinear filter the obtained results 
were compared with the results of filtering with a linear system designed according to 

the Wiener-Kolmogorov theory and simulated on the same MN-7 computer. In a number 
of special cases theoretical evaluations were obtained for certain quantities characterizing 
the efficiency of nonlinear and linear filtering which were compared with experimental 
results. The chosen quantities were: the average number of false pulses per second and 
the average relative number of undetected pulses as a function of duration. Operation of 
optimum nonlinear and linear filters was investigated with different signal-to-noise ratios 
and also with different signal parameters. 


A 
1. EQUATION FOR OPTIMUM NONLINEAR AND LINEAR FILTERS. 


MODELS OF NONLINEAR AND LINEAR FILTER SYSTEMS. 


The signal is a sequence of positive and negative pulses of identical amplitude a, but 
of random duration (the so-called generalized telegraph signal) with a priori known sta- 
tistical characteristics: @, the average number of changes from state +a to state -a per 
second; 8, the average number of changes from state -a to +a per second. Such a signal 
is a unidimensional Markov process. The a priori probabilities w1(t) and wo(t) that a 
signal s at moment t is +a or -a are accordingly subject to the following system of equations: 


w, = — aw, 4- Burs, 
Wy = aw, — Bwy. 


It is easily shown that quantities @andf are inversely proportional to the mean duration 


of the positive and negative pulses, respectively. 
From relationship (13) in [5] we may obtain the following equation for optimum filtering: 


t= —(a—B)a—(a-+B) 2+ (@®—2")r (0), (1) 


where x(t) is the a posteriori mean value of signal: x(t) =a(wy - Wo ); Wy and Wy are 
ps ps ps ps 


the a posteriori probabilities that the signal has a value of ta or -a, respectively; 
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r(t) = s(t) + n(t) is the time series "signal + noise" at the filter input; N is the noise 
intensity, defined by the relationship py, = N6(T). gy if-¥. 
For the generation of the sequence of rectangular pulses sj(t) let us use the criteria 
of the maximuni of a posteriori probability; that is, let us think of a device providing at 
the output a positive voltage +a if x(t) > 0 and a negative voltage -a if x(t)< 0. Sucha 
device’ may be an electronic relay realized on the MN-7 analog computer by one of the 
schemes of "standard nonlinearities". The filter described by Equation (1),. in combination 
with a threshold device, is an optimum nonlinear filtering system for the given type of 
signal. 

a the present report is a comparison of the quality of nonlinear and linear filters 
by use of electronic analogs, it is also convenient to describe the latter by means of a 
differential equation. For this purpose let us calculate the frequency characteristic of 
the linear filter in the same manner as in reference [7] for the special case in which the 
mean duration of positive and negative pulses is equal. Calculation yields 


® (jo) = 81Ba? 1 ae 4 
ch ea ie At V3 ao Nae (a + 8) V tas Wear + jo 


It is known that a filter possessing a frequency characteristic of the type 

is described by the differential equation of x + Ax = Br(t), where r(t) is the signal at the 
filter input and x(t) is the filter output. Inserting the values of A and B, we obtain the 
following equation for the optimum linear filter: 


° 8a Ba? __ 8aBa? r (t) 
2+0+0V 1+ q erm NATO e/a Be ru 
N (a + 8)? 


The signal obtained at the output of the linear filter is converted to a series of rec- 
tangular pulses s9(t) also by means of the electronic relay. * 

Figure 1 shows the block diagrams of non- 
linear filters with the electronic relay. Behavior 
of the models is described by the equations for 
optimum filtering (1) and (2). Voltages X and YX 
in the models (machine variables) correspond to 
the quantities x and y(x) = a2 - x“ in the equations 
(see [8] ). 


2, RANDOM-DURATION PULSE GENERATOR 
AND "WHITE NOISE" GENERATOR. MEASURE- 
MENT OF SPECTRAL DENSITY OF NOISE. 


=> x {y= Lo |e A random-duration pulse generator (Figure 2) 


serves for the generation of the effective signal 
s(t) and consists of a low-frequency noise gen- 


Figurel. Blockdiagram of nonlinear erator and a trigger circuit. The trigger circuit 
and linear filter models: triangle, am- uses two relays of type RSM and one polarized 
plifier-inverter; { , integrator: NS, relay of type RP-5. 

nonlinearity section; MS, multiplier To the winding of an RP-5 relay (re 3) there 
section; , adder; P, electronic relay; is applied a low-frequency random voltage n4(t) 
Ug = (@-B)aM,,RC, where M,=X/x is the from a noise generator (NG 1) which causes a 
"scale''factor and RC is the integrator corresponding displacement of the armature. The 
time constant. result is appearance at the circuit output of a sign 


which randomly assumes values Df +a and -a with 
probabilities @ and 8 of the order of unity (mean pulse duration of the order of 1 sec). NG1 
is an infrasonic noise generator with the bandwidth of the order of 15 cps (described in [9]). 


*The filter system, consisting of a linear filter and relay, will hereafter often be referredtoas 
"linear" despite the fact that it does contain a relay, whichis in principle a nonlinear element. 
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Figure 2. Basic diagram of random- 
duration pulse generator. 


By changing the value of noise applied to Re 3 and dis- 
placing its mean value we may change the mean number 
of alternations in sign of the signal per second (@ and B ) 

In order to obtain wideband low-frequency noise mix- 
ed with the signal, a low-frequency noise generator (NG2) 
similar to NG 1 was made. NG 2 provides at the output a 
sideband random process n9(t) which may be mixed with 
the signal as "white noise'' (noise bandwidth of the order 
of 100 cps). 

An adder consisting of an ordinary resistance-coupled 
DC amplifier serves to generate the time series of signal 
pulse noise. The effective-signal transfer constant is 
chosen equal to unity, whereas the spectral density of the 
noise may be varied over somewhat wide limits by chang- 
ing the noise transfer constant K. As a result, at the 
adder output we have a signal r(t) = s(t) + n(t), where 
n(t) = Kno(t). Since the signal s(t) and noise n(t) are 
usually statistically independent, as was assumed in de- 
riving the equations for optimum filtering, the noise source 
nj(t) and no(t) must be uncorrelated. ‘ 

An optimum filter may be constructed only in the 
case where the properties of the signal and the noise are 
known a priori. Hence, it is necessary to determine the 
spectral density of noise N in the operating frequency 
range. For this purpose it suffices to measure the 
noise dispersion 02 and determine its spectral composi- 
tion F(jw). Then N =o2/Af, where 

co 
Af = \ F (jw) F* (jw) dw/2n F2(0) — 


—oo 


is the equivalent bandwidth. The noise dispersion o2 is 
approximately expressed by the formula 
oT 
ot = + \ n® (t) dt, 
0 
if the averaging time T is much greater than the noise cor- 
relation time. 

The noise dispersion value n(t) was determined ex- 
perimentally. For this purpose noise was first applied 
to a squarer and then to an integrator, the output voltage 
of which was measured. The values of noise inten- 
sity and (wand ) for which experimental data were ob- 
tained are listed in Table 1 
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Figure 3. Typical oscillograms. Top to bottom: effec- 
tive signal s(t); time series r(t)=s(t)+n(t); output voltage 
of linear filter; output voltage of nonlinear filter; pulse 
signal $2(t) from output of linear system; pulse signal 
$1(t) from out put of nonlinear system and second mark- 
ers -- pulses developed by a special section in the MN-7 
analog computer (a, experiment 3, b, experiment 2; c, 
experiment 4, d, experiment 5). 


3. RESULTS OF EXPERIMENT 


An MPO-2 loop oscillograph was used in recording the results of nonlinear and linear 
filtering. The oscillograms of each experiment, containing more than a hundred positive 
and more than a hundred negative effective signal pulses, were quantitavely processed and 
all the errors arising in filtering of the affective signal were noted. Typical oscillograms 
are shown in Figure 3. 

It must be pointed out that, first of all, in each experiment the effective signal s(t) 
was studied: on the basis of more than 100 positive and more than 100 negative pulses 
the average duration and probability of signal change @ and R were determined and com- 
pared with the a priori given values. The error in determining @ and R was approximately 
10 - 15 percent. In view of the noncoincidence of the actual constants for the transition in 
effective signal with a priori assigned values as well as the error in determining the spec- 
tral density of noise (of the order of 25 percent), the investigated filter models are not 
quite optimum, but are sufficiently close to such systems. 

For evaluation of efficiency of filter operation various criteria may be introduced, de- 
pending on the specific practical requirements for operation of the device in which it is used. 

In many cases it is convenient to evaluate filter efficiency from the point of view of 
total relative time of incorrect processing of the signal-- total relative error. Of course, 
the practical value of this criterion depends on the specific characteristics of the effective 
signal. If the effective signal is a phototelegraph signal, then in the simplest case this is 
a symmetrical signal assuming two values, one of which corresponds to "white" and the 
other to "black.'' It is evident that in this case the information is contained in the duration 
of the pulses and that incorrect processing of it leads to distortion of the picture. The 
regular delay in pulse detection associated with the lag of the filter system does not 
cause loss of information, for the mean lag error may be taken into account. Conse- 
quently, it is of greater practical interest to evaluate the efficiency of filtering of a sym- 
metrical pulse signal from the point of view of relative error in processing of pulse 
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duration, which may be defined as the difference of total relative error and the mean 
relative error in delay. 

The results of experimental investigation of filtering of a symmetrical signal are 
given in Table 1. (Experiments 1-3). As is seen from Table 1, the filtering errors 
increase with noise intensity. A twofold increase in the mean number of signal transitions. 
per second with the noise constant also leads 
to a significant increase in filtering error, 
which gives the impression of intense noise 
effect on the system. This, too, is under- 
standable, for with an increase in the aver- 
age number of signal transitions per unit 
time the signal spectrum is increased and 
there must be a corresponding increase in 
the passband of the receiving unit, which 
causes an increase in the disturbing effect 
of noise on the results of filtering. Thus, 
the total relative error increases with an 
increase in Q = N(@+ B)/2, which may be Figure 4. Total relative error in filtering 


Total rel, error, % 


referred to as the generalized signal-to- (experiments 1-5): solid line, filtering of a 
noise ratio. symmetrical signal: dashed lines, filtering 

Figure 4 (solid curve) shows the de- of an asymmetrical signal; 1, experimental 
pendence of total relative error on Q for values for nonlinear filtering; 2, experimental 
the cases of nonlinear and linear filtering. values for linear filtering. 


The total relative error in the case of a 
symmetrical signal is approximately the same for nonlinear and linear filtering (difference ~1% 

Also of some interest is the case of filtering of an asymmetrical signal. With a >8 
(sharply asymetrical signal) the mean duration of the positive pulse is much less than the 
mean duration of the negative pulse, with the-result that the negative pulse may be re- 
garded as a pause of random duration between the positive pulses, which carry the infor- 
mation, and the problem of filtering acquires the character of detection of a random pulse 
signal in noise. 

In this practical case of detection of a positive pulse in the presence of noise we are 
dealing with two types of error: errors of nondetection, wherein the system does not react 
to a change in polarity of signal; errors of false detection, wherein the system indicates 
a change in signal polarity which has not occurred. In view of the fact that a priori know- 
ledge of these errors is often required before designing filter systems, it is of particular 
interest to attempt to evaluate them, even if only within a certain approximation. For the 
case of filtering of a sharply asymetrical signal (@>8 ) we may obtain theoretical estimates 
for the average number of spurious signals per unit time and the probability of nondetection 
of the positive pulse depending on its duration. Theoretical estimates were obtained in the 
case of @ =6.1 sec ~ andB =0.6 sec! for different values of noise intensity. The principal 
results of experiments for an asymmetrical signal with the derived theoretical estimates 
are also listed in Table 1 (Experiments 4 and 5). Asis seenfrom Table 1, with an in- 
crease in Q there is an increase in error of false detection and an increase in lag error. 

For an asymmetrical signal at any noise level, the average number of false pulses 
per unit time is much smaller in nonlinear filtering than in linear filtering. It is true 
that there is also a greater lag in detection of positive pulses (Figure 5), but this error 
is a relatively small part of the total filtering error, as a result of which positive pulses 
are infrequent. The greatest role is played by error due to the occurrence of false pulses 
in the long intervals between positive signal pulses. Figure 4 (dashed curves) shows the 
dependence of total relative error on Q. As is seen from Figure 4, the total relative 
error for a nonlinear system is considerably smaller than for a linear system. 

For the purpose of improving the operation of a linear system, at the output of the 
linear filter in experiment 6, a relay with variable operating threshold b was used. 
Principal results of the experiment are given in Table 2. The values of @, 8, and N 
are the same as in experiment 4. As is seen from Table 2, with an increase in the op- 
erating threshold there is a decrease in the average number of false pulses per second 
but the nondetection error increases. At the optimum threshold (b = 0.4 to 0.6 v) oper- 
ation of the filter system is almost the same as that of the corresponding nonlinear 
system (investigated in experiment 4) with regard to the total relative filtering error. 
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Figure 5. Probability of non detection of 
positive pulses as a function of their dura- 
tion (experiments 4 and 5): theoretical 
estimate given in the form of a curve (1 
experiment 4; 2, experiment 5); solid 
curve , nonlinear filtering; dashed 
curve, linear filtering; 1, experimental 
value of probability of nondetection for 
the nonlinear system; 2, the same for 
the linear system in experiment 4; 3 
experimental value of probability of 
<8 —— nondetection for the nonlinear system; 
2 0.05 a? rsec 9 4, the same for the linear system in exper- 
iment 5. 


However, the following circumstance is of extreme importance: at the optimum operating 
threshold short positive pulses are detected by the modified linear system with greater 
relative lag than in the case of nonlinear filtering, whereas the number of false pulses 

is approximately the same. If we consider that the long pulses correspond to the inter- 
val between messages and that the short pulses are the information carriers (for example, 
the control signals in remote control systems), then the nonlinear system of filtering 

has the advantage over the modified linear system. Table 2 


Exper, value of|Theor, value of| Av. rel, delay inde- 


Total rel, 


bv av, no, of false | av, no, offalse! tection of pulses, % 
; error, % 

pulses per sec. |; pos. | neg. 
0,12 2,0 thea 20 9 42 
0,2 As 0,9 34 4 11 
0.4 0,7 0,4 35 2 8 
0.6 0,4 0,1 54 1 8 
0,64* —_— — 100 0 - g 


With b = 0,64 vy detection of positive pulses generally ceased and the total relative error 


of linear filtering was 9%, a value equal to the relative content of positive pulses in the effective signal, 
Note: comma denotes decimal point. 


CONCLUSIONS 


1. The total relative error in the filtering increases monotonically with an increase 
in the value of Q = N(@+B)/ a2 of the generalized signal-to-noise ratio whereby for a 
fixed value of Q the total relative error both for a nonlinear and for a linear system in the 
case of filtering of an asymmetrical signal is smaller than the corresponding value of 
error in filtering a symmetrical signal. 

2. In evaluating the results of filtering form the point of view of total relative error 
we may assert that in the case of separation of an asymmetrical effective signal from 
noise the nonlinear system is clearly superior. In the case of filtering of a symmetrical 
signal the nonlinear and linear filters yield approximately the same error. 

3. In the presence of an asymmetrical signal at the filter input the operation of a 
linear system may be improved by selecting the appropriate operating threshold for a 
relay at the linear filter output, so that the modified linear system will yield approximately 
the same total relative error as a nonlinear system. 

4. Theoretical estimates of the errors of false detection and nondetection as cal- 
culated for a number of specific cases gave wholly satisfactory agreement with experi- 
mental results. 

In conclusion the authors wish to thank S. P. Strelkov and R. L. Stratonovich for 
their interest in this work and for their valuable advice. 
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DETECTION OF RANDOM SIGNALS AGAINST 
A NOISE BACKGROUND 


gs 
V.F. Pisarenko 


The report discusses the problem of detection of a random signal against a noise 
background with continuous observation during a finite segment of time. For the given 
class of signals and noise, methods are presented for determining the limiting likelihood 
ratio and its characteristic function. 


INTRODUCTION 


We shall examine the problem of detection of a signal against a noise background in 
the case where the signal (as well as the noise) is a random process. Up to the present 
time the examination of problems in detection of a signal (whether random or nonrandom) 
has usually dealt only with the values of the observed processes in a few discrete moments 
in time (see reference [1]). As a rule, it has been possible to calculate the detection 
characteristics in clear form only in the case where the values of the observed process at 
the chosen moments may be considered to be independent. 

In distinction from this approach to solution of the presented problem we will use all 
values of the observed process over a certain segment of time (compare with reference [2]). 
Generally speaking, for practical purposes it is always possible to limit examination to a 
finite number of observation points which are sufficiently close together. However, in such 
discrete observation of correlated quantities there arises a number of difficulties in calculation. 
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For example. if a process is observed at moments tj ..... tn, then for the problem 
under discussion we must determine the eigenvalues of the n-th order matrices and trans- 
form these matrices, which, as is known, is no easy problem in calculation. For con- é 
tinuous observation the problem reduces to finding the eigenvalues of a few integral equations 
and solving these equations which can be done in the case of the classes of signal and noise 
discussed below. It is evident that in continuous observation the information contained in 
the representation of the process is more fully used than in discrete observation; however, 
we shall not discuss this problem, if only for the reason that determining the character- 
istics of discrete observation of correlated quantities, as has already been stated, is no 
easy problem in calculation. Let it be noted only that if the distance between points of 
discrete observation is much smaller than the intervals of signal and noise correlation, 

it may be considered that the real characteristics of detection for discrete and continuous 
observation are identical. 

Let us formulate in slightly more general form than indicated in the title the problem 
of testing two hypotheses concerning the random process. A special case of this problem 
is that of detection of the signal against a noise background. 

Let us repeatedly observe over the time interval [O,T] a random process € (t), wherein 
each observation of two cases is possible: either & (t) =7o(t) or € (t) =71(t) where no(t) and 
n1(t) are stationary Gaussian processes with a mean zero* and rational spectral density. 
This indicates that the Fourier transform of the correlation functions 7Q (t) and ;(t), desig- 
nated by K(t-s) and L(t-s) respectively, has the form 


3 


) 


Qo (td) 
Py (id) 


e Qi (ih) 
Py (ih) 


where Qo(iA), Qi (iA), Po(iA) and Pj (iA) are polynomials without roots in the lower half- 
plane of complex variable A (from the engineering standpoint ) processes with rational 
spectral density may be obtained by passage of "white noise" through a circuit with lumped 
constants). 

Knowing the sample function of process & (t) over time segment [0,T], we shall test 
two mutually exclusive hypotheses regarding this sample function: hypothesis Hg assumes 
that we have observed the sample function of the process No(t); hypothesis Hj assumes 
that we have observed the sample function of the process 7 (t). In testing hypotheses 
Hg and Hy let us use a criterion based on the likelihood ratio (see reference [1]) (more 
precisely, based on a certain generalization of this concept for the case where the ob- 
served process cannot be characterized by a finite number of random parameters (see 
reference [3]). 

The usual scheme of signal detection against a noise background (signal and noise 
independent) corresponds to the case in which L(t-s) = K(t-s) + M(t-s), where K(t-s) 
is the correlation function of noise and M(t-s) is the correlation function of signal. 

Section 1 of this report discusses a method of determining the limit of the like- 
lihood ratio. Section 2 discusses a method of determining the characteristic function of 
the limiting likelihood ratio. Section 3 evaluates L.A. Vaynshteyn's remarks on a more 
realistic statement of the problem of signal detection in the presence of noise. The 
specific formulas derived in sections 1 and 2 are apparently new; however, their deriv- 
ation is not quite correct from the mathematical standpoint and, hence, a rigid mathe- 
matical basis for these formulas remains to be presented. 


1. DETERMINATION OF THE LIMIT OF THE LIKELIHOOD RATIO 


In the discussion of continuous random processes it is convenient to change from the 
random process & (t) to the discrete counting system of random values of [ea (=A RA) 
associated with &t), which values we shall refer to'as coordinates of the process. It is 
also necessary to choose C, so that all the information concerning € (t) is retained in 
{€ }. For example, if by ie } we take the values of &(t) at all rational points of segment 
[0, T], then for continuous € (t) the representation of the values of {€,} is equivalent to 
the representation of &(t). It is often convenient to choose as Ton the Fourier coefficients 


*It is shown below that derived results are easily transferred to the case of arbitrary 
known mean values. 
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of the process §&(t) for some system of functions of {P,(t)} which is defined on [0, T]: 


oy 


bn =| 8 Mant) ade. 


) 


For example, an ordinary system of trigonometric functions at [O,T] could be taken as 


(0, (t)}. 


Thus, we shall consider that in this manner we have changed from the continuous pro- 
cess &(t) to its coordinates {{,}. If we designate the joint probability density of the first 
_ m coordinates of C;...€,, with the hypotheses Hy and Hj, respectively, as Po(¥1---Ym) 
| and pj(y1.. ovina) then thé’usual likelihood for <a Co is written as: 


bm (Yr + + + Ym) = Po (Yr- ++ Ym) / Pr (Yr - » Ym): 


Let us insert into /m(y1. . -Yy) the random vector (€,. . .C,,), which is represented as 
(Ex{hoG.n2S58) 
m 


a RS H7)) a Go 6 ata) IP yon (Gy oo oabiale (1) 


Since with an increase in m the information contained in C1...Cm, then we naturally 
convert in ratio (1) to the limit with m- ©. Although densities Po(X1>- Xn) and p,(x,-. Xn) 


with m ~~ do not, generally speaking, tend toward any limits, their ratio m(x;...x,)) 
with certain additional bounds on K(t-s) and L(t-s) tends toward a definite limit which 
depends on the sample function x(t). This limit, which we shall designate as F[x(t)] as 
‘shown in reference [3], is also that functional of the sample function which generalizes 
the cancept of the usual likelihood ratio for the infinite-dimensional case. * 
Note If the condition 
: Qo (id) Pr (id) |? 
ie PaO. Gn) |e @) 


is fulfilled, then, as is known (see reference [4]), we may determine without error at any 
time of observation T which of the two competing hypotheses is true (this is discussed 

in greater detail in section 3). In addition, the functional F[x(t)] assumes the value 0 

in all sample functions of the process 19(t) and the value © in all sample functions of the 
process 71(t). Conversely, upon satisfying the condition 


| Qo (id) Pi (&) |? : 
Fn TONES. (3) 


it may be shown that functional F[x(t)] everywhere assumes finite values. Let us demonstrate 
how the functional F[x(t)] may be found in explicit form in case of rational spectral densities 
and upon fulfilling condition (3). 

As {C } let us take the values of &(t) at points of the formt, = Tm/n, m=1,2....5n, 


n=1,2..." . Let us express the matrices {K(tnj - t,;)} and (te, - t,;)} in terms of 
Ky and Lyand the corresponding inverse matrices in terms of = and L. . ‘In the case 


aiscussed by us the matrices of Kn and L, are everywhere nondegenerate, hence the inverse 


=i 
n 


matrices of Kyl and ives exist. 
The probability densities of random values of &(t,1).- . &(t,,,) when hypotheses Ho and 
Hy are true are written as follows: 


*In reference [5] it is demonstrated that for each process 7(t) there may be compared 
a measure determined over a minimum Borel body B of subsets of the space of real 
functions, which contains all cylindrical sets. If dimensions U 9g and yy, corresponding 
to prgcesses 7,(t) and 71(t), are such that 9 is absolutely continuous relative to M1 
then the generalization of the likelihood ratio for the infinite-dimensional case will be 
a Radon-Nikodim derivative of dimension Up in terms of py (see [3]) which we have 
designated as F[x(t)]. In the infinite-dimensional case the Radon-Nikodim derivative 
is the usual likelihood ratio. 
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ts sag ths 
2 2 


|Kn| * exp {— Sivas. 


i,j 
exp {— = Sj vii yas}. 
im P 


Here mp; and vp are elements of matrices Ky-1 and Ly-1. Let us next obtain the usual 


Po(Yr+ ++ Yn) = (2m) 


Pi (yi-+- Yn) = (2a) * [Lal 
likelihood ratio for random values of &(ty1) . . . (€ tpn) and insert into it the values of 
sample function xnj = x(tni): 

1 
a Ara 4 n n 
bn (tng. + + Tan) =|LnKa |* exp \— Dy Hijri Inj + oa ii Ini Sn (4) 


2 Ae ‘ 
Let us designate HiVnj =u,;/n, i=1,2....n. Examining these equalities as a system 
of linear equations relative to x,; and solving it, we obtain 


nj = >) K (tn tni) ~ , jp ihe Det ere 
i 


We further have (5) 


vu 


n ni “ni 
2) CPP oat Damn Be 


42 a 
Similar operations may be performed for the second term in the exponent of Equation 
(4). Now let us complete the formal transition to the limit withn -~-. Then equality (5) 
the right-hand side of which may be regarded as an integral sum with the interval of 1/n, 
goes over into the integral equation 


T 
x(t) =\K(t—s)u(s)ds, 0<t<T. 


ti) 


Tr 
ALU lier " 
In the same manner the sum x *ni4ni becomes the integral f x(t) u(t) dt. 


For the second addend in the exponent of (4) we similarly obtain instead of the sum 

r Maen) the integral \ x (t)v(t) dt, Where v(t) is the solution of the integral equation 
0 T 
sys | L(t—s)o(s)ds, ViaT 
0 

Thus, as the result we obtain 
1 
— dfs 
2 


exp{—F[2QuO—voal, 


0) 


5 5 Le 
lim (Gree «enn — im a 
n—co “N—-+>Co n 


(6) 
where u(t) and v(t) are solutions of the integral equations 


} 


K (t—s)u(s)ds=x(t), | 
lo<ecr. 
| 
J 


(7) 


L(t —s)v(s) ds = x(t) 


Se | 


(8) 


Equations of the form of (7) and (8) are encountered in the theory of optimal linear pre- 
diction of random processes. As is shown in references [6,12], for the case of rational 
spectral densities the solution of Equation (7) must be sought in the form 


1-1 I-1 
u(s) =u(s)+ > a8") (s) + > CM sal CPS 
k=0 


k=0 
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where u (s) is the solution of the differential equation 


Qo (Fr) Qo( ir) (8) = a2 Po(-F) Pol rat), OCCT; (9) 


(k) 
aj; and b, are constants 6 (S) is the k-th derivative of the delta-function; J is the 
difference in degree of the polynomials P,(iA) and Q,(iA). In order to determine constants 
aj, bj and the constants entering into the general solution of Equation (9), we may simply 
insert u(s) with all the undefined cmstants into (7), integrate the expression under the 
integral sign and equate to zero the coefficients of the linear-independent functions. The 
undefined constants are found from the resulting equations. Similarly, the function v(s) 
is found from Equation 8. In the example given below we use a slightly different method 
of determining the undefined constants. 

Despite the fact that the solutions of Equations (7) and (8) contain o-functions and 
their derivatives as well as derivatives of x(t), which will be generalized functions [since 
x(t) has only an (1-1) ordinary derivative, while the expression P,(d/dt)P¢(-d/dt)x(t) 
contains derivatives of x(t) of higher order], if we insert these solutions into (6), many 
of the generalized functions cancel out. If we perform several integrations by parts, 
the result is that expression (6) may be reduced to a form containing only ordinary (not 
generalized) functions. It will be noted that in this case condition (3) plays a large part 
in this procedure. 

Let us present in detail a specific example of the described method of determining 


1 -alt-s| 1 -f|t-s| 
ae e : 


F[x(t)]. Let K(t-s) = and L(t-s) = B Equation (7) has the form 


T 
2 \ Di (SOAPS GS 3G) 
0 


° 
Inserting into Equation (7) u(s) in the form 


u(s) = u(s) + a6(s) + b6(T —s). 
we obtain 


T 
+\ (sy emai ds + 2 eat 4% eat — a(t), (10) 
0 
, letus insert > ia RUT and apply to both sides of the 
2 


= -- +X 
equality the differential operator oe + @. We Shiain on the left hand side of the equality 


Then, instead of ae" | t-s| 


rT 00 1: 
ae = as 
<\a (s) ds \ soot etd = aa (s)6(t — s) ds = 2u(t). 
i) —oo i] 


2 
Consequently, u(t) = ee + — x(t). In order to determine a and b let us apply to (10) 


the operator q +@Q@ andlett -T. We obtain 


‘ ae © ik(T—2) f . 
+ \u(s)ds | EE dh + 2b=2' (T) +- ax (T). 


% oe 


Since T-s in the last integral is positive with 0<s<T, according to the Cauchy theorem 
this integral is equal to zero. Consequently 


Applying the operator +s + @ to (10) and letting t - 0, we find that 
a=—F2'(0) + $2(0). 
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As a result 
u(s) = 5 {—2" (t) + oe (t) +.8(t)[—2' (0) + ae(0)] 4 
+ 8(t—T) [a' (T) + ox (TY). 


Replacing & with 6 in this equation we find 


»(s) => (—2"(t) + Bx (t) + 8) [— 2 (0) + Be (0) + 
+ 6(¢—T) [x (T) + Ba (T)}}. 
Inserting the right hand sides of the equations for u(s) and v(s) into formula (6) we obtain 


ae T 
oxp {ES | a(n ae + FE? 120) +22 ry). (11) 


Ee 


Ky 


10) Gite) = sian 


foo) 


The limit before the exponential is of no interest, for it does not depend on the function 
x(t) (concerning the determination of this limit in explicit form, see Section 2). Expres- 
sion (11) could have been obtained by another method. Since for the correlation function 


K(t-s) slice t-s| at any n it is not difficult to write the inverse matrix ie we may 


immediately calculate the limit of the quadratic form of the exponential of (4) (See references 
[7,13]). The result is that for F[x(t)] expression (11) is again obtained. For the case 
where Q,(iA) = 1, it was possible to obtain formulas for the undefined constants entering 
into the Solutions of Equation (7). The result is that the solution of Equation (7) has the 
form 


4 d d 
u (t) = a5 Pole) Po(— ae) 20 ae 

{ n—1 an—1—l m ‘ 

Bikere es 6) 2) (0) St te temp t4s—n (— 1)" + 
to m=0 k=0 
1 n-1 : 2n—1—I m gue 
tegen) OF (OT) ce Ty marge Gaal ane 
1=0 m=0 k=0 


where 7, is the coefficient at me in polynomial P,(z), whence there is immediately de- 
rived an expression for F[x(t)] if Qo fiA) 2 ik gy 14) Shs 

In this case 
se. 
os { 4 es, = k 
exp al Si (Pox— Pox) (— 1) x 


k=0 


Ty 
F (x (t)} = lim | z 


x a (Ny dt + M+ No — NI, 


0 


where 


_—_ > [(— 1)’ (L) a4 (LP) + (— 1) 2 (0) 2 (0) x 


i, j=0 


a 
‘ ae 
XD) (— 1)" ote ig pte — Me Mi pads 
k=0 


N, yas Ss (2% fg? (0) Ss (Pox a4 Px) eee) (0) 
m=5 


and the internal sum is taken for k: 2(m+1) < 2k < (n+ m+ 1); N_ is obtained from N 


a 0 
by replacing x) (9) with x) py, quantities with a tilde refer to polynomial P,(z)P,(-z); 
Pox is the coefficient at z2* in the polynomial P(2)PQ(-2). ‘ 1 


Note. The proposed method of determining F[x(t)] is obviously applicable to the case 


where the mean values of &(t) in hypotheses Ho and Hy are other than zero. For this 
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_ purpose, in place of x(t) in the right hand sides of equations (7) and (8) it is necessary 
to insert x(t) + m, (t) and x(t) + m(t), respectively, where m )(t) - Nott) and m, = 7, (0). 


We may also find F[x(t)] when hypotheses H, and H, differ only in mean values (see ref- 
erence (8). In all these cases it is required that the mean values be sufficiently smooth 
functions. 

Without calculations, let us present the functional F[x(t)] for one more case. Let 


oo 


L(t—s)= 4 \ oda, 


—0oo 


K (t — s) = e— "#1, 
In this case 
+ > if T 
F [zx (t)] Se | x exp {— \ x? (t) dt + ( \ GAAS ANG (Sy ahizks 2 
0 ‘oO 


: 
~e \\ er" 2 (s) « (t)ds dt — 


oem 


3h 
: \\en (s + t)x(s)x (t)dtds + 10x (0) x(T) —e~? (22 (0) + 22(T)) + 


0 


T 
+ | (Se! — e~) (2 (0) 2(T —t) 4+ «(T) 2(0)| at}. 


As is seen from the presented examples, the exponent in F[x(t)] contains, in addition 
to the integral terms "terminal" terms of the form x “(0), x“(T), etc. The presence of 
these end terms is explained by the fact that processes with rational spectral density are 
components of multi-dimensional Markov processes. For such processes the values of the 
sample function at the ends of segment [O, T] and within it do not, roughly speaking, contri- 
bute equally. This may be explained as follows. For the problem of detection of a signal 
against a noise background any information concerning the process to be observed and 
delaying with its behavior beyond the discussed interval [),T] would be of value to us 
(for example, if we knew all the values of x(t) with t < 0 and t > T, we could solve without 
error the problem of the presence of a signal). But the greatest information concerning the 
values of the process beyond the interval [0, Tkis, of course, conveyed by the values at 
the ends of the interval. Hence, the terminal values of the function x(t) carry greater 
weight in the expressions for F[x(t)] than the values of x(t) with 0<t<T. Let it be noted 
that with an increase in T the terminal terms in F[x(t)] play a decreasingly important role. 

In obtaining the expression for F[x(t)] in explicit form we may effectively solve not 
only the problem of testing the statistical hypotheses but also the problem of estimating 
the unknown parameters from the sample function. For example, we may determine the 
meximum likelihood estimates possissing known optimum properties (see reference [3], 
page 229). We shall not discuss the subject further here. 


2. DETERMINING THE CHARACTERISTIC FUNCTION 
OF A RANDOM QUANTITY ln F[&(t)] 


The functional F[x(t)] determined in section 1 tells us what would be the optimum pro- 
cessing of observed data for testing the two hypotheses on the’ random process. Also of 
interest is the problem of probabilities of error in using this optimum processing. The 
answer lies in determining the distribution of the random value F[&(t)] in both hypotheses. 
Since the optimum criterion consists in comparing the values of F[€(t)] with a certain thres- 
hold constant II with subsequent acceptance assumption of hypotheses Ho and H. depending 
on whether F[&(t)] is greater than or less than II, then it is easy to show that tite use of any 
nomotonic function of F[&(t)] with appropriate change in constant II will lead to the probabi- 
lities of error. It is most convenient for us to investigate the distribution of the random 
quantity 7 = In F[&(t)]. Since there is no direct method of determining the distribution 
function of n, it is necessary to limit ourselves to determining the characteristic function 
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of random quantity 7. We will show how the characteristic function of 7 may be determined 


in the case where ng(t) = 7,0 = 0. Subsequent determination of the error probabilities 
may evidently be made by numerical methods alone. We will note that the statistical mo- 
ments of 7 may be found either by expanding its characteristic function in a series or di- 
rectly by using the explicit form of F[&(t)]. 

It is self-evident that throughout this section we assume the fulfillment of condition (3). 
Otherwise, the error probabilities would be equal to zero. We will note that the method 
of determining the characteristic function of 7 has much in common with the method of de- 


termining the characteristic function of random quantity 7 eat (see reference [9]). 


As the coordinates of the process &(t) let us take the Fourier coefficients for the system of 
functions fo )} : 
E. 


bn = 8 () on (0) dt, 


0 


where 2, (t) are the eigenfunctions of the integral equation 


Yr oT 
| K (¢—s)@(s)ds= 2 Ls) @(s) ds, Opa (12) 


a 0 

We will not discuss the problem of the completeness" of thesystem {@ (t)}, for it is 
more our purpose to describe the methods of determining the limit of the likelihood ratio and 
the characteristic function 1n F[&(t)] than to investigate the limits of applicability of these 
methods and to provide a rigid basis for them. In many specific cases, particularly in the 
example discussed at the end of this section, we are immediately aware that the system 
{p (t)} is such that the coordinates of {€_} contains all the information concerning &(t) 
at %egment Ope}. . 

Let us normalize Q(t) so that 

Ty 


\\ (ts) @, (0), (s)dtds = 4. (13) 


ede 


0 


By methods similar to those used in linear algebra for the simultaneous reduction of two 
quadratic forms to diagonal form (e.g., see reference [14], page 252) it is not difficult to 
show that in any choice of functions of {@p(t)} the random quantities C_ will be independent 
in pairs both in hypothesis Ho and in hypothesis Hy> that is, 


th 
CEmbn dz, =\|K (ts) @m (2) n(s)dt ds =0, men, 


pl 
ele ag || Zs) gm (t) gn (s) dt ds =0 men 


(the sign oa represents averaging for hypothesis Hi, i=0,1). 
Due to condition (13) the dispersion of €, when hypothesis H 0 holds is equal to unity 


and when hypothesis H, holds it is equal to 1”, 


The joint probability densities of quantities q are Sa corresponding to hypotheses H 


and Hy will have the form 0 


n 
2 


Po(Yr- ++ Yn) = (20) 


n a 


Pi(Yr +++ Yn) = (2x) * ( he) ® exp Rees devi. 
=] r 


k 


Now let us insert into the likelihood ratio Py V1: : -Y,/ Py (Vy: : vin) the values 


| 


z= \2() i (t) dt 


0 
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and proceed to the limit: 


z 
2 


F [x(t)) = ( 9) exp {> pa i—1)h. 


We are interested in the characteristic function of the random quantity 


n=InF[E(Q))=4 SG (hy — 1) —F ln (T]*»). 
k=1 # 


For the hypothesis Hg let us determine the characteristic function of 7, which we shall de- 
signate as x ot): 


Xo (t) = exp {— Sin I rab Cexp {5 YG (x — ty) 
k=1 RSL 


Since Ce are independent, 


o 


Xo (t) = exp {—+ in il ra} [l<exp fac 1) hs 


k=1 k=1 tie 


It is then easily shown that 


ete 4 
MA Spr, DS 2 ie 
Kore (gt Oe Da SE 


wherein the argument of the derived function is so chosen that with t = 0 the function reverts 
to +1. Whence 


5 © foe) 4 
exp {— + In Th ig} exp (- ae In I (1 ate eel 


Xo (t) ae SS o (ae = ’ 
it 
rap fares 
V i V I1( he 
eee 
where v,=1/(A-1). Our problem now consists in obtaining the infinite product ; = %, 


in closes form. This is done in quite the same’manner as in determining the Amount of 
information in one Gaussian process relative to another in reference [10}. First it is es- 
tablished that v, are zeroes of a certain whole function D(v) of exponential type and of an 
order less than unity, which may be written explicitly. According to the Hadamard theorem 
(see reference [11]) for a whole function D(v) of exponential type and order less than unity 
there occurs expansion in coefficients 


D(v) = D(0) Il (1 a ), rye v,—uyuu D(v). 
K=1 Ie 


from which we find the infinite products we required 
oa it D (it) beg ear) 
te ~)= D(0)’ Te) D(0) ° 
a =i 


Let us illustrate determination of Xg(t) for the case where 


K (t—s) = exp{—a|t—s)}, 


L(t—s) =pexp{—B\t—sh}. 


We now seek the solution of (12) in the form 


@ (t) =  (t) + a6 (t) + 06 (T — 2). 
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Applying to both sides of the equality 


4 Zn " ss eid (t—s) dh 4 2 gat yp Ppa (t—y — 
e066) s | a? + A a a 
0) —oo 
1 
t-pain SON fees) m ¥ nen 
. = NS te —_\ 2. e—B(T-) (15) 
= lewd | pe O tts) eer tlt a) ge 


00) 
the operator ( Le a?) ( SS p?), we obtain the differential equation 


@” (t) — [a? + v(a? —B*)] p(t) = 0, Ot T. 


Whence * 
@()= Ce + Ce ™, 
where 
A = Va? + v (a2 — 82). (16) 


r d . 
Let us apply to (15) the operator s (5 } a.) (5 | 8), r=0, land assumet=T. We obtain 
the two equations 


9 (T) —b(a +B) =0, ‘an 
gy’ (T) + («+ 8) @(T) + 5 {(a? — B*) v —B(a + B)} = O. 


In similar fashion we obtain another two equations at point t = 0. 
(0) —a(% +B) =0, 
g (0) — (% +B) p (0) — a {(a® — B*) » —B (a + B)} = 0. (18) 


Inserting into Equations (17) and (18) @(0), 9’ (0), @(7) and g’ (7)in the form of (16), we obtain 
for Cy> Co; a, b, the equations 


Chen tC eg | — b (oe B es 0 
Cye™" (A + (a +B) + Coe? [— A + (a +8)] + 8 ((0? —B*)o—B(a +8)} =0, 
Ci + C€,—a(a+ 8) =0, 
C, (A — (a + B)] — Cy [A + (« + B)] — a {(a? — 8?) —B (a + B)} = 0. 
The determinant of the system is 
D(v) = — (a + B?) {eAT [A + (a —B)v 4+ a]? — e-4T [A — (a —B) v — a]?}. 


Function D(v) contains one excess root v = Was - 0) which is not an eigenvalue of Equation 
(15). If v =0¢/(62 - 07), then the general solution of (t) is written not in the form of (16) 
but in the form of a second-degree polynomial. Dividing D(v) by A , we eliminate this root. 
Finally, for X(t) we have 


DOA ie DAO 
KH=V papa ~ { z 2 DOA aii 


tip h 
2Var (3) : exp aap ec = — rt os 


a Z. (19) 
~ Ve? [a 4 it («—B) + apP?—e 4? [A Sie @— 8) — af? 


in which 


In a similar manner it can also be shown that in the case of rational spectral densities the 
values of v, in expression (14) are zeroes of a function satisfying the Hadamard theorem. 
This function, as in the example discussed by us, may be written explicitly in the form of 

a determinant and, consequently, we may obtain the characteristic function In F[&(t)] in clos- 
edform. Solution of equation (12 must be written in the form 


A = Vo? + it (a? —B4) , A(0) =a, A(—1) =8. 


464 


l I-1 
9) =9() +.D).40" O D).b8°@—T), 
k=0 


k=0 


where J is the difference in degree of P\(iX) and Q. (iA) and ) t is the solution of the 
equation 4 0 


P, (£) Pi(—) Q0() Qo(—F)@ () = 


= MPo(%) Po(— ) (GF) Q(—F) 90. 


Let us make one remark concerning determination of the distribution of In F[E(t)]. We may 
conclude from a few general observations that with T - © In F[&(t)] will be a normal asymp- 
totic quantity. 

In particular, for the example discussed by us it is not difficult to show that 


exp | its ag (E) > exp | 5} 


k 


with T-°, k=0.1. Here ip eet, 
a (edb) 2 34 ae 18h e? | Vy. _ 1B | VT 
1 4B ? 0 (2a)'/2 1 (28) . 


The parameters of the normal limiting distribution may be found by calculating the mean and 
the dispersion of In F[E(t)], whereupon an explicit expression is obtained for it, or by expand- 
ing into a Taylor series the characteristic function In F[&(t)]. 

We shall not discuss in this report the problem of the errors which arise in replacing 
the true distribution of In F[€(t)] by the asymptotic distribution. In order to evaluate ;this 
error it is obviously best to use the explicit form of the characteristic function In F[&(t)]. 


3. CONCERNING A MORE REALISTIC STATEMENT OF THE PROBLEM 
OF DETECTION OF A SIGNAL AGAINST A NOISE BACKGROUND 


As already stated in section 1, in satisfying-condition (2) we may know without error 
which of the hypotheses holds true. Let us discuss the methods by which this may be done. 
Let K(t-s) =4-e@lt-s|, L(t-s) =2,lt-s|  snda>b. In this case condition (2) is 
satisfied, since e 


Qo (id) Pi (id) 
Po (id) Qi (ih) 


x a 


AM. 


A>0o 


Let us present, after Slepian [4], the sum 
(Ti Ti —1)\2 
Ynlz (0) =D {e()—2(-L—) (20) 
el , 
and letn -©,. Then, as shown in reference [4], for sample functions of the process No(t) 
we have the equality 


lim Y, [x (t)] = 2aT, 


and for all sample functions of the process n, (t) we have the equality 
lim Y, (x (t)] = 207. 


Since a > b, at any T we may know without error which of the hypotheses is true. Let it be 
noted that in the case of fulfilment of condition (2) we may propose different variants of 
errorless testing of hypotheses H, and H,. However, in practice not one of these variants 
can be used, for the values of the Function and spectral densities of processes no (¢) and 
7, (t) are known with only limited accuracy. ; 

The paradox of errorless testing of the hypotheses on condition (2) is based on use of 
the difference in the high-frequency portion of the spectra. In addition, we use the local 
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properties of sample functions of the process, which are essentially associated with the 
asymptotic behavior of the spectrum and not with its behavior in the terminal region of 
frequencies. In these cases errorless testing of the hypotheses is actually based on fre- 
quencies which are so high as to have no physical meaning. 

In order that the problem of testing hypotheses concerning the sample function of a 
random process would be more realistic,. L.A. Vaynshteyn proposed that it be assumed 
that, in addition to processes Nat) or a there is present on each occasion white noise 
with the same low spectral density. With the addition of white noise condition (3) is ful- 
filled and the paradoxes of errorless testing of the hypotheses vanish. White noise does not 
permit the use of information which carries infinitely high frequencies, for these are 
merely a mathematical abstraction. 

Thus, we shall consider that the correlation functions corresponding to hypotheses H 0 
and H, have the form 

a oS 


K (t —s) = N6(t—s) 4 ao Z(t —s) = Nd@—s) + Seale, 


where N is a small number; 6(t-s) is the Dirac function, which is the correlation function 
of white noise. In the manner described in section 1 we find Fy): 
2 


~ 12 
L 
Fy [x (t)] = lim | = <x 


Hf hs 
Aa ina s b 
4 esa es 1|t—s| __ — _e—Bs|t—s| 
ala an \\[S< chia E 
0 


e 24T (gq, — o)3 ch ay (t — 8) 
/ ie 2 
Oy (a+ au)|1 (Gre =) | 
et (8, — 8)§ ch Bi (t — 8) 
: Bos 8S Heeierr x(t) x(s) dt ds + 
8.8 +8) [1+ (gg) | 
1 re ems (a, — a)? ch ay (s + t—T) 
a 2N \\ = O\? _ oy 7 ay 
8s bt kd tara ca lets ol 


eT fiT — B)2ch! Ss = 
(B1— 8)? ch Br (s + ¢ "| EOC (21) 


T 
x x(t) x(s)dtds -+- & \ 


where ; 
oy = ae + WandBi = 2 “ae, 
Upon fulfillment of the conditions 


255 Na, 225 Na, (22) 


aT S41 (23) 


the expression obtained for Rye) may be considerably simplified. Physically, the con- 


dition 2 25> Na expresses the natural requirement that the added white noise have small 
power inthe frequency band from 0 to @ (that is, in the band where the spectral density of 
o/'7 (2+), which is equal to a/a. Condition WT >> 1 means that in the observation interval 
[0,T] there are many intervals of correlation of the process with the correlation function 
a -alt-s 
a gnak-s| 

Conditions (22) and (23) ensure smallness of the second and third terms in the exponent 


of (21) in comparison with the first term. Thus, for such small N and for such T that con- 
ditions (22) and (23) are fulfilled, we shall have 


Fy [x (t)] ~ lim exp \ oar \\ |xe alt lite elt "|x (t) 2(s) dtds\ . 
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It may be shown that for any continuous function x(t) with N ~ 0, with an accuracy of the 
order of infinitely small terms of higher order in N there exists an approximate equality 


Fal 


L,, v . 4, 
Fy (x ())~ lim |") exp 2 [e2ta/)—2(2t0 iAP}, (24) 
n j= 
wher ” Fa In Ni i i i 
e y= ~ ; ~— —~N,; C is a certain constant independent of N. Theexponen- 
Le ees vA 


ore “f _2V2(Va—Yo 

tial in (24) contains a Ae 14 the form of (2). However, due to the fact that the square 

of the white noise has no meaning, it is not possible to insert into (24) x(t) containing white 

noise. But, if it is assumed that with "reductign of, fhe white noise (for example, so that 
>| 0 


the spectral density becomes equal to / (A) = | NNG for sufficiently large Ny the 


a 1A No 
optimum method of testing the hypotheses undergoes little change, then expression (24) will 
provide an approximately optimum method of processing the data for testing the hypotheses. 
For the "reduced" white noise, squaring then has meaning. It is interesting to note that the 
method proposed by Slepian (which upon satisfying condition (2), permits errorless test- 
ing of the hypotheses) remains optimum upon the addition of a small amount of reduced 
white noise if the interval of the sum in (20) does tend toward zero. and permits selec- 
tion in accordance with the spectral density of the noise. With a decrease in noise density 
N the interval 27, decreases in proportion of VN. The characteristic functions of F [& (t)], 
calculated by the method proposed in section 2, will have the form ‘ 


(Ny) da DU Al, D (0) 

te) = exp z 2 Do is (it)? 
Lal OTE (v) ei oj? — eo K()T TI (v) ae a]? ; 

ee) (2) 


Dye 
<peneeee oy, R= Vite ty Oa); 
Xi (t) is obtained from Xo (t) by replacing ay: b, t with b,, a, -t, respectively. 


where 


Designating the Fourier transforms of xf and ety by Ee (x) and ae (x), we may 


write the error probabilities of the first and second kind in this more realistically stated 
ll foe) 
problem in the form | ps” (x) dxand \ pi” (x) dx It may be shown that with fixed T and N~ 0 
—00 tl 
these probabilities also tend toward zero. Conversely, with fixed N and T ~ 0 they increase 
to certain limit values. 


CONCLUSION 


Gaussian stationary processes with rational spectral density have been investigated for 
a finite segment of time. Expressions have been derived which show what should be the opti- 
mum processing of the sample function of a random process for the testing of two competing 
hypotheses concerning this process. A method has been given for determining in closed form 
the characteristic function of the limiting likelihood ratio. The problem of testing two hypo- 
theses concerning the sample function of the process has been discussed with an approach 
that renders the problem more realistic. 

The author expresses his thanks to R. L. Dobrushin, who directed this work, for his 
numerous helpful suggestions and also to M.A. Isakovich for his valuable comments on the 
work. 
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INFLUENCE OF STORAGE-DEVICE PARAMETERS 
ON OPERATIONAL EFFICIENCY 


Yu. S. Lezin 


The signal-to-noise ratio at the output of one and several storage devices with delayed 
feedback is calculated. The influence of passband and feedback factor on the signal-to- 
noise ratio of these devices is analyzed. 


INTRODUCTION 


The operational efficiency of storage devices designed to increase the signal-to-noise 
ratio must be evaluated by the value of this ratio at the output for given signal power and 
intensity of the noise-power spectrum at the input or by the gain in signal-to-noise ratio 
provided by these devices. 

A storage device with delayed feedback [1], the block diagram of which is shown in 
Figure 1 [2], is characterized by two parameters: the filter passband AF and the feedback 
factor m (at sufficiently low frequencies). Let us discuss the influence of these parameters 
on the operational efficiency of the storage device. We shall assume that at the input of the 
storage device there is applied a train of rectangular pulse signals of identical amplitude 
U, and identical duration T, the number N of which is so great that 


plus white noise with normal distribution. In addition, the filter passband AF is assumed 
to be much greater than the pulse-repetition frequency F = 1/T. 
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1. A SINGLE STORAGE DEVICE WITH DELAYED FEEDBACK 


1. Basic Relationships. As shown in reference [3], the maximum pulse signal am- 
plitude at the output of a single storage device is 


U 
iis — eS {1 eas (AIS HOS) (1) 


In reference [2] it was established that the noise at the output of the given storage device 
has a power 


2 mah Fk (2) 


where a is the intensity of the noise-power spectrum at the input. Hence the signal-to- 
noise power ratio at the output is 


Am dae aaah Lm ertaoe ® 
where Ag = Gy T/T ais the signal -to-noise ratio at the output of an optimal filter for a 
single pulse signal [4]: b = AFT is the product of the filter passband and the pulse duration 
(it may be referred to as the "dimensionless" passband). Consequently, the gain in signal- 
to-noise ratio provided by such a storage device, in comparison with an optimal filter for 

a single pulse signal is 


Vi—m 4 4 — e—2nb(1—m)]2, 
Bake, Gas iuaie wa 6s ] (4) 


2. Influence of Passband. Investigating (4) at the maximum with respect to b, let us 
determine the optimum passband 


0,200 


DN =e (5) 


It increases sharply as the feedback factor approaches unity (Curve 1 in Figure 1) 


0 eS Sey 
OP OTG OE GE NEO 9S SE AN: 


Figure 1. Dependence of optimum pass- Figure 2. Dependency of maximum gain 
band on feedback factor for one, two, and on feedback factor for one, two, and three 
three storage devices. storage devices. 


With a given feedback factor, the maximum value of gain in signal-to-noise ratio due 
to the use of a storage device is achieved with optimum bandwidth and is equal to 


C, = By (b= d,) = 0.815 )/ 14 | (6) 
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This gain increases rapidly as the feedback factor approaches unity (curve 1 in Figure 
2) and at m= 0.9 is 3.5. High gain is obtained by increasing the feedback factor, but in 
practice this may lead to instability in operation of the storage device. 

The amount of loss in signal-to-noise ratio due to nonoptimality of passband is defined 
by the ratio B,/C,, which in accordance with (4) and (6) is equal to 


yy An 2082)2 


Bt ion, eee (7) 
Cy Zz 


where z = b/b, = AF/ AF, is the ratio of the passband to its optimum value. From the 
dependence of loss in signal-to-noise ratio on z (curve 1 in Figure 3) it follows that the 
optimuin value of passband is not critical. 

3. Influence of Feedback Factor. Investigating (4) at the maximum with respect to m, 
let us determine the optimum value of feedback factor as a function of dimensionless pass- 
band (curve 1 in Figure 4). With an increase in passband the optimum value of feedback 
factor at first rises rapidly and then slowly, approaching unity. With b =1 itis 0.917 and 
with b = 2 it is already 0.957. The maximum gain in signal-to-noise increases with pass- 
band (Curve 1 in Figure 5) and is 3. 06 with b = 1 and 4.37 with b = 2. 


Figure 3. Ratio of gain to maximum as a Figure 4. Optimum value of feedback 
function of the ratio of passband to optimum factor as a function of passband for one and 
passband for one and two storage devices. two storage devices. 


Figure 6 shows a family of curves for gain in signal-to-noise power ratio as a function 
of feedback factor with various values of passband. From an examination of these curves 
it follows that deviation of the feedback factor from optimum value leads to a slight decrease 
in. signal-to-noise ratio with b < 0.5 and to a sharp decrease in this ratio with b > 1, where- 
in the degree of this decrease rises with an increase in passband. 
6, 


6 


& 


LAE eis 2 


Figure 5. Dependence of maximum gain 
on passband for one and two storage devices. 


Ot 
0 OAS OE a | ES 7) 
4. Gain Provided by a Storage Device in : “7 0% 98 O66 09 O95 10 : 
Comparison with a Low Pass Filter In Figure 6. Family of curves for gain in signal- 
order to determine storage efficiency in to noise ratio as a function of feedback factor 
comparison with conventional frequency fil- for various values of passband in the case of 
tering let us determine the gain provided a single storage device. 


by a storage device in comparison with a low pass filter, the transfer function of which has the 
form 
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K*(o) =, (8) 
aT SAF 


_where Af is the passband of this filter. 
Using (4) with m = 0 and also using (6), it is easily shown that in comparison with a 
low pass filter a storage device provides the following maximum gain in signal-to-noise 


ratio: 
Cy 2,56¢ V3 + m 9 
fy ~ Byi{m =0;0= 9) Gee on aa 1—m’ (9) 


where q = AfT is the dimensionless passband of the low pass filter. In particular, with 
q=1 


Ry, = 2,57 1£™ = 3.150, (10) 


and with optimum passband q = 0.2 (which is easily determined from (5) assuming therein 
that m = 0 and replacing b with q) 


eRe yeas E1007 6, (14) 


With m = 0.9, this gain is 11.2 and 4.36 respectively. 
Consequently, the use of a single storage device with delayed feedback yields, in com- 
parison with a filter, a relatively large gain in signal-to-noise ratio. 


2. SERIES-CONNECTED STORAGE DEVICES WITH DELAYED FEEDBACK 


1. Two Storage Devices. Using the expressions for maximum pulse-signal amplitude 
and noise power at the output of two identical, series-connected storage devices (derived 
respectively, in references [3] and [2]), let us determine the gain in signal-to-noise ratio 
provided by two devices in comparison with an optimal filter for a single pulse signal: 


4 (4 — m2)? wot a —anb(i—m)y 9 
B,= = Wo areamn [1 + 2nb (1 —m)]e } (12) 


The optimum passband in the case of two storage devices 


0,542 
by = AF t = (13) 
increases as m approaches unity (curve 2 in figure 1) as in the case of a single storage 
device, but in distinction from the latter case it is 2.56 times greater. 

With the optimum passband of two storage devices the gain in signal-to-noise ratio is 


maximum: RYE Ry wanee 
m)* m\? 
C= 1.714 5S (ey (14) 


It increases as the feedback factor approaches unity (curve 2 in Figure 2) and with m = 0.9 


Te iS} BI Ge), 
The additional maximum gain due to use of the second storage device is 


Cz 4 e 
G,= = 2,10 es (15) 


and with 0.7<m<1 
G,=~ 1,6 + 1.2m. 


This gain in the given interval of m rises monotonically from 2.44 to 2.80. 

Thus, the maximum signal-to-noise ratio at the output of two storage devices is 2.5-2.8 
times greater than at the output of a single storage device. However, the storage arrange- 
ment becomes considerably more complex and it is necessary to increase the passband by 
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2.56 times. 

Examination of the curve for loss in sig- 
nal-to-noise ratio due to nonoptimality of 
passband as a function of the ratio of the pass- 
band to optimum (curve 2 in Figure 3) shows 
that in the case of two storage devices the op- 
timum passband proves to be more critical 
than in the case of a single storage device. 

With two storage devices the optimum feed- 
back factor increases with an increase in 
passband (curve 2 in Figure 4), but its value 
for the same passband is considerably small- 
er than in the case of a single storage device. 
Consequently, in using two storage devices, 


Figure 7. The family of curves for gain in order to ensure high gain in the signal- 

in signal-to-noise power ratio as a function to-noise ratio (with a given passband) there is 
of the feedbackfactorfor various passband _ no need to bring the feedback factor to a value 
values with two storage devices. close to unity. 


The maximum gain in signal-to-noise ratio 
with two storage devices increases with passband more rapidly (curve 2 in Figure 5) than with 
one storage device. The additional gain due to the second storage device rises slightly with 
an increase in passband and with b = 3 is approximately 1.5. 

Figure 7 shows the family of curves for gain in signal-to-noise power ratio as a func- 
tion of the feedback factor at six values of passband.. From an examination of this family of 
curves it is seen that the maxima of the curves at b > 1 are flatter than with a single storage 
device (see Figure 6). Consequently, the optimum value of feedback factor in this case is 
less than the critical value. 

2. Three Storage Devices. By use of the results obtained in references [3] and [2], 
respectively, for the maximum pulse signal amplitude and noise power at the output of three 
identical series-connected storage devices, let us determine the gain provided by three stor- 
age devices in comparison with the gain of an optimal filter for a single pulse signal: 


#4 64 (1 — m2 
Bs 3nb (1 — m)®(8 + 24m? + 3m) {1 [1 + 2b (1 m) + 


+ 22h? (4 a m)?] ea end i) V2 (16 ) 
With three storage devices the optimum passband increases with the feedback factor 

(Curve 3 in Figure l),, but its value is 3.92 and 1.53 times greater than with one and two 

storage devices, respectively. With three storage devices the dependence of maximum 

gain in signal-to-noise ratio on the feedback factor 


6.56 (1 + m) 4+ m2 
Cs 8 + 24m? + 3m a — s (1 ‘) 


lies somewhat higher (curve 3 in Figure 2) than in the case of two storage devices. 
The use of third storage device gives an additional gain of 


oe (4 + mm)? (2 + m?) 
Gs C2 oe 8 + 24m? 4-3m ” (18) 
Thus, use of a third storage device yields a relatively small gain in signal-to-noise 
ratio. Since this also introduces considerable complication of the storage arrangement, the 
use of a third storage device has little to offer. 


CONCLUSION 


It has been established above that filter passbands and the feedback factors of storage 
devices with delayed feedback have optimum values at which the filters and storage devices 
operate most efficiently. 

The optimum value of passband rises sharply as the feedback factor approaches unity; 
it is only slightly critical with a single storage device and is more critical with two storage 
devices. An increase in the number of storage devices to two and three leads to an increase 
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in optimum passband by 2.56 and 3.92 times, respectively. 

The maximum gain in signal-to-noise using storage devices as compared with the use of 
an optimal filter for a single pulse signal and the use of frequency filters increases with the 
feedback factor approaching unity and with an increase in the number of storage devices. At 
m = 0.9 the value of this gain in comparison with single-pulse optimal filtering is 3.5, 9.56 
and 12.5 times for one, two and three storage devices, respectively. 

The use of the second storage device provides an additional gain of 2.4 - 2.8 and the use 
of the third storage device provides an additional gain of 30%. Hence, the use of a second 
storage device in a number of cases will prove to be justified despite the considerable com- 
plication of the storage arrangement, whereas the use of a third storage device will not be 
so justified. 

An additional advantage of the use of the second storage device is the lower critical 
optimum value of feedback factor, which, moreover, is lower than the optimum value of 
feedback factor in the case of a single storage device. However, there also arises the nec- 
essity for increasing the passband by 2.56 times. 

Using the results obtained above and the results of any study on coherent detection of a 
single signal, it is easy to determine the threshold signals for coherent storage by means of 
devices with delayed feedback. 

The signal-to-noise ratio at the output of a storage system may be further increased by 
several times if a narrowband filter is placed before the delayed-feedback storage devices; 
this subject, however, is beyond the scope of this report. 


REFERENCES 


1. W.D.White, A.E. Ruvin, Recent advances in the synthesis of comb filters, Convent, 
JURE. WEA. ae jokanrs, Teton 

2. Yu.S. Lezin, Storage of noise in devices with delayed feedback, Radiotekhnika i elek- 
tronika, 1961, 6, 2, 187. 

3. L.A. Morugin, Storage of pulse signals in devices with delayed feedback, Radiotekhnika 
i Elektronika, 1960, 5, 12, 1885. 

4, Yu. S. Lezin, Passage of signal and noise through an optimal filter, Tr. Gor'kovskogo 
politekhnicheskogo instituta im. A.A. Zhdanova, 1958, 14, 5, 45. 


Submitted to the editors 28 March 1960 
After revision 30 September 1960 
CA 


RANGE FINDER WITH FREQUENCY MODULATION 
IN THE PRESENCE OF NOISE AND FLUCTUATIONS 
IN REFLECTED SIGNAL 


G.P. Tartakovskiy 


In this report formulas are derived for systematic errors and fluctuation errors ina 
frequency-modulated range finder which occur in the presence of receiver noise and fluctua - 
tions in the reflected signal. The dependence of these errors on various parameters is 
discussed and several recommendations are made. 
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INTRODUCTION 


In CW radars and in aircraft altimeters the 
frequency-modulated rangefinder (Figure 1) is often 
used. 

The transmitter radiates frequency-madulated 
oscillations which are also used as reference oscilla- 
tions for the mixer. Delayed reflected oscillations 
Figure 1. Block diagram of frequency reach the input of the mixer, with the result that at 
modulated rangefinder: 1, modulator; the output of the filter (possessing a transmission 
2, transmitter; 3, mixer; 4, amplifier band in the low-frequency region) there appear os- 
and filter; 5, limiter; 6, pulse counter cillations such that the greater the number of zeros 
7, d-c amplifier. therein, the greater the delay of the reflected oscil- 

lations. (i.e., the measured range). The number of 
zeros during measurement time T is measured by a counter, which may consist for example, 
of a trigger-operated blocking oscillator and a pulse counter. The processes in a range- 
finder of the described type have been analyzed in reference [1] where, in particular, there 
is shown the nonproportionality of a simplified treatment in accordance with which the range- 
finder measures the frequency of oscillations at the filter output. In this report the received 
oscillations were analyzed as a deterministic process differing from the radiated oscillations 
only in the delay. 

Actually, however, the reflected oscillations are always random due to unavoidable 
fluctuations. Experience showns that neglect of fluctuations, particularly under moving- 
target conditions, leads to considerable error in evaluating the accuracy of measurement: 
devices. Moreover, reception of a radar signal is always accompanied by receiver noise, 
which leads to additional errors. 

The present report investigates errors in a frequency-modulated rangefinder in the 
presence of noise and fluctuations in the reflected signal. 


1. CORRELATION FUNCTION OF THE PROCESS AT THE FILTER OUTPUT 
OF A RANGEFINDER 


The main signal may be represented in the form 
{U (t) = uo cos [wot + rp (Z)], 


where ¥(t) is the phase of the frequency-modulated oscillation. Henceforth in our analysis 
we shall assume for the sake of concreteness that 


A@inys 
a) (t) On sin Qyt, (2) 
where A, is the frequency deviation and 2,, is the modulation frequency. 

The reflection object may usually be represented as a large number of independent 
elementary reflectors subject to slow, random displacement. The result is that the reflect- 
ed signal is a normal, narrow band random process with respect to w,. 

It may be Shown that in the presence of symmetrical (relative.to “w,) spectral density 
of fluctuations” and in the presence of the main signal (1) the correlation function of the 
reflected signal 


Roxo(t, T) = u? cos [@yt + +p (t — t%) — p(t —t —1,)] p(t), (3) 


where ((T) is the envelope of the fluctuation correlation coefficient in the presence of the 
main signal in the form sin w,t, and T, is the delay of the reflected signal. 


The receiver processes the additive mixture of signal with noise x(t) the correlation 
function of which is 


IEG, 0) Satteoll )) 4 lteen(G) = 
= u? cos [@ yt + tp (t — T)) — p(t — t — T%)] p(t) + N86 (1). (4) 


*By this is meant fluctuations of the reflected signal in the presence of a main Signal in the 
form of a sinusoid of frequency We: 
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It is assumed that the receiver noise is white with atwo-sidedspectral density N, and 
6(T) is the delta-function. 
Within the mixer is formed the product 


y (t) = x(t) U (t). (9) 
The correlation function of the process y(t) is determined as 
RyG; = Ret Re, 67). (6) 
In expression (6) 


R, (t, t) = u? cos [gt + sp (t — t)) — p(t — t — t)] p(t) up cos [wot + 
+ *p ()] cos [y(t — t) + p(t—T)], (7) 
R pn, (t T) = Nd (tx) up cos [mgt-+rp (¢)] cos [g(t — t) +p (t — t)] = KN, 6(t). (8) 


We are not interested in the high-frequency components of the oscillations, for they do not 
pass through the rangefinder filter; hence, in expression (7) we shall reject the terms cor- 
responding to these components and deal with the correlation function 


RS, (t, t) = KR p(t) cos [B (t) sin Qy (¢ — =) ; (9) 


In formulas (8) and (9) we introduce the designations 


2 
uo 


i es” 


(10) 


t 
2 


- 
I 
i 


B(t)=4 = sin Qu sin Qy - = 2Aot, sin Qu ; 
where P_ is the average power of the received signal and K is a conversion factor in which 
we may include the gain of the following sections. 

A random signal with correlation function (6) passes through the filter. We shall assume 
that this is an ideal filter with frequency characteristic of Figure 2. With AwT,>>1 the 
principal spectral components of a random signal with correlation function (9) are located 
in the region of the filter's passband and hence~ the "signal'' component of the correlation 
function of the process at the filter output is represented with sufficient accuracy by 


RAG 0) = Tee (Eo). (11) 
The "noise" component of the correlation function is defined as 
R,(t) =5¢ \ KN,|Ho(fo) Pe” do (12) 
and after calculation of the correlation function of the process at the filter output 
/Hott0)/ aA =H, 1) A, O= 
“ie —JEPeo(G) cos| B (tT) sin Qy, (: — Sl 
SW, sin @g,t sin gor ; 
oe a tKPy( ie Noe ), (13) 
0 Wy, o,, Wy, 
where 
Figure 2. Frequency charac- [ONAN (14) 


teristic of filter. 


represents the average noise power in the filter passband. Thus, we have found the cor- 
relation function of the random process at the filter output, the zero count of which defines 


the output value of the range finder. 
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2. SYSTEMATIC ERROR OF RANGEFINDER 
For calculation of the systematic error due to noise and signal fluctuations it is nec- 
essary to find the average number of zeroes of the process at the rangefinder filter output. 
during T(T>> —) on the condition of a positive derivative of the process at the zeroes. 


The correlation function of the examined process is defined by expression (13) The var- 
iance of this process 


2 - 15 
=P, A(t, 0) =K(P, + Pp) 9) 
does not depend on current time t. 
The correlation coefficient 
R. (ee Tt) 12 f , \ 
Teall, 7) a a: Pa p(t) cos [B (t) sin Qy (i — “5 *2)| ot nt 
Iv A sin Opt sin Mgt 
i. Bo Pe ( A@gt A@gt } 


It is easily shown that the case of a nonstationary random process with a variance inde- 
pendent of time may be dealt with by the method for calculation of the average number of 
zeroes, proposed, for example, by B.R. Levin [2] for the case of a stationary random proc- 
ess. Asa result the average number of zeroes per unit time in weighting the system over 
time T is defined as 


ei a he 
Wave Tr \ an (17) 


and Wy(t) is defined by means of 
oF (t) = —r’ (t, 0), (18) 
where r(t,7) is the correlation coefficient of the examined process and 


r'(t, 0) = a T) (19) 


tO 


In the case of a nonstationary process Wy is a time function. 


Calculating ail (t), we have 
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then, using formula (17), 
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With B <1 the derived series shows shone convergence. Hence, with sufficient accuracy 
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In the absence of receiver noise Py, = 0, and in the absence of fluctuation p'"(0) = 0. Hence 
in the case of a deterministic process at the receiver input 


nay = Di a To; (29) 


and the output value of the rangefinder is, in effect proportional to the measured signal 
delay T 9 with proportionality coefficient 


{| A@Qy, 
ke = 5 aret (26) 
The average value of delay measured in the presence of noise and fluctuation 
Sane brs Ps [ — 2p" (0) | a 2 2 Aog 
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while the average value of measured range 
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(28) 
where c is the velocity of light, 

The relative systematic error in measurement of range is expressed by the formula 

NOE DNS 
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and varies with the range. 7 
In expression (29) Aw a represents the quantity v -9''(0), coinciding with the bandwidth 


(29) 


(mean-square) of fluctuation in the reflected signal. With sufficient accuracy for practical 
purposes Aw fg may be taken to represent the fluctuation bandwidth determined by any method. 


3. FLUCTUATION ERROR OF RANGEFINDER 


In addition to the systematic error, noise and signal fluctuation cause a fluctuation error 
which may be characterized by the variance of the output value of the rangefinder. For 
exact calculation of this dispersion it would be hecessary to extend to the case of a nonsta- 
tionary random process the calculation of the correlation function and spectral density of 
the derivative from the phase of the random process. It may be shown that in the case of 
time-independent variance of the investigated process V.I. Bunimovich's formulas, (see 
reference [3]), derived for a stationary process, prove to be valid, and only the spectral 
density depends on time as a parameter by virtue of the nonstationary nature of the process. 

It is necessary to point out, however, that the mentioned method of calculation requires 
specific treatment of the form of the fluctuation correlation function and leads to unwieldy 
results. Hence we shall limit calculation to an approximate evaluation of error variance. 
This evaluation is based on the following considerations. 

The correlation coefficient of the process at the filter output (16) may be rewritten in 
the form 


Ts nes t)=A(t, t)coso, t+ X(t, T)sin@,.7, (30) 


where 
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and 
b(t, t) = B(t)sin Qy (¢ = <5) =O, (33) 


In these expressions W oy is a certain average frequency of the random process at the 


filter output. : 
Extending to the case of a nonstationary normal random process with time-independent 
variance the method of calculation presented in reference [4] for a unidimensional law of 
distribution for the derivative of the phase man bee PE ee we obtain 
o 


W (0) = 


9 {o,)— @y (GN Cc) + do? (t))"? ’ (34) 


where 
da? (t) = w? (¢) — w, (2), (35) 
oj (t) = —% (9), (36) 
i Orr (f) = A(t, 0) @y— X(t, 0). (37) 
Inserting into formula (35) the expressions derived above, we have 
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In obtaining the variance ccrresponding to the probability density (34) and averaging it 
over time (by virtue of the averaging properties of the subsequent elements of the circuit), 
we would obtain data for calculation of the variance of the output value of the rangefinder. 
However, the variance corresponding to expression (34) reverts to... Hence, the width of 
the probability density curve is conveniently evaluated, according to B.R. Levin [2], by 
the quantity 


\ (eit Oder = 80 (t). (39) 
2 (x? + dw? (t)}* 


We may see that the spectral density of the process of the zero count in the low-fre- 
quency region is approximately 


__ 7, 60 (t) 
Ney ts (40) 
where the superior bar denotes time averaging and k is a coefficient of the order of unity. 
Assuming k = 1 and making the approximate substitution 
/ : 2 2 
251 A (oBes in PsP ea. 2 em 4 Aeg (41) 
Sur= tar V P,+ P,P Ol+ BP F Di Sie ny REM 4p 
and the variance in range measurement may be approximately evaluated from the formula 
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4, EVALUATION OF RESULTS 


The formulas derived for systematic and fluctuation error are conveniently presented 


in the form 
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where the introduced designations are: D,, — the maximum effective range; 
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in the ratio of the modulation period to the maximum range. 

In deriving expressions (43) and (44) it was assumed that We Vos and hence Aw, 8 
SW, 2W pay - In addition, it was considered that the minimum vane ae Aw, must be de- 
termined Se passband conditions corresponding to maximum range, hence, 

~ 4Ao 
Avy => aa 5 
From formula (43) it is seen that at short ranges (d<<1) the average value of measured range 
will be greater than actual range. However, with the choice of sufficiently high frequency 
deviation Aw and modulation frequency {2 yy, the inequality 


~ “oH 


<1 (45) 


applies even at short range. Hence, the systematic error at short range is not great. At 
long range the average value of measured range will be less than the actual value and at 
maximum range may be approximately defined by the formula 
é 
ADS ay / AUS E ne 
eas Neeete 


If itis assumed that at maximum eee the noise is considerably greater than the sig- 


D 
nal (€ >> 1), then from formula (46) & Hm 70-48, which is inadmissable. With € =p, =-9.2; 
that is, the measured range is 20% Da, 2° than the actual range. Assigning a permissible 
error of AD =-yin measuring the average falue of range, we have 
Dn 
fe-(h = pF AT 
St SpyesOeT © oy 


If, for example, we assign p =0.05, then « = 0.159. Thus, we find the permissible signal- 
to noise value from which we may determine the required transmitter power and receiver 
sensitivity. 

From epiedsl on ‘aed is seen that with € < 1 the fluctuation error is maximum at max- 
imum range Dy and may be calculated from the formula 


(48) 
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Upon observing the often satisfied conditions Aoi *<l and ¢€ <1 the following approxi- 
mate formula is applicable 


(49) 
59 = ‘ Sb max As Ve 
32 me ue Ve °0 = adv? ~ 448? 
Dmax— TAo  1+8 Resessae S00 
2 Ve TA 

Sos Figure 3 is the plot of acurve from which we 
05" may determine the permissible values of signal- 

to-noise ratio for a given variance of range-find- 
04 er output. 


It is easily seen that in order to decrease the 
fluctuation error it is desirable to increase the 
frequency deviation Aw, averaging time T, mod- 

0 Fock oii & hee a ulation frequency {2 yg (to decrease V) and also, it 
: appears, to increase the signal-to-noise ratio 
(to decrease €). 
Figure 3. Maximum variance of range- If, for example, we choose Af =50 Mc, T= 0.2 
finder error as a function of signal-to- sec, andv =10, then for D,=10 cm. 
noise ratio at maximum range ¢€. 
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6 = 13,1m2(e = 1), 


2 
Dmax 


6 = 8,7m2(e = 0,159). 


2 
D max 
In this case it is not difficult to see that for Afe of the order of tens of cps the condi- 
tions of validity of the last formula are satisfied. 
Thus, with the usual parameter relationships the errors in such rangefinders are small, 
It must also be pointed out that the examined rangefinder circuit is far from optimum. It 
may be brought to near-optimum by making an extremely narrowband filter tunable accord- 
ing to the measured range. It is evident that this is effective only in high-precision systems 
or in systems operating at small signal-to-noise ratios. 


The author wishes to express his thanks to V.G. Repin for a number of valuable com- 
ments on the work presented here. 
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LATERAL RADIATION OF PARABOLIC ANTENNAS 


B. Ye. Kinber 


The article discusses a method of calculating lateral radiation of mirror antennas which 
is based onasymptotic solutions of diffraction problems. It is shown that previous works on 
the theory of mirror antennas have not considered a number of important phenomena and, 
hence, in some cases have presented incorrect solutions. Curves are given for lateral- 
radiation envelopes of cylindrical and axially symmetric antennas. 


INTRODUCTION 


Radiation calculation of mirror antennas is presently performed by aperture and cur- 
rent methods. For these calculations, it is necessary to know either the distribution of 
the field at the aperture or the distribution of current over the mirror. Disregarding 
difficulties in calculation, accuracy in calculating the radiation field is determined by 
the accuracy of definition of the initial distributions 

However, distribution of current over the surface and distribution of the field at the 
aperture are usually given in the Kirchhoff approximation (sometimes with a few refinements) 
and are not obtained from strict solutions; hence, they limit the accuracy of calculation. 

Particularly unfavorable is the fact that the actual accuracy of-the initial approximation 
and the boundaries of its applicability are unknown; this is also true of the corrections re- 
quired for calculation in the higher approximation. 

In addition to this, the complex mathematical apparatus used in the aperture and cur- 
rent methods creates a false impression of exactness, in which connection the results of 
calculation are often extended to a region of parameters where the initial approximations 
are unacceptable. 

The present report discusses a method of calculation of lateral radiation of a mirror 
based on the use of asymptotic solutions of diffraction problems. 

Lateral radiation of a mirror antenna is défined in the form of a sum of "rays" satis- 
fying the Fermat principle, being a well-known generalization of the Keller method, which 
introduced the concept of diffraction rays bounding off the edges [1] and enveloping the 
body. 

In the case of a mirror of finite dimensions, along with the Keller rays, there are 
more complex types of rays corresponding to combinations of multiple reflections over 
the concave portion of the mirror, diffractions at the edges, bends around the rear of the 
mirror, etc. 

Each ray corresponds to a field propagating along the ray; amplitude of the field is 
a slowly varying function of points of radiation and the observation points and shape of the 
body. Due to interference of the rays the resulting field has an oscillating character. 

Section 1 defines the possible types of rays, then discusses the amplitudes of the 
fields corresponding to the various types of rays. In radiation pattern calculation with an 
accuracy of (kD) ~3/2 it suffices to consider only the rays whose amplitude depends on 
wavelength not greater than 1/2, This limits the number of rays which need to be consid- 
ered in calculation. With this degree of accuracy the envelope of the characteristic of 
lateral radiation of mirror antennas is calculated. 

It is understood that in the present report the stated problem is far from exhausted 
and that further refinements are required. However, the solution as derived is more ac- 
curate than that obtained by the current and aperture methods. 

Among the advantages of this solution are the physical descriptiveness and simplicity 
of calculations. 

In particular, it follows from the present work that the influence of the edge of the 
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mirror (sharp rim) on the distribution of currents along its surface, in distinction from 
the usual representations, is not localized near the edge, but extends over the entire sur- 


face of the mirror. The value of correction for current 2[n Ho] is commensurate with and 
in certain cases exceeds this current. 


1. DIFFRACTION RAYS AND THEIR AMPLITUDES 


Let us examine all the possible types of extreme paths between source O and observa- 
tion point P. 

In addition to the direct path between them (O-P) there are possible extreme paths with 
the additional conditions: an extreme path must come into contact once or several times with 
a diffracting body (points R), sharp edges or points of the body (points H), or bend around 
the body (in are s-s) (see Figures 1 and 2). We will consider only those extreme paths 
which do not pass through the body (points T in Figures 1 and 2). In the general case the 
extreme path consists of a sequence of several reflections R, contacts with the edges H and 
curves of the body s-s. 


Let us characterize each extreme path as a sequence 
S25, of points R, H, s. Thus, for example, a ray reflected from 
the mirror is characterized by the sequency O-H-P; a ray 
corresponding to diffraction at one edge is characterized by 
y aN the sequence O-H-P. The extremum of the ray length is 
We ensured by the fact that: (a) at points R the law of specular 
SS, reflection applies; (b) at points H the angle between the bor- 
der and the incident ray is equal to the angle between the bor- 
Figure 1. Extreme paths be- der and the diffracted ray; (c) the tip of the body is always a 
tween source O and observa- point of an extreme path; (d) curvature s-s of the body occurs 
tion point P. along geodetic lines. The incident and deflected rays are tan- 
gent to the body and arc s-s. 
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Figure 2. Extreme paths in diffraction at mirror. 
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The number of extreme paths depends on the shape of the body, the locations of the 
source and observation point. For bodies of infinite dimensions the number of extreme 
paths may be finite. 

For example, if the source is located at the focus of the paraboloid, the extreme paths 
are always two (O-P and O-R-P). For bodies of finite dimensions the number of extreme 
paths is always infinite. In fact, to any path bending around the body there may always in- 
finite. In fact, to any path bending around the body there may always be added an extreme 
path consisting of any number of revolutions around the body. 

Let us now discuss the amplitudes of the various types of rays. A change in amplitude 
along a ray occurs between points of "contact with the body and at points (lines)of contact 
with the body. In the first approximation, with the exception of special cases, the change 
in amplitude along sections of rays between contacts with the body are subject to laws of 
geometric optics. ae the energy flux in the ray tube is preserved, the amplitude is 


proportional to s , where s is the cross-sectional area of the tube and is independent 
of wavelength. 
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The change in amplitude at points of contact with the body occurs (in the first approxi- 
mation) as follows. 

(a) At points of reflection the solid angle of the ray tube changes. The expansion or 
contraction coefficient is determined by the geometry of reflection and is independent of 
wavelength. 

(b) At points H a ray tube of width of the order of in the direction crosswise to the 
edge (width of the last Fresnel. zone) is changed to a cylindrical or toroidal wave. At 
sharp points a ray tube with area of the order of 2 is transformed to a spherical wave. 
Consequently, at points H on the edges the transformation coefficient is proportional in 
amplitude to \1/2 and at sharp points is proportional in amplitude to X. 

(c) Along the bend line s-s of the body (along the convex side of the body) there occurs 
an exponential damping of amplitude. The exponentialis proportional to the arc s-s. 

These considerations suffice to permit selection of the extreme paths which contribute 
with an assigned amount of smallness. 

The usual calculation of lateral radiation in the best case corresponds to consideration 
of single diffractions at the edges (O-H-P), that is, the consideration of terms of the order 
of » (or kb-3/2) for a normalized pattern ). If such accuracy is preserved but all the 
diffraction phenomena are more systematically considered, then it suffices to cmsider all 
the paths containing single diffractions at the edges. 1/2 

Each subsequent diffraction at an edge reduces the order of amplitude by A 
may also disregard rays bending around the mirror, particularly where the rear of the 
mirror is occupied by structural elements securing the antenna. 

Thus, with the chosen accuracy of calculation [(-kD)-8/2] it suffices to consider rays 
of the type: )-P (field of primary radiator); O-H-P (diffraction field at rim of antenna); 
O-H-R-P; O-H-R-...-R-P (reflection of fringe waves from concave side of mirror). 

In distinction from the current method, the calculation automatically allows for the 
shadowing condition (reference[3]), since only those extreme paths which do not intersect 
the mirror itself are. chosen. 

Table 1 presents a breakdown of the pattern of an axially symmetric parabolic mirror 
. into sectors according to types of extreme paths and Table 2 lists in degrees the angles 
defining these sectors. The angle of radiation of the mirror (see Figure 6) is 2W er: 

The breakdown into sectors is based solely on geometric considerations. The sector 
boundaries correspond to transitional regions, chief of those listed in Table 1 being the 
main lobe of the radiation pattern, the rear lobe, the fringe lobes of the radiator and the 
far edge. 


We 


2. FRINGE WAVE (O-H-P) 


The asymptotic of exact solutions of diffraction problems for bodies with a sharp edge 
(se, for example, reference [4]) beyond the light-shadow boundary contains a wave issuing 
from the edge -- cylindrical for a half-plane, toroidal for a disc. The presence of the 
fringe wave is not associated with the exactness of solution. A term corresponding to the 
fringe wave is also used in solution in the Kirchhoff approximation [5, 6]. 


IF | 


Xo X Lt on 7 


Figure 3. Analysis of fringe wave. ; Figure 4. Curves of Fy and Fo: 
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The fringe wave is associated with radiation of currents flowing over the last Fresnel 
fringe zone at the mirror surface. Since the width of the zone depends on the observation 
point, the fringe wave has a "pattern" and depends on the details of current distribution in 
the Fresnel zone. 

From the solution for the half-plane (reference [4]) it follows that for kr > 1 (i.e., at 
a distance of one or two wavelengths from the edge for a primary wave with vector Ho paral- 
lel to the edge 


Fey == Hy apy saree 
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and for the incidence of a wave with the vector Eo parallel to the edge 


e > = i (r+ =) ; } cos Asin 
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ne COS A — COS A ’ 


where Hips Eo is the strength of the primary field at the fringe of the mirror, ris the dis- 


tance from the edge to the observation point, OX 
of observation (see Figure 3). 

Curves for Fg and F, are given in Figure 4. Direction 27 -a@_ corresponds to the 
specularly reflected wave and 2g corresponds to the incident wave. Let us write for com- 
parison the expression for the fringe wave using the Kirchhoff approximation for a primary 


wave with the vector Eo parallel to the edge 


A ee ee) : { i 
Eq = Ey Yhnstoe ihe hee ane é (3) 


2 cos a — COS Ay 


is the angle of incidence and @ is the angle 


It is of interest to note that if the angles are read from the direction of the reflected wave 


eer oO) (4) 


then in the Kirchhoff approximation 4 


4 SIN Q 
2 sin Q sin % + Cos % (1 — cos 9) * 


FF, = 
and for 96 <1 we obtain the pattern of the fringe wave in the aperture approximation: 


ie 1 (0) 


> Osinign 


With 9 « 1 formula (5) also follows from formulas (1) and (2). 

The fringewave field, generated by currents at the mirror does not convey the charac- 
ter of radiation of these currents in the direction of the main lobe and fringe lobe where F © 
and Fy assume infinitely large values. In these directions, instead 
of using the fringe waves, it is convenient to represent the total field 
in the form of an integral for the total system of currents over the 
mirror (both for the uniform and for the nonuniform components: 
see, for example, reference [6]). 

Since the lateral radiation (without considering multiple reflec- 
tions, etc) is due to interference of fringe waves originating at op- 
posite edges of the mirror, then from (1)-(5) it follows that: (a) the 
envelope of the lobes of lateral radiation does not decrease mono- 
tonically with an increase in 9, since F(9) are not monotonic func- 
tions of 9; (b) the envelope of lateral radiation is determined by ‘ SSE Ee 
only orientation of the edges of the mirror (i.e., it does not de- Figure 5. Relationship 


pend on the general shape of the mirror). between angles ag, Yer, 
and gin parabolic mirror. 
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Consequently, with various mirror shapes but with identical orientation of the edges, 
the lateral radiation remains the same; (d) the mirror does not possess a phase center. 

Let us explain the last remark. Let us express @ and O, in terms of vor and 9 (Fig- 
ure 5). 


pees wriyaie (6) 
a= 21 —a,—0 (7) 


for the upper edge of the mirror and 


a = 21 — a, + 9 (8) 


for the lower edge. 
For 9 <1 the minimum of the lobes is other than Zero 


(9) 
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for the E-plane and the H-plane. 

Consequently, the pattern of the mirror has no zeroes. 

The presented calculations have pertained.to a cylindrical mirror in which the fringe 
wave is purely cylindrical. For an axially symmetrical mirror with a point radiator the 
cylindrical fringe wave must be replaced by a toroidal wave which, in the final analysis 
goes over into a spherical wave. Using the stationary-phase method, it is easily snown 
that in calculating the pattern of the mirror the pattern of the fringe wave jer the half- 
plane at the stationary point of the contour must be multiplied by (sin @)~ It was as- 
sumed above that the rim of the mirror has a sharp edge and that illumination of the rim 
of the mirror is finite. For "zero" illuminations of the rim the intensity of the fringe 
wave and its pattern are changed. 

Let us now evaluate the influence of curvature of the rim of the mirror. If ko> 2-3 
(where © is the radius of curvature of the rim) then calculation of the fringe wave may 
be performed from the laws of geometric optics. From these it follows that the amplitude 
of the fringe wave for a mirror with a rounded rim does not depend on X, that is, itis 
greater than at a mirror with a sharp rim and that the corresponding rays diverge in the 
direction away from the mirror axis. Hence, rays from different ends do not interfere 
with one another and the lateral radiation has a monotonic character. In the shadowing 
region (9 7 -w__) the field of the fringe wave is smaller than in the case of a mirror 
with a sharp rim. In mirrors with rounded rims multiple reflections are not present. 


3. MULTIPLE REFLECTIONS OF THE FRINGE WAVE (O-H,-R-P, O-H,-R-R-P, etc) 


At a distance of (1-2)A from the edge the fringe wave may be regarded as a wave ra- 
diated by a current filament located at the edge. Analysis of such a source for the cases 
of a cylinder and a sphere shows that asymptotically the field in the vicinity of the concave 
surface may be regarded as the sum of rays of geo- 
metric optics and the field of the surface wave may be 
regarded as pressed to the concave wall ('whispering- 
gallery" effect). Since we are not discussing short 
diffractions, we may, with the exception of a small 
sector of angles with 6 ~7 - dcr , limit analysis to 


reflection by geometric optics” 

Let us first discuss multiple reflections of the fringe 
wave in a spherical reflector, since it is close in shape 
to a parabolic mirror and the geometry of multiple 
reflections in it is simpler. Let us investigate the in- 
fluence of multiple reflections on the far field (that is, 

on the pattern). 

Figure 6 shows the structure of all rays departing from 
Figure 6. Rays reflected at an- the mirror at angle 8. The single-reflection ray (O-H-R- 
gle 6. is not shadowed. Rays of double and triple reflection 
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(O-H-R-R-T-P, O-H-R-R-R-T-P) are shadowed. 

These rays we obtain by extending the n+1th side of an open rectilineal polygon 
based on an angle of 2(8er + 7/2 - 6) and consisting of 2n+1 members. Angle of the point 
of reflection of the ray is defined by the relationship 


Bn = (Ber ++ 0) (1 we :) — Ber: (10) 


Boundary BiPae defines the sector with n reflected rays. It is seen from (10) that if 


T 
se stor — - vo 


~ <O< - a of multiple reflections is assumed as the unit, then segment 
2 


(0, 1/2) is occupied by triple reflections, etc. 2 ) 

The sector of multiple reflections with shadowing (> - ee 15 ) is divided somewhat 
differently. If we reckon from angle 7/2, then segment (0, ty 2) generally does not con- 
tain multiple reflections; (1/2, 2/3) are single, (1/3, 3/4) are double reflections, etc. 
(see Figure 7). Reflections of greater multiples in the first case are absent and in the 
second case are shadowed by the mirror itself. 


a 


z 3-4 I4 
Figure 7. Sectors of multiple reflection. 


Angle x of ray departure from point Ho to infinity at angle 6, after n reflections is 
defined by the formula 


By +4-—8 (11) 


which determines the widening of the ray after n reflections: 


caitet AI es ; 
ar rien ce 1 (12) 


Thus amplitude of the n-th reflected ray decreases by (2n + 1y'/ - times. The path 
traveled by the ray (relative to the path from the center of the circle A) is 


Boy +26)" 
‘ ce J cr 2D, 
L= Ry (Bor 4 ; ali _ wi )}. 


Cofactor R 0 (7 +3 - 8) is equal to the path along the arc; the second cofactor shows 


how much shorter the path along the chord is than the path along the arc. Actually the dif- 
ference between the path along the chord and the path along the arc for usual wavelengths 

is small for rays which are reflected twice or more, and, hence, all reflected rays may be 
considered together. However, in adding rays of different multiples it is also necessary to 
consider that each reflection results in an additional phase 7, and passage of a ray through 
the caustic results in a phase jump of 7/2. Consequently, the total amplitude of all reflec- 
ted rays is proportional to the field from a single-reflected ray and in rough calculation of 
the pattern with the desired degree of accuracy it is sufficient to consider only the single- 
reflected ray, assuming 


In the case of a cylindrical mirror the single-reflected ray is represented by the field: 
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5 (ue bor + 8 
1 V -- a (i1: rN ) K [2s aay, cr 2 : (13) 
V3 thr 


proportional to the field of the fringe wave in the direction of ray departure before reflec- 
tion and inversely proportional to the root of the ray expansion coefficient after reflection. 
For an axially symmetric mirror with a needle-shaped ray it is more convenient to examine 
the cone of the rays departing from the edge in the interval of angles (x, x + dx) and the 
cone of the rays after reflection departing in the interval of angles (9, 6+ d@). Represent- 
ing the energy-balance equation for these pencils in the form 


F2(y) 2 (0) @} 
5B, 9) (08 Ber %) 2x dk — F*(0) sin de, 
we obtain (14) 
y 
F (x) 
[na 
0) Vx sin 


From this, it follows that, as in the case o cylindrical mirrors, after 
reflection the amplitude decreases by v-1/2 times. 

In calculating reflected rays in a parabolic mirror we may use 
formulas (13) and (14), in which is necessary only to express Bax in 


terms of Dee Since a spherical mirror is almost parabolic, with the 


source located at the midpoint of the sphere radius (see Figure 8) 8 
Figure 8. Illus- is determined from the equation ee 
trating the rela- ” 

tionship between SNe = ate ces ) (15) 
spherical and para- Sa V Lae - 
bolic mirrors. 4 st 


The precise relationships for multiple reflections in a paraboloid (see Figure 9) may be 
presented in the form of recurrence relationships 


; ; Bn B 
Xn + kn = Se — Fh, (16) 


For glancing reflections y<<1 the glance angle is 
almost unchanged 


Dependence of O44 On xX, is defined by the formula 
Figure 9. Illustrating the 

geometry of multiple re- 

flections in a paraboloid of 

rotation. 


4, GENERAL CHARACTERISTICS OF LATERAL RADIATION 


From the foregoing analysis it follows that with an accuracy of up to (kp) “2/ 4 lateral 
radiation of the mirror is formed due to four components: the fringe waves issuing from 


the far and near edges of the mirror, the fringe wave single-reflected from the mirror sur- 
face, and the radiator field. 


These components have different phases and, if more than two of them have commensura 
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absolute values, the resulting field does not possess a clearly periodic lobe structure. In regions 
where the lateral radiation is formed chiefly due to one ray itis almost monotonic. Thenumber 
of rays depends on the shadowing effect of the mirror. 

For practical purposes greatest interest lies in the upper and lower envelopes of the inter- 
ference structure of radiation rather than in the interference structure itself. 

Obtaining the sum and difference of the absolute values, let us represent the expression for 
the envelopes of the normalized pattern of an axial-symmetric mirror with finite illumination of 


the edge, neglecting the influence of the radiator field (its lateral radiation) inthe form 
IF al, /F of 


9,9) = VW 2 dy (sinh F (— 9) FEF 0) F 


{ 
V3 


a (Por) My (0) 


— Be ip (x) r (¥o,) a (0) tT (9), (21) 2 


T (Por) + (0) 


where=(p.,) Tu) isthe relative illumination of the edge of 


the mirror; T(@) is the excitation coefficient of a fringe i 
wave of given polarization for points of the contour in 
the plane pl; €1; and €9 are functions assuming values 

of 0 or 1 and considering the presence of absence of a - 3 
ray; F(-6). F(t) is the pattern of a fringe wave of given’ 7 & 60 60 WH iy M0 6 
polarization for the near and far end as a function of 
direction; F(y) is the pattern of the fringe wave for a 
ray with reflection. 

Let us explain the individual terms of expression 
(21). The value of relative illumination must not be 
less than 0.3 - 0.2, for in this case the dependence of 
f on kD and the form of functions of F are changed. 

For the @-component of polarization of lateral 
radiation F must be taken to be Fo. defined bv formula 
(2); wherein [see (6), (7), (8), (11)] 4 = 5 +-St, for 
F(- 8) (the upper edge of the mirror) it is necessary to 
assume a=2T - M - 6 for F(6), the lower edge of the 
mirror, O=2m7 - ag+ 6 and for F(x) P 


a 
Soe i 

For the 8-component of polarization of lateral radia 
tion F must be replaced with F9 according to formula (1) 
with the same values of @, ao, and x. The excitation 
coefficients of the © and 8 components of the fringe wave 
are 


To = (PoLo), 


To =| [Gp [EoGoll |; 


where Po is the unit vector in the @ direction and Eg is 
the unit vector of polarization of the primaty wave at 
the edge of the mirror. The values of &, e,are chosen 
from Tables 1 and 2. 

Figures 10-12 present the curves of Fy, 6(-8); . 
Fy, 6(6) and Fo, 9(x) for mirrors of different depth 
(Wxp = 30; 60; 90°). It follows from the curves that in Figure 12 
terms of the g-component of the field (for example of 
the pattern in the H-plane) the principal ray for 
the unshadowed sector proceeds from the near edge of the mirror and the intensity 
of the ray from the far edge of the mirror is small. The re-reflected ray (x=\m) 
has small amplitude, since F¢(27) = 0. 
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Figure 13. ~-component envelope of 
lateral radiation for cylindrical mirror 
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Figure 15. @-component envelope of pattern 
of cylindrical mirror; wer = 30° (scale along 


ordinate axis proportional to [een)") 
r(O) 
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Figure 14. ~-component envelope of lateral 
radiation for axially-symmetric mirror (scale 
along ordinate axis proportional to [see 


_ (0) 
Me Vor Ore hie pe = 60° II, a = 90°; 
solid line, maximum; dashed line, minimum. 
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Figure 16. §-component envelope of pattern 
of cylindrical mirror; es = 60° 


Conversely, for the 6-component of lateral radiation (for example, the pattern in the E- 
plane) the near edge is of little significance, for F,(m™) = 0. 

The chief contribution is made by the far edge and the value of re-reflected ray is 
relatively large (particularly in the vicinity of the sector 9 = if = ey and determines the 


interference character of the radiation. The situation is reversed near the edge of the 
mirror ( 6 =7- %,) and in the shadow sector, wherein the near edge illuminates more in- 
tensely ( or is generally the only source ). Lateral radiation for the ~-component of the 
field has a more continuous character than for the 6-component. From (21) it follows 
that the polarization of lateral radiation for each ray is determined by the relationship 

of the components in the sum 


Pole (PE) + 8/5! (, [Espell |, (25) 


each of which is sinusoidally dependent on © with period 7. The dependence on depth of 
the mirror a e is monotonic. With an increase in ve the lateral radiation is concentrated 


in the forward hemisphere. 

Figures 13 and 14 present the envelopes of lateral radiation for the @-component for 
cylindrical and axially symmetric mirrors. 
Figures 15-17 show the envelopes of patterns 
of cylindrical mirrors for the 6-component. fo ft GE Hear 
The shadow sectors of the radiator and of J 
the fringe waves were taken into account in 
the calculations. Envelope discontinuities 
due to shadowing of the fringe waves are 
mitigated by diffraction processes and depend 
on kD. Expression (21) is normalized for 
the maximum of the main lobe. The maximum 
of the fringe lobe of the radiator is limited 
by the value of (Greg/Gant), since for it 
the mirror serves as an ordinary shadow 
screen. The envelopes of the patterns in 
the vicinity of the main lobe are Pyoporn pak 
to (sin 6)-! for cylindrical and (sin 6) ~°/4 
for axially symmetric mirrors. The enve- e 
lopes of the fringe lobes of the radiator in 
both cases are proportional to [sin (7-6)]-1/ 2, 
Finally, the envelope of the rear lobe (6~7) 
for axiclly symmetric mirrors is propor- 
tional to sin (-@)-1/2, The dependence on 0 40 60 80 100 120 10 100 1608 
mirror dimensions and Boe ne is -(kKD)~ 
for cylindrical and (kD)~°/2 for axially-- “a aes 
symmetric mirrors. Figure 17. Envelope of pattern of cylindri- 

The above analysis of envelopes of lat- ¢al mirror for 6-component, },. = 90° (scale 
eral radiation has dealt with the case of a along ordinate axis proportional to [riper } 
decrease in illumination at the edge of the Eon 
mirrors by not more than 10-20 db. 

Calculations of the main lobe of the 
patterns is more easily performed by the aperture method (parabolic mirror) or by means 
of geometric optics and fringe waves. The region of effective application of the current 
method is relatively small and limited to sectors of the fringe lobes. 

If we disregard the conditions of shadowing of the near field of the radiator, the 
fringe component of current and multiple reflections, then calculation by the method pre- 
sented above yields the same results as calculation of the pattern by the current method 
(see, for example references [7] and [8]). The actual difference in calculations by the 
two methods taking into consideration the condition of shadowing for the radiator is rel- 
atively’ small and does not exceed 6-8 db, although calculation by the ''ray'' method is 
undoubtedly simpler, more descriptive and considers all terms of similar magnitude. 
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Improvement of the current method must take into account, in particular, the current 
from multiply reflected rays and the whispering-gallery waves excited by the ''fringe" 
wave. These components are far from small and comprise, for example, for a mirror 
with a diameter of 100A from 0.16 at the "edge" to 1.2 at the center for the first compo- 
nent and from 0.22 at the "edge" to 1.5 at the center for the second component relative 


to the 2[nHg] component. In conclusion the author takes pleasure in expressing his thanks 
to L.A. Vaynshteyn for discussion and advice in preparing this report. 
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SYMMETRICAL ILLUMINATION 
OF FINITE BODIES OF ROTATION 


P. Ya. Ufintsev 


The report is devoted to refinement of the Kirchhoff approximation for finite bodies 
of rotation with interrupted surface. Refinement is based on approximate calculation of 
disturbance of the field by the break and is performed for the case of illumination of bodies 
along their axis of symmetry. The effective scattering surface of a finite cone and parab- 
oloid of rotation is calculated and compared with experimental values. 


INTRODUCTION 


we The problem of diffraction of electromagnetic waves at ideally conducting bodies of 
finite dimensions with broken surface is of considerable interest but, in virtue of its 


492 


complexity, it has not yet been satisfactorily solved. In the region of wavelengths which 
are short in comparison with the linear dimensions of the test bodies, the Kirchhoff ap- 
proximation is usually used, but the latter often leads to incorrect results and requires re- 
finement. 

In the special case with illumination of convex bodies of rotation along their axis of 
symmetry we determined refined expressions for the effective scattering surface. The 
method of calculation has been previously discussed by us in references [1, 2] and con- 
sists in determining the scatter field in the form of "uniform" and "nonuniform" components. 
The uniform component is the scatter field hy the Kirchhoff approximation and is deter- 
mined by integration of the surface current 


a4 Cc - o> 
piss Iq [nH], 


where c is the velocity of light in vacuum, n is the external normal to the surface of the 


body and H is the magnetic field of the incident wave. The nonuniform component is the ad- 
ditional field caused by the break of the surface, which must be taken into account in order 
to obtain the most accurate results. If the linear dimensions of the body are great in com- 
parison with the wavelength, then the surface currents exciting this field and localized in the 
vicinity of the break may be approximately calculated at each element of the break as if it 
were the edge of the corresponding dihedral angle. 

It is evident that the currents caused by a round break in any convex surface of rota- 
tion will be the same as on the corresponding conical body (Figure 1). Hence, the nonuni- 
form component of the field is conveniently studied in the example of this body. 


1. NONUNIFORM COMPONENT OF FIELD 


Let a plane electromagnetic wave be incident at a conical body in the positive direction 
of the z-axis (Figure 1). From the equations 
Yhap = (grad div A -+ 2A, 
pues 2m (1 


H =rot.A ° ne } 
we find the following expressions for the scatter field in the wave zone 


{Be = lily — ikAx, ¥ with K=O (2) 
Ey = —H,y =ikA,| 
and 
Ex, = — Hy =ikAx, | with oO =n. (3) 
Ey=H,=ikA, | 
In addition, to the nonuniform component of.current flowing in the vicinity of the round 
break of the conical surface there corresponds the vector potential 
aT \ 
Fe 4 ek t nee cr ike cs 2 . ‘ mn 
A= — = [\iwe (a —Csin w) de 
i) 0 
l, 
= Vie ye 2 (a —Csin®) dt | dy 
0} 
or 
on oO eo _ ‘ 
int \ [\ aE Se ae Waa eae dt | dy, (4) 
ii ae i 
‘since F1(2)(0) # O only in the vicinity of the break (€ =O). Here the upper sign in the ex- 
ponents refers to the case‘) = 131 is the current flowing to the left of the break; jo is the 
current flowing to the right of the break; T is the distance from the break to the observa- 
tion point. 


The nonuniform component of current at a sufficiently small element of the conical 
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surface may, in the vicinity of its break, be con- 
sidered approximately the same as at the cor- 
responding wedge (Figure 2). In the local cy- 
lindrical system of coordinates (r1, (1, 21) the 
expression for the nonuniform component ‘of the 
field of such a wedge takes the following form 


with kr, >1 : 


i, (*p) ute Lh, (p) = th A,, (p), \ ’ ( 5) 
A, (tp) = I’, (*p) = ThA, (1p), J 
where 


iq (p) = 3 es [ Vi (ee ik COS w dt -t- \ FA (¢) oF iky cos Q dg P (ir, ~ vw. (6) 


0} 


Here the upper sign in the exponents refers to the case where 0; = 7+ uw and the lower 
sign refers to the case where (; = w. In reference [1] it was shown that 


i Qint z) 
i, (*p) = Ly 24 (ap) f oe ae =| 
eel 


(kr + 
3 


H,,(¥) = Hos (0) 8 5 wel 


where E971 %)> Hoz 1) are the values of amplitude of the incident wave at the ridge of the 


wedge; f and g are the angular functions of the nonuniform component of the field scattered 
by the wedge. Let us introduce the designation 


\(i (¢) Pe iky cos eee he (t) et ikt cos “aC, 


0 


‘eo 
(8) 
then from formulas (5) — (7) it follows that 


cB 2, () CHy 2, () 
15: pg Tet eerie 8 (9) 


Components J71 and Jy, are mutually perpendic- 

ular and parallel to plane xoy (Figure 3). The Figure 3 

different orientation of unit vector & 1 With 

%—=0 and }=T is associated with the fact that angle © is reckoned from the illuminated 
face of the wedge. In the principal system of coordinates (X, y, Z) vector J has components 


J, =J,,sinyp—Jo, cosy,  ) 


ith = 
Jy = —J,z, cos —Jo, sin p i geen (10) 
and perigee is 
x= J, sin + J, cosy, . a 
Jy= —J;,cosp + Je,sintp eta ne ab oe 
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In accordance with formula (9) these expressions may be presented in the form 


Jn = Fagg UBo a (*p) sin) — 8H «,(‘p) cos pl, 
with @ -= 0 12 
Jy= — Fog [fEo a (P) cos *p -}+- gH z, (tp) sin p] : a 
and 
Js = aoq Eo 2, (p) sin p+ gH 2, (tp) cosy], 
: with 0 =n. 13 
Jy = — Faq [Eo 2, () cos P— gH oe, (1p) sin] oi 


| * Now, identifying points in the vicinity of the break in the conical surface with points on 
the wedge, we obtain in accordance with (4) 


Ay = On = { [Eo z, (p) sin p — gH z, (tp) cos 1p] dy, 
i with 0 = 0, (14) 
| pg stint aten = Ula (9) 0089 + eH (¥) sin Wa | 
Bere ye (sp) sin p + gH z,( d 
x Wit & oz + 8p z,(P) cos p] dp, 
iM m4 with 0 = 1. (15) 
Ay = — aq — \ E02.) cos p— gHos,() sin] dp 


Let the incident plane wave be so polarized that E ||ox. Then 
Eoz,(b) = Ex sin hp, Hz, (tp)'= — Fox cos p (16) 


and, consequently, the nonuniform component of the field caused by the round break will 
be expressed, in accordance with relationships (2), (3), and (14), (15) as follows: 


6 oe Fox ( atl 
Pas E50 
and sk é, 
aE ox eikr 
Ex=—Hy=——3~ 0 —8) => | with @= a. ee 


Formula (17) is applicable for values of O<o<a/2, o<O<a, and formula (18) 
is applicable for 0<a<n/2, 0<@<m . In the case of a disc (w =7/2, 9=T), when 
f =—g = —1/2 for? = 0 andf =g= a for 0 =7, the nonuniform component of the field 


at the z-axis is equal to zero (compare reference [2]). 
Using the derived results, let us turn to calculation of the effective scatter surface 
of specific bodies on the assumption that they are illuminated by a plane wave 


) = Fed (kz—wt) (19) 
19s 0x ’ 


and that their linear dimensions are great in comparison with the wavelength. 


2. CONE 


Let a cone (Figure 1) be illuminated by a plane electromagnetic wave (19). The uni- 
form component of current excited at its surface has the components 


ips se E,gsinee™; ) 
jy=9, 


c ; 
[2 = Fq Lox COS @ COS apetkz | 
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& 


and creates in the direction 0 =7 a field 
: 5 eikR 
E,=—HA,= Box 7 tg” © R 


ag MARE Bo eee ee ake 2ikl 
f+ Hue (Gig o + 3 880) Gem, (21) 
E,=H,=0. 


The nonuniform component of the field, caused by a break of the surface at the base of 
the cone, is defined, in accordance with (18), by the expression 


pai sin fl Ny RR ) 
be Se (\ —— 2s | oe ail, | (22) 
COs cos ae 
f= H, = 0,3 
where 
ee Oe , (23) 


mv 
Asymptotic evaluation of the exact diffraction series for a semi-infinite cone (refer- 
ence [3]) shows that in the direction ® = 7 we may neglect the nonuniform component of the 
field caused by the conical tip. Hence, adding (21) and (22), we obtain the approximate ex- 
pression for the scatter field: 


ot 
ere fe) it Brora ikR 
By = — Ay = — Ex (a tg? w sin klei*t + 5 is ~ aa e2tkl “5 : (24) 
cos Th = cos i 


The effective scatter surface is defined by the formula 
6 = na*|d)?, (25) 


where the function © is associated with the scatter field by the relationship 


aE ,ikR 
7 Ox @ 7, 
Es Hy = = oe mae (26) 
and is equal to 
ge Oh, 
> = tg? wsin kleitl 4 bee ertkt 

ka © I 1 20 - (27) 

cos FR — cos _ 


The analogous function in the Kirchhoff approximation may be written in accordance with 
(21) in the form 

Dae = = tg? w sin klet*l — tg wet! (28) 
With deformation of the forward portion of the cone into a dise (w ~7/2,! 0, Q = const) 
formulas (27) and (28) are transformed respectively to the form 


a = — ika 2 ctg =. ; 
29 
D.——— ihas ey 
From (27) and (28) it further follows that for large values of parameter ka(ka Ss tg2w) 
20 Suge Jt 
meena DER ae 
d= ~ x a erie, (30) 


cos =——— = 
n cos 


Dy = tg wert?, (31) 


Thus, even in the case of short waves (ka SS te2w, but R SS kl?) our expression (27) does 
not become the formula in physical optics and is considerably different from it: 


2 Peas 2 
o==na?}|_ 2 (32) 
20 |? 
COS COS an 
n 
Ox = Na* to @, (33) 
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whence 


that is, for sufficiently short waves (or 


(34) 


for sufficiently large cone dimensions) the function 


of 0 is proportional to 0}, wherein the proportionality factor does not depend on the cone 
dimensions but depends only on the shape of the cone. 
This result is graphically illustrated by calculations of the effective scatter surface 


of the cone (w =10°25', k=7, 2 = 90°) 
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a funnel (Q~ 7 - w), the larger the reflected signal. 
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Figure 5 


as a function of its length (Figure 4). Whereas our 
formula (unbroken line) is in satisfactory agree- 
ment with experiment (isolated points x), the Kirch- 
hoff approximation (dashed line) yields values 
13-15 db less than the experimental values. The 
nonuniform component of the field for sharp cones 
has a particularly large value. For example, see 
Figure 5, in which the curve for the effective sur- 
face of the cone is plotted (a =2.75 cm, k =7, 

Q = 90°) with its deformation into a disc (w — 90°). 
Departure between our curve and the Kirchhoff ap- 
proximation is here (at w~ 2°) almost 30 db. 

Let it be noted that our expression (32) is equiv- 
alent to that derived in reference [4]; however, the 
latter is applicable only for sharp cones, whereas, 
we have, in addition to (32), formula (27) which is 
suitable for cones with any angle of flare (0<W< 7/2) 

As distinct from the Kirchhoff approximation 
(28), our expression (27) also permits evaluation of 
ody and shows that the closer this shape is to that of 
For example, in the case w =10°, 
kl=10 7 (k =7) the value of the signal reflected 
by the cone may exceed by 15 db the correspond- 
ing Kirchhoff approximation (see Figure 6) if 
(e= 70re 
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Figure 6 


3. PARABOLOID OF ROTATION (r? = 2 pz) 


The uniform component of current 
by the incident wave (19), 


excited at the surface of a paraboloid (Figure 7) 
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= my E,, sin aet*, 
ies = 0, (35) 


; G@ ss 7 
nr ox COS & COS rper*2 


creates in the direction 0 =T7 a field 


R 


aBy.. ai gikR 
E, = — Hy =——% (12) tga : = 


E, = Hl = 6, 


where a is the base radius of the pa- 
raboloid,/= a*/2p = a/2 ctg w is its 
length, wis the angle formed by the z- 
axis and the tangent to the parabola 

r2 = 2pz; at point z = Jit assumes the 
value @ = w(tgw =p/a). 

The nonuniform component caused 
by the circular break in the paraboloid 
surface is defined by formula (22). The 
nonuniform component caused by smooth 
bending of the paraboloid surface is equal 
to zero in the presence of symmetrical 
illumination [5]. Hence, adding (36) and 
(32), we find the expression for the re- 
sulting scatter field 


Die aes 
ak = sit -— : ikR 
eS 2H = [ o 4 —— a om = 4 (37) 


cos —— COs 
nv n 


Consequently, the effective scatter surface of the paraboloid will be defined by the rela- 
tionship 


o= na? 


(2 OR ee Tati ko (38) 
n 


which upon deformation of the paraboloid into a disc (w ~ 1/2, 1'- 0, Q =const) assumes 
the form 


6 =a" |ika + 2 ctg ~ “ (39) 


Comparing expression (38) with the formula 


Ox = Na* tg? w | 1 — erik! 2 (40) 


|» 


which gives the Kirchhoff approximation for the effective scatter surface, we see that they 
differ considerably. In fact, we note first of all the oscillatory character of the function 
O,: the reflected signal is equal to zero if the length of the paraboloid is equal to a whole 


number of half waves (/ = A n,n=1, 2, 3,...), and assumes maximum value when it in- 
cludes half number of half waves ash (no +- 5), iy dS Bn Alc 


Calculations performed by us with formula (38) for paraboloids with parameters Q = 
90°, tgw = 0.1 (k = 7) show (Figure 8) that, while the oscillatory character of the effective 
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scatter surface is preserved, the amplitude of 
oscillation is approximately only 2 db and the 
maximum values of function 0 exceed the cor- 
responding values in the Kirchhoff approximation 
by almost 13 db. Departure between the results 
of our theory and the Kirchhoff approximation is 
even more evident in the case of deformation of 
the paraboloid into a disc (Figure 9, ka =37, k = 
7, 2 =90°, w > 90°). 

As in the case of the cone, the shape of the 
shadow portion has considerable effect on the 
value of the reflected signal. For example, for 
a paraboloid with parameters ka = 27, ki = 107, 
tgw = 0.1 (k =7) the value of the reflected signal 
increases with an increase in angle 2(w <Q< 7-w) 


Figure 8 by 44 db (Figure 10)! 
CONC LUSION 
55 — 1lga 
The effective scatter surface of a finite cone 
30 —— 101g and of a paraboloid of rotation have been calcula- 


--~- 1019 Ox ted. The linear dimensions of the bodies are 
assumed to be small in comparison with the wave- 
length and their surfaces are assumed to be ideally 
conducting. Illumination by electromagnetic waves 
is achieved along the axis of symmetry. The 
absolute system of Gaussian units is used. 


10190 
ae 


“ok 1 m 1 1 bet i {ae 
“O° 20° 40° 60° 60° 100" 120° 140" 160° $2 


Figure 10 


The derived expressions are suitable both for convex and for concave bodies, but in 
the latter case it is required that the concave portions of the surface lie within the shadow 
region. 

The calculations reveal that the value of the reflected signal is considerably depend- 
ent on the shape of the shadow portion of the body and increases with the concavity of 
shadow portion. However, since the nonuniform component is caused by surface elements 
adjoining the break, that portion of the shadowed surface which is removed from the break 
by several wavelengths will have no effect on the value of reflected signal and may be 
arbitrary. 

It is noteworthy that our expressions, which afe in satisfactory agreement with ex- 
periment, even for large (in comparison with A) dimensions of the bodies, do not turn into 
formulas of physical optics but differ considerably from them. At the same time, the 
Kirchhoff approximation (notwithstanding the current opinion of its reliability in such cases) 
leads to considerable departure from experimental values. 

The results presented in this report permit calculation of the effective scatter surface 
in the presence of symmetrical illumination of any convex body of rotation the surface of 
which has circular breaks. 
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RESONANCE TRANSFORMS AND THEIR PROPERTIES 


S. Dyad'kov 


Resonance transforms of the type Dut) = feyrjye JOT dT and Fo = ferje I ar as well 


as their images in the complex plane are investigated in this report. These transforms are 
closely related to the spectral functions and, particularly, to the spectral density of the current 
spectrum. In addition, as is shown in the report, these transforms may be conveniently used 
in the representation of the oscillatory process in a lossless tank circuit to the input of which 
there is applied a voltage equal to the investigated function f(T) and the natural frequency of 
which is equal to the transformation frequency w. This is the author's basis for referring 

to these conversions as "resonance" transforms. Notwithstanding the fact that resonance 
transforms are closely related to regions which have been thoroughly studied, their proper- 
ties are as yet unknown to a wide circle of scientific and technical workers and have rarely 
been dealt with in the literature [3,5]. This report presents a number of theorems dealing 
with the properties of resonance transforms and their association with the spectra and oscil- 
latory transients. Also presented are considerations dealing with the possibility of extend- 
ing the resonance transform method to lossy circuits and to circuits with a nonlinear resis- 
tance. Finally, several applications of the resonance transform method for the solution of 
transient processes are listed. 


1. DEFINITION OF BASIC CONCEPTS 


As undamped resonance-transformed functions of the investigated process expressed as 
a function of time u = f(T) let us designate the expressions 
ike 


DIGS ie (t) e-ierdr, (1) 


, 
— 

tw 
Sate 


F (é) 


J (ty e—18 ar. 
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The curves representing these functions in the complex plane will be referred to as undampe 
resonance images and the mathematical operations defined by expressions (1) and (2) will be 
referred to as undamped resonance transforms. For refinement in certain cases operation 
(1) will be referred to as a derived, undamped resonance transform of function f(T) while 
operation (2) will be referred to as the principal undamped transforms. For the sake of 
brevity we will often use abbreviated designations, for example: transformed Dy (t), image 
Dy (t), etc. It must be emphasized that transformed Dy; (t) and F,,,(t) are functions of time t 
as the upper limit of integrals (1) and (2), which functions are determinate for a given value 
of angular frequency w of transformation. As shown)below, D_ (t) and F(t) are, numericall 
the variable complex amplitudes of voltages at the capacitor and inductor in a series resonant 
undamped circuit with natural angular frequency wx equal to the angular frequency of trans- 
formation w, to the input of which there is applied a voltage u =f(T). It was this circum- 
stance which permitted the author to refer to (1) and (2) as undamped resonance transforms. 

The notion of resonance transforms may be extended also to damped circuits. In this 
case we shall be dealing with damped resonance transforms. 

In this report we shail limit discussion to those functions f(T) which may represent real 
physical processes, that is, which automatically satisfy the Dirichlet conditions. 

Duration of the real process f(T) examined by us will be considered finite (with the excep- 
- tion of section 8); the moment of commencement of the process will be represented as Ty > 0 
and the moment of termination of the process as Tx. Hence f(T) = 0 for all T< 0 and all 
T >TK. 


2, METHOD OF PLOTTING AND GEOMETRIC PROPERTIES OF RESONANCE IMAGES 


In order to obtain the image of (1) in the complex plane it is necessary to lay off in 
succession infinitely small increments of f'(T)dT [and in the case of jumps in f(T), finite] in 
directions given by the corresponding factors of e-JW7, that is, at-an angle 


Qg = — OT (3) 


to the real coordinate axis. The method of mechanization of this integration has been describe 
in reference [1]. 

Since the direction of an infinitely small segment of straight line coincides with the direc 
tion of the tangent, tnen from (3) there follows a tangent theorem which is valid for all 
resonance images (principal and derived, undamped and damped. ) 

Theorem 1. The direction of the tangent to the resonance image of function f(T) at the 
point corresponding to moment T is given by thé angle © = -wT and does not depend on the 
form of function f(r). 

Factor e-JWT in expression (1) defines only the direction of the elementary segments 
f{'(T)dT in the complex plane but not their absolute value. Hence the length of the resonance 
image from the origin to the point corresponding to moment t is given by the expression 


t 


La=\\f' (@)|ae. (4) 


0 


From this there follows the theorem on constancy of image length. 

Theorem 2. The instantaneous value of image length D,, (t) from the origin to moment t 
is equal to the sum of the absolute values. of all increments (finite and infinitely small) of 
function f(T) in the interval from 0 to t and does not depend on the integration frequency Ww. 
The total image length Lg(TK) is equal to the sum of the absolute values of all the differences 
between values of f(T) in adjacent extreme (including the origin. and end) and does not vary 
with a change in w. 

In a similar manner we may determine the length for the principal image of F(t), only 
in this case we shall add the absolute values of the elementary increments in area between 
the curve of f(T) and axis T: 


t 
L(t) =\|/() | ae, 
o4 
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whence we have 

Theorem 3. The instantaneous value of length of the image of Fy) (t) is equal to the sum 
of absolute values of the positive and negative sectors of the area between curve f(T), axis T 
and the ordinates at points T = 0 andT =t. 

The radius of curvature is equal to the ratio of aninfinitely small increment of arc to 
the corresponding angle between infinitely close tangents. Consequently, for the image Dy) (t) 
we may write 


If (t)| dv _ If (t)| av Lf (¢) | 6 
Pa (t) = dp ave oe Onn (°) 
and for the image F,, (t) 
d 7 
p(y = Ole. WL () 


Whence we obtain 
Theorem 4, The radius of curvature of image D,,(t) (or F,,,(t)) at the point corresponding 
to moment t is equal to the value of the derivative of f'(t) (or the function f(t) itself) divided 
by angular frequency w and does not depend on the residual values of function f(T). 
Conclusions. For each linear segment of f(T) the derivative of f'(T) is constant and hence 
the corresponding portion of the image D,, (t) is a circle of radius 


S80) (8) 


Td i 


If, moreover, f'(T) =~, which corresponds to a jump in function f(T)m then rg =®%, i.e., 
the jumps in function f(T) are reflected as linear segments D,,(t). If f'(T) =0, i.e., in the 
given segment f(T) is constant, then rg =0, i.e., this segment is imaged as a point and 
the angle between adjacent tangents is proportional to the length of the sector. 

At the points of the extrema of function f(T) the derivative of f'(T) changes its sign and 
at these points the image Dy) (t) has a cusp, since here the direction in which it is necessary 
to lay off the elementary increments is reversed. 

For each sector where f(T) is constant the radius of curvature of image F,,,(t) is con- 
stant and equals 

T(t) 
po 1), (9) 
At points where f(T) changes sign the image F,y(t) has a cusp. 

Let us determine the relationship between images D,)(t) and F,,(t). We shall use the 

formula for integration by parts for Fy) (t): 


t 


Fa(t) =i (e)eriorde = © ((7' (n) e-ietde — f (t) e101) 
or : (10) 


Pa(t) = 3 (Dat) — 1 (Qe). 


~ 


me |} 


i) 


The last term in parentheses indicates that at point t it is necessary to add to image Dy (t) 
in the negative direction segment f(t) at angle @=-wt. But at the same angle the correspond- 
ing element of arc of image D,,(t) is laid off. Consequently, segment f(t) must have a direction 
tangent to Dyy(t’. Moreover, on the basis of Theorem 2, the increment in length of arc of 


Dy (t) is equal to the increment of segment f(t). Consequently, the curve of Dy (t) - f(t e~jwt 
is obtained by transformation of a straight line for Dy) (t), that is, it is the involute wit respect 
to Dy(t). Hence, we obtain 


Theorem 5. The image of F,,(t) is the involute of the image of Dy (t) divided by jw. 
3. EXAMPLES OF RESONANCE TRANSFORMS 


Is On the basis of the theorems proved in the previous section it is easy to plot resonance 
images for many forms of f(T). For example, for the straight line f(T) = a(r) the deriva- 


tive f'(T) =a and hence D_,, (t) will be imaged, in accordance with (8), as a circle of radius 
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rq =a/w with center at point (0, - a/w)(Figure 1.) On the basis of (10) F 
imaged as the involute of a circle of radius r = a/w* with center at (-a/ Me: 0). 


(t) will be 
For various 


values of w we obtain a family of circles and involutes. 


7 ie S 
/ we 
a eal ee 

\ \ 


ae 
S 


| Du(t) 
Fuy(t) 


Figure 1. Transformed D,)(t) and F,, (t) 
of straight line f(T) = aT. 


a 


Figure 2. Function f(t) in the form of 
a single period of square wave. 


For the case where f(T) is given by a 
single period of a square wave (Figure 2) 
the images of D,,(t) (Figure 3) are obtained 


in the form of a broken line consisting of three segments: h, 2h, and h, while the images of 
F(t) are obtained in the form of arcs of two circles (Figure 4) of radius r=h/w in accordance 


with (7). 
FY y(t) as a cusp formed by two arcs. 


Figure 3. Family of transformed Dy) (t) of 
function f(T) imaged in Figure 2; Sg(w) is the 
spectrum of the derivative of this function. 


For a sawtooth wave the images of 
D,,(t) consist of segments of straight lines 
Figure (5) corresponding to jumps and of arcs 
of circles corresponding to a linear rise in 
F(T). The transformed F_, (t) in this case 
is imaged by arcs of involutes of circles. In 
reference [1] it was shown that the image 
of Dy (t) for f(T) = sin w1T is a cycloid (Fig- 
ure 6) for w =W 1 anda hypocycloid or epi- 
cycloid for wf wy. 
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Transition of f(T) from positive to negative values is represented in the image of 


Figure 4. Family of transformed F,,,(t) of _ 
function f(T) imaged in Figure 2 for w =0. 
2/6, 2/3, 2/2,...,22, where Q =27/T is 
the angular frequency of the square waves 
(Figure 2); S(w) is part of the complex spec- 
trum from w = 0 to w = 20; S1(w) and S2 (w 
are curves of the current spectrum of t = T/< 
and t = T/2. 


= (z) Fw (t) 


Figure 5. Examples of transformed D,,(t) of Figure 6. Cycloids imaging transformed 
a single period of sawtooth wave. Dy (t) and Fy, (t) of a single period of sine 
wave. 


4, RELATION BETWEEN UNDAMPED RESONANCE TRANSFORMS 
OF FUNCTION f(T) ANDITS SPECTRUM 
Keeping in mind that (as was stated in section 1) f(r) = 0 for all T<O andall T> TE 
we may rewrite expressions (1) and (2) as follows: 


Th ++90 . 
Ds ee \ {! (1) e-etdt = \ {' (v) e-irdr = Sq (0), (11) 
Th -f00 
Pa (ty) = \ f(retde = | f(t) e-itde = S (0). (12) 


This means that the values of transformed D.(t) or F, (t) calculated for moment t =7,, are 
numerically equal to the spectral density S te) of the derivative of function f'(7) or the 
spectral density S(w) of function f(T) itself for given w, The values of transforms calcu- 
lated for moment t yield values of the current spectral density for this moment 


Dyn (t) => Sat (o), (13) 
Fe(t) = Si (0). (14) 


Hence, it followsthat if in the family of curves (see, for example, Figure 3) imaging the 
transformed D,,(t) for different values of w we join the terminal points of Dw(TK), then we 
obtain a curve reflecting the complex spectrum of function f'(T). If, in the family of 
Dw (t) we join the points of Dy(t) corresponding to moment t, we obtain the curve of the 
current spectrum for this moment t. 

In similar manner, by joining in the family of curves of F, (t) e.g., Figure 4 the end 
points of F..(TK) , we obtain the curve of the complex spectrum of s(w) of function f(T) and, 
by joining the points of F,,(t), we obtain the value of its current spectrum S,(¥) for moment t. 


5. DETERM.LNING VOLTAGE AT INDUCTOR AND CURRENT IN A LOSSLESS 
SERIES RESONANT CiRCUIT BY MZANS OF RESONANCE TRANSFORM D,,(t) 


It is customary to express the instantaneous value a(t) of a harmonically varying quantity 
as the projection of a uniformly rotating, constant-valued vector of amplitude A. This 
method of representation may be described as follows 


a(t) = Re Ae™ (A) Zc a 
The representation of any variable (anharmonic) Were are = 
quantity as the projection onto the real axis of an lL 
amplitude vector of variable magnitude and phase is u L 3 Up 
not single-valued, For single-valued representation [ | 
it is necessary to introduce an additional condition. is 


Such a condition may be the requirement that this 

vector be represented as the projection onto an 

imaginary axis of a second given variable b(t). Then the Figure 7. Lossless circuit 
two time functions representing the given quantities a(t) with input voltage u = f(r). 
and b(t) uniquely define the time changes in absolute 
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magnitude and phase of the variable amplitude vector. As shown below, definition of the 
inductor voltage ug(t) and current i(t) in a tuned circuit (Figure 7) by means of the reso- 
nance transform of Dw(t) permits expressing the current and voltage by one vector, which 
presents considerable advantages, particularly in the design of devices operating on the 
resonance transform principle [1, 2]. 

Let us assume that to the input of a lossless series resonant circuit (Figure 7) there 
is applied a voltage u = f(r) numerically equal to the values of the processes under investi- 
gation. In order to determine the instantaneous values Ug(t) of the voltage at the inductor 
let us use the Duhamel integral 

t 
ny (t) = (0) h(t) +\ f(t) h(t —a)dr, (16) 


0 


where h(t) is the transfer function and f(0) is the value of f(T) when T = 0, which, in accord- 
ance with section 1 is equal to zero. For our case the transfer function may be represented 
by the following expressions 
et ees eas (17) 
) 3 . 


where We = 1/ VLC is the natural frequency of the tuned circuit. 
Inserting this expression into (16), we obtain 


t 


Uz (t) = Re K i) ede] ene 


0 


(18) 


Comparing this expression with (1), we see that the quantity in parentheses is the instantaneous 
value of transformed D wy () with w =x, so that we may write 


Us (t) = Re Dy (t) e™ Jamey: (19) 


Comparing this expression with (15), we conclude that D(t) may be regarded as the complex 
variable amplitude Us(t) of the voltage at the inductor: 
t 4 é 
Ci \ f (x) ede = Dy (t) laneg- (20) 


0 


The resulting relationship may be formulated as follows. 

Theorem 6. The variable complex amplitude of voltage at the inductor in a lossless 
series circuit with input voltage u = f(T) may be represented as a transformed D,,(t) if it is 
assumed that the angular frequency of transformation is equal to the natural angular fre- 
quency of the tuned circuit. 

Solving the Duhamel integral for current, 


i) =\7 @AG—*) dx, 


0 


where the transfer admittance A(t) may be represented by the expression 


A(t) = Sel (ix! rey 6 19x!), 


we obtain 


i(t) = Re aa i (ef de ee, 
0 


whence, on the basis of (1), 
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Dri (a)ee 
i(t) = Re ra eit lomo (21) 


Consequently, on the basis of (15), the variable amplitude of current may be represented 
by the complex vector 


D<t) = 
Ove \ et (22) 
0 
From this we obtain 
Theorem 7. The variable complex amplitude in a lossless series circuit to the input of 
which there is applied a voltage u = f(T) may be represented by the transformed D,,(t) divided 
by jwL if it is assumed that the angular frequency of transformation is equal to the natural 
angular frequency of the circuit. ‘ 
Conclusion, From (20) and (22) it follows that 


U2 (t) 


Ope hte 


that is, that the ratio of the variable amplitudes of voltage at the inductor and the current, 
determined by means of the transformation of D,,(t), is the same as for constant amplitudes 
in the presence of harmonic steady-state processes. 

It follows from (21) that 


i (t) oL = Im De (t) ejot lone,» (23) 


i.e., that the values of current (on a scale determined by 
factor wL) may be represented as projections of vector 
D gy (teJOT onto an imaginary axis. Comparing this result with 
(19), we may formulate the following theorem. 

Theorem 8, The value of transformed D,,(t) wholly de- 
fines the state of the oscillatory process for the moment t, 
for the current and the voltage at the inductor are simultaneou: 
defined. 
In this respect, the method of transformation of D,,)(t) is 
Figure 8. Representation of similar to the phase density method, wherein the position of a 
current i(t) and voltage ug(t) point defines the state of the oscillatory system. However, 
in lossless circuit by means the derived representations are substantially different and the 
of transformed D,)(t) of input representation Dw(t) more graphically illustrates the effect 
voltage. of the applied voltage u = f(T) 

It must be pointed out that the generally accepted methods 
of solution of transients do not yield clearly expressed values of variable amplitudes satisfyin 
the possibilities of the image of ug(t) and i(t) as a single rotating vector. Thus, in solving by 
the operator method the transient process in an undamped circuit upon the application of a 
sinusoidal voltage u(t) = Usinw t for & =W,, we obtain the expression for current 


== aa sin wt 
(24) 
and for voltage at the inductor 


Uot : 
us (t) = cos@t + 4 sin ot. 


The quantity wWLi(t), reflecting on a given scale the current i(t), may be represented as the 
projection onto the Y-axis of a uniformly rotating vector OA = U“t/2, rotating with angular 
frequency (Figure 8), since, in accordance with (24) 


A oe 
oLi (t) = Jot sin ot 


2 r (25) 
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‘But the projection of vector OA onto the X-axis defines only the first part of expression (25). 
The second part of (25) may be represented as the projection of vector AB = U/2, perpendicular 
to vector OA, so that the voltage Ug(t) is expressed as the projection of the resulting vec- 

tor OB and not of vector OA. It is evident that the single vector simultaneously defining 
quantities i(t) and u9(t) will be vector OC defined by the coordinates of ug(t) and i(t). Itis 
easily shown that it is this vector which is defined by the resonance transform D,,(t) and that 


point C belongs to a cycloid (Figure 6) rotating in common with direction OA given by the 
factor eJt, 


6. DETERMINATION OF VARIABLE AMPLITUDE OF VOLTAGE AT CAPACITOR 
IN AN UNDAMPED CIRCUIT BY MEANS OF RESONANCE TRANSFORMS 


The voltage at the capacitor (Figure 7) is equal to u, (t) = f(t)-ug(t), where f(t) is the 
value of f(r) (i.e., of the input voltage at moment t). Inserting the quantitv u9(t) from 
expression (18) we obtain after transposition 

Ui (t) = —joF o()\.4, = 7 Fol lana,? (26) 


oe ee 


whence we obtain 
Theorem 9, Amplitude of the voltage at the capacitor is defined by the vector of the 
principal resonance transform multiplied by - jw with w= wry. 


7. RELATION BETWEEN VARIABLE AMPLITUDES AND SPECTRAL DENSITY 


Comparing expressions (13) and (20), we obtain 
Sa (@) =D) (t) “= U, (t) loy=or (27) 


that is, the instantaneous value of the current spectral density of the derivative for moment t; 
is equal to the instantaneous value of the amplitude of voltage at the inductor as determined 
by the transform of D,)(t;) for the tuning frequency wy = w. 

Spectral density of the derivative for the completed process is determined by the ampli- 
tude of undamped voltage U2(7),) in the circuit after completion of the process. 

Comparing (14) and (26) we obtain 

St (0) = Fo ) = 20) lye (28) 

that is, the instantaneous value of spectral density is determined by the instantaneous value 
of amplitude of voltage at the capacitor multipled by j/w. The spectral density of function 
f{(T) is determined by the amplitude of the undamped voltage U1(T,x) after completion of the 
process 


S(0) = Fa(ty) = 2 Uy (tx) oye - (29) 


8. RELATION BETWEEN THE LAPLACE TRANSFORM AND RESONANCE TRANSFORMS 


The Laplace transform, given by the expression 


i (p) =\ f(t) e-rdr, 
0 
transforms the time function f(T) to a function f(p). If in f(p) we insert the concrete value 
p =@+ jw, then we obtain the corresponding concrete value of f(p). This same value of f(p) 
is obtained by inserting in the integral of (30) the given value of p= @+ jw. 


(30) 


co 


i (p) =\ f (ren* eer 


0 


(31) 


507 


and integrating the function f(T) oie di in directions -wtT and thus solving the integral 
t 
\ GES CEOs 


0 


with a constant increase int. In other words, the concrete value of f)p) may be regarded 
as the limit of the resonance transform of function f(T)e~?7 when t - ©. 
The following theorem is easily proved. 
Theorem 10. The value of the Laplace transform of a function for a given p=a@ + jw 
is equal to the limit (multiplied by j/w) approached, for t ~~, by the amplitude of voltage at 
the capacitor in a lossless circuit to the input of which there is applied a voltage u =f(T)e-@T 
(or is equal to the limit of the amplitude of voltage at the inductor divided by jw). 


9. DAMPED RESONANCE TRANSFORMS 


As has been shown in the previous sections, undamped resonance transforms are the 
solution of transients in a lossless circuit with voltage u = f(T) applied to the input. The 
method of solving transients by means of resonance transforms may be extended to damped 
circuits [1]. The method of the solution (Figure 9) consists in subtracting from the values 
of input voltage u = f(T) the values of voltage drop across an active resistance. Then we may 
consider that there acts on an undamped circuit an input voltage ug(t) = f(t)-i(t)r and the 
equation takes the form 

t 


ie 7 \idf =/ ir. (32) 


af 


consequently, the damped resonance transforms may be 
represented as 


Day (6) =\(f (2) — ir’ e-H0* de, (33) 


Figure 9. Circuit with active 


t 
resistance. For (t) = \(7 (t)—trye "den (34) 


The images of D,,,,(t) may easily be obtained by means of the device described in reference [1] 
Resistor r may be set over a wide range of positive or negative values by continuous adjust- 
ment of the mechanical feedback factor in the device. The device may be improved so that 

the feedback factor is automatically varied with a change in current or in voltage at the induc- 
tor. It will then be possible to define certain nonlinear curcuits on such a device. 


10. SOME APPLICATIONS OF THE RESONANCE TRANSFORM METHOD 


Let us comment on some applications of resonance transforms. As has already been 
stated, undamped resonance transforms are most closely related to the values of spectral 
density of the investigated process f(T).. Hence, in some certain cases the method of re- 
sonance transforms is extremely convenient for determining spectral functions and the currer 
spectrum. Thus, if f(r) consists of any sequence of straight-line segments, then the resonanc 
transforms and, consequently, the values of the spectral function may be plotted by means of 
a compass and simple calculations. 

In the case where the process f(T) is given graphically (e.g. ,as the result of measure- 
ment), determination of the spectral function is considerably simplified in using the device 
cited in reference [1] in which mechanization of transformation of (1) is achieved kinematical- 
ly. In addition to this instrument, which was demonstrated in improved format the fair 
in Brussels, the principles of other kinematic instruments have been developed for mechani- 
zation of transformations of (1) and (2), permitting the solution of direct and inverse Fourier 
transforms. Moreover, on the basis of the theorems of constancy of image length and the 
radius of curvature, the author has developed a group of devices employing the analogy of 
flexible sheets (reference [4]) the width of which may be determined (by calculation or by 
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instrument) so that their line of curvature will correspond to the resonance image. 
However, the role of resonance transforms is not limited to assisting in the solution 

of transient processes by means of the classical Fourier method. Undamped resonance 

transforms give the direct solution of a transient in a lossless circuit; that is, by use of 


the instrument assembly cited in reference [1], they permit solution of equations of the 
form 


di es 
La +o \it=1 6 


with anyright-hand member given graphically. This same instrument may be used to obtain 


damped resonance transforms, that is, to define the transient in a lossy circuit and to solve 
equations of the type 


ai velle 
Lo +Ri+z\idt=7 (0. 


By means of damped resonance transforms we may also define the transients in more 
complex circuits when the transfer characteristic of the circuit may be presented in the 
form of a sum of damped oscillations. Then the resulting transient will appear as the sum of 
the transients in several isolated, damped circuits to the input of which there is applied the 
given process f(T). These isolated transients are easily obtained on the instrument described 
in [1]. 

As has already been stated, the method of damped oscillations may also be extended to 
the solution of certain parametric and nonlinear problems. It is also noted that the method 
of resonance transforms is finding further applications. 
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APPROXIMATE CALCULATION 
OF EIGENVALUES OF HIGHER MODES 


IN STRIP TRANSMISSION LINES 


G.P. Samuilov 


The report discusses a method of solving the problem of strip transmission lines which 
is based on reduction of the longitudinal propagation of the wave to transverse propagation 
with subsequent use of the method of functional equations. Design curves and experimental 
curves of phase velocity are presented. 


INTRODUCTION 


Strip transmission lines with the Hjg mode are now under development, for the symmet- 
vical strip lines with dielectric filler used in practice have high losses (Figure la). The 
phase velocity in such a system possesses dispersion. For calculation of the phase con- 
stant h let us use the relationship 


h=kV1— (kp /h)Y? (k= 2n/A)- (4) 


Figure 1. a) Strip line with Hj, mode; b,c,) for calculation of phase velocity in strip 
line with Hj 9 wave. 


In formula (1) the critical wave number kp; is unknown. For its calculation it is con- 
venient to use a method permitting reduction of the tridimensional problem of longitudinal 
propagation of the wave to the bidimensional problem of its transverse propagation. A brief 
description of the method follows. Leth=0. There will be no propagation in the longi- 
tudinal direction and in the transverse section of the line a standing wave will be established 
(Figure la). This wave may be represented as the result of addition of two antiphasal waves 
of equal amplitude with wave number k y and incident at the edge of the central half-plane 
(Figure 1b). In addition, in space (z < 0 ) the component fields E, and H, are attenuated due 
to their opposite orientation and this attenuation occurs in the direction oF z<0. At the 
shielding planes y = +b/2 the Ez component must satisfy the zero boundary conditions. In 
addition, if b < /2, the wave with such components will be attenuated and, the smaller the 
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ratio b/a, the greater this attenuation. 

On the basis of the above observations we may conclude that radiation in the transverse 
direction (in direction of z < 0) is absent. In virtue of this the modulus of the reflection 
coefficient of the wave reflected from the edge of the central half-plane is equal to unity for 

-each "partial" wave (above the half-plane and below it). Thus, a pure standing wave is 
established above and below the half-plane. 

In this case, at a certain distance in the plane z = a there must occur the "first null" 
of the electric field. If in the plane z = a we place a metal partition, we shall obtain an 
entirely metallic strip line in which the H;g mode is propagated (Figure 1a). In the region 
of z > 0 the electric field may be represented in the form 


Ey (2) = A fe up? 4. eltupstiony (2) 


where 00 is the phase of the reflection coefficient of the wave reflected from the edge of the 


central half-plane and depends on parameter b/a. 
In accordance with the definition of point z =a, we may write 


E, (a) = 2.Aei*w!2 cos (Kora + $) — 0, (3) 
whence 
Kn @ 
Ch ae 0) 
ae (4) 


Kp 


Thus, calculating the angle Yo as the result of solution of the bidimensional problem of 
diffraction of antiphasal waves of equal amplitude with wave number key at the edge of a metal 
half-plane located between infinite planes, we may find from formulas (4) and (1) the phase 
constant of the wave which is propagated in the longitudinal direction and corresponds to 
solution of the tridimensional problem of a strip line with Hjg mode. 

It may be shown that with a distance b > A/2 the strip wave is not localized in the region 
0 <z <a and is radiated in the transverse direction in the space between planes. Such lines 
are not suitable for transmission of microwave energy and it is henceforth assumed that b < 


cS NY /. 


1. PRINCIPAL INTEGRAL EQUATION AND METHOD OF SOLUTION 
(CALCULATION OF PHASE ANGLE P09) 
A 


At the edge of a half-plane let there be incident a wave with wave number k = ker (here- 
after simply designated as k) in which only two components Ey, H, differ from zero. 

In approaching the "open end" the propagating wave presérves its corresponding sym- 
metry of current distribution; hence among the reflected waves we find waves of only this 
type. ; 

Let us project the mirror image of relatively infinite planes (Figure 1c). The currents 
at the sheets satisfy the condition 


Ll = Te ST, (5) 


while the current distribution function remains constant from sheet to sheet. 
As the result of simple transformation we obtain the integral equation 


foe) 


(G+ #)\KG—D/@a=0 (2>0), (6) 
where 
n= +00 
K()= 4 SY (1a? (KVP + (dy) (7) 


For solution of (3) L.A. Vaynshteyn developed an extremely simple method (reference [1]) 
according to which the required function f is represented in the form of a sum: 


f(z) = A {e—#* + Rogei®® + Dy Ro e123, 


1+0 
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where  ) GiSk) Gr 
00 Go(k) Gg (k)’ 


2kG, (k) : 
Ri : : 8 
. (w? — k2) G (k) (8) 


+20 
G(w) = \ et K (2) dz (w? —h?) = 


= (w? — k*) G, (w) Gs (w); 


The complete expression for current in reference [1] also includes the integral for the 
vertical cross section. 

In the given case it may be shown that this integral is equal to zero, since the currents 
characterized by it, flowing on opposite sides of the sheet, cancel one another. Functions 
Gy(w) and G,(w) must be holomorphic in the upper and lower half-planes, réspectively, and 
must have no zeroes there. 

In order to find the function G(w) by using the Poisson theorem let us transform (4) 
to the following form: 


, by! & : 
IK(@) = = hie ee (9) 
as V (+3) — (an) 
In accordance with (8), the function G, (w) = G(w)/(w? — k*) is represented by the series 


Gy ( ats) 2 : med 
si z 21, [en + a5 f —(F) + (BY oe 


Summation of the latter is easily obtained by means of the Mittag-Loeffler formula: 


1 es eivd 
G SSS 
 (w) @ fae eivd ’ (11) 
where 
v=VEP— wv. 


Using the results of reference [1], let us define the functions G,(w) and G2 (w): 


G,(w)= = Vipw aA Sm . (12) 
Ah 4 oe faim Frm—1)w 
where 
g = d/h; 


i wee 
ees) (lin {ce Oe = oo 
Q SiN Tm = Ym; Ty = 1/2; 
bm =Vg—m, m=1;2;3;...: (13) 


SiX1pm = 6m, py = 2/2; w= 
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With analysis of (10) it is not difficult to conclude that the conditions which functions 

G,,2(w) must satisfy are fulfilled. 

On the basis of formulas (8) and (12) we may find the phase of the reflection coeffi- 
cient 


"g NECN 
7 aresin =|. 


2 


Poo = 2 ) fare sin 
rn cag ijes (14) 

It is not difficult to verify by direct check that the modulus of the reflection coeffi- 
cient |Roq! is equal to unity; this confirms the statements in the introduction. 


2. A REMARK ON THE NATURE OF THE FIELDIN A STRIP LINE WITH 
H190 MODE AND EVALUATION OF NUMERICAL RESULTS 


From the theory of symmetrical strip lines of conventional type it is known that in the 
region of the central conductor there is localized almost all the microwave energy trans- 
mitted along the strip line 
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Figure 2. Phase of reflection coefficient (pg as a function of q = b/ Nore 
Figure 3. Critical wavelength as a function of q =b/Agy. 
Figure 4. Critical wavelength as a function of P =b/a. 


Transverse distribution of the field in this region is the sum of a uniform field and the field 
caused by the influence of the edges of the central conductor. The smaller this influence, 
the smaller the ratio b/a. ; 

Beyond the region of the central conductor the transverse distribution of the field is 
purely attenuated and this attenuation increases as b/a decreases. In the case of a strip 
line with Hg mode we may also show that transverse distribution of the field in the region 
0<z<a consists of the field of a wave which is described by a formula which is essen- 
tially similar to formula (2) and of an attenuated field caused by the influence of the edge 
of the half-plane. With an increase in z, the smaller ratio b/a, the more rapidly the 
magnitude of the latter field decreases. The field in the region z < 0 is also damped and 
with an increase in |z, the smaller b/a, the more rapidly this field decreases. 

The approximation of our present method lies in neglecting the attenuated field and 
defining the plane z = a of the zero field E,, only in terms of the standing wave of type (2). 
The associated error is evidently small in virtue of the rapid decay of the damped field. 

Figure 2 represents the phase (99 as a function of q = b/ Xer- With q << 1 the phase 
of the reflection coefficient is equal to zero, which corresponds to the reflection from a 
"magnetic wall. In this case the field is almost entirely localized in the region of the 
central conductor. With an increase in q the phase also increases. This attests to the fact 
that the field issues from the region occupied by the "'strip."' 

Figure 3 shows the dependency of ratio a /Agy on b/Agr for the Hj9 mode. It is evi- 
dent that with small b/,, the strip line behaves as a waveguide in which one of the walls 
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is is magnetic and the other metallic. A plot of a/Agr 
as a function of b/a (Figure 4) is required for practical 
calculations. By using formula 1 we may calculate 
the phase constant in a strip line at any frequency. The 
design values and experimental values for relative 
phase constant h/k, derived for the ratio b/a = 0. 28 
and presented here for purposes of illustration (Figure 
5), show high coincidence. 

In conclusion the author expresses his thanks to 
N.G. Trenev for consultation in organizing the pres- 
entation of this subject. 


Figure 5. Relative phase con-. REFERENCES 

stant in strip line with H19 mode 

and b/a = 0.28 (points indicate 1. L.A. Vaynshteyn, Difraktsiya elektromagnitnykh i 

data of experiment). zvukovykh voln na otkrytom kontse volnovoda , [Dif- 
fraction of electromagnetic and sound waves at the 

open end of a waveguide];Izd. Sovyetskoye radio, 1950. 
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CHARACTERISTIC IMPEDANCE OF MULTIWIRE LINES 
WITH CIRCULAR CONDUCTORS 


V.M. Dashenkov 


This report presents formulas and tables for calculation of the characteristic impedanc 
of single-row, stacked row and bidimensional-periodic lines with conductors of circular 
cross section located along mutually perpendicular directions. Knowledge of this charac- 
teri stic impedance is necessary in investigating the dispersion and coupling impedance of s 
slow-wave lines. On the basis of electrostatic potential coefficients formulas are derived 
for the case where the distance between conductors is considerably greater than their radii. 
It is assumed that the formulas may be used if the ratio of the diameter of the conductors 
to the distance between them does not exceed 0.3. 


INTRODUCTION 


In the calculation of stub systems by the method of multiwire lines it is necessary to 
know the quantities referred to as the characteristic impedances of the multiwire line, whic 
are functions of the cross-sectional parameters of the conductors and the phase-shift angle: 
between them. 

For different multiwire lines with conductors of rectangular cross section the design 
formulas for characteristic impedances are given in references [1-5]. For lines with 
conductors of circular cross section appropriate results are known only for single-row 
systems without side walls from references [6] (sufficiently exact solution) and [7] (ap- 
proximate solution). However, the formulas in reference [6] are somewhat complex for 
practical use. 

For conductors of circular cross section the present report presents extremely 
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simple formulas for the calculation of characteristic impedances of bidimensional-periodic 
(Figure 1), stacked (Figures 2,4) and single-row multiwire lines with side wall and with- 
out it (Figure 3). 


1. GENERAL RELATIONSHIPS 


Figure 1 represents the cross section of a multirow bidimensional-periodic) line with 
periods D, and Dy and conductor radius r. Each conductor is assigned a two-digit number 

_ pq which indicates that it belongs to the p-th horizontal and the q-th vertical rows. 

; If the number of rows in the y direction is limited (e.g., p=1, 2, ..., Q =1), the 

_ system is referred to as a Q-row system. In this case, as shown in reference [8], it is 
described by a square matrix of characteristic impedances of the Q-th order 


K =|xu (| i ¥ 


where 
ta = : 
Ku = 4b SY ange; (t) 
q=—oo 
co 
{ : 2 
Ku= > > iskge 2 (a—8) (2) 
q==—00 


are quantities which may be referred to respectively as the natural characteristic impedance 
of the i-th row and the mutual characteristic impedance of the i-th and k-th rows. In these 
formulas c is the free-space velocity of light; ~) is the phase difference of oscillations be- 
tween adjacent conductors in the z direction; 
OL, anda _._ are the potential coefficients 
iskg isig 

of the line, wherein s and q are integers char- , : 5 
acterizing the number of the vertical row. < 5 t 
The characteristic impedances are indepen- YER 
dent of s; hence s may have any value, e.g., 
s=0 der 

Special cases of the stacked line without 
walls are the three-row and two-row struc- O5>- 
tures (Figure 2). The number of possible Pres 
wave modes propagated in a stacked line is y 
equal to the number of rows. For each wave =2--- 
mode we may indicate the corresponding : : : : 
characteristic impedance K,(¥) (n is the -2. -f a i 2 g 
wave number ), which is the root of the Figure 1 
characteristic equation of the K matrix. 

It is shown in reference [8] that the characteristic impedances of a three-row line (Figure 


2a) will be 


“0000-0 
0000-0 
0000-0 
aon 


K@)= kw) Eke (p) + V/ 2K, (sp) + = Koo (*p) (synphasic) 


Ky (p) = Ko (») — Kor (Y), (4) 


GC) Te omens: 


000 6 le cee 
die Warne on ete Wier on 


a 
Figure 2, 
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Ks (Wp) = Ko () +5 Koa (0) — V 2K4 (W) + 5 Kb (W) (antiphasic) 


For a two-row line (Figure 2b) we obtain 


Ky (WW) = Kyo (b) + Kor () isynphasig) (6) 


Ks (») = Koy (tp) — Kor (Y) (antiphasic) (7) 


The last formula also describes the characteristic impedance of a single-row system with 
side wall (Figure 3). 

The characteristic impedance of a bidimensional-periodic line (with number of rows 
Q =~) is defined by the formula (references [8, 9]) ‘ 


co 
K (xp, 8) = DY etiskg emHMa—s)-+008—), (8) 
£ qa, k=—0oo 
where @ is the phase shift of the wave between adjacent rows in the y direction. ' With con- 
sideration of (1) and (2) 


K (p, 8) = 2) Kix (w) eit. (9) 
k=—00 
The characteristic impedances of the various modes of a Q-row line bounded by metal 
walls (y=const) which are located at distances of D,/2 from the extreme rows (Figure 4), 
as shown in reference [9], are equal to K(W , 9) can 6:=nn/ 9, i where ni=sl, 2,. » 5.0. 
Dy Due to the fact that between the potential coefficients of a stacked 
aie, ‘oy b Gta line the following relationships apply 


Se YUL Aisha igks Aksig Anqiss (10) 
Figure 3 the characteristic impedances of (1) and (2) are even functions 
and satisfy the reciprocity theorem: 


Gu omo. 6 ee oe (ap) x Kix (— ¥), Kix (p) = Kus (). (11) 
This, in turn, indicates the Kj,(#) are real values. For a bidi- 
Ome) O Or mensional-periodic line, as the complement of (10) by virtue of 
O or B; Brees” the identity of all rows, 
oO. OMore Cr Aiska = Cty, skti,p »%oshq = A%os,—hq (12) 
77 and, hence, 
anit we Kix () = Kop()) = Kot) (p= k—i). (13) 
gu Keeping (11) and (13) in mind, formula (9) may be presented in the 
form “es 
K (, 8) = Koy () +2 Dy Kop (1p) cos pb, (14) 


p=1 
Meets Koo(#) and Ko), taking into account (10) and (12), may be expressed in similar 
m: 


Kg () = = (%oo00 + 2 > Aoo0 gOS Grp), (15) 
q=1 
Kop (Y) = = (200 po + 2 >) 20 pq COS F p). (16) 


q=1 
We will note that as long as the values of the potential coefficients are correctly defined, 
formulas (14)-(16) are rigorous. Thus, the choice in as convenient a form as possible, of one 
or another approximation for the value of the potential coefficients is of greatest importance 
in the calculation of the characteristic impedances. 


; We shall begin calculation of Koo() and Kop() with their transformation to the following 
orm: 
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co 


1 


Koo (>) = ——,— {(4o0007- %o001) — >; [(%000,q—1 — %o00q) — 
2 sin? ze q=1 
— (900 ¢— %o00, g-4+1)] Cos gp}, (17) 
nl co 
Kop (p) To {(200 20 — %00 1) — Dy U (C00 p, a1 — %00 pa) — 
2 sin? ze q=1 
— (09 pq — oop, a+1)] COS gp}. (18) 


ea to the definition of potential coefficients in reference [10] it is not difficult to see 


that + aA X00 ~ “00 pq) is half of the characteristic impedance of a two-wire line formed by 


Pthietora 00 and pq (it is assumed that the radii of the conductors are identical). Itis 
evident that the effect of the presence of all the remaining conductors on the value of this 
impedance cannot be taken into account if D, : Dy >> r (reference [10]). This case is also 
discussed below. 

Then 


{ (gD, + (pD,,P 
2 ish iawidlet BO nee ese ae WEP SMa (19) 
where D 
ane fo) . N= y 
Pi =-9P; =e (20) 
Similarly 


1 4 
— (00 pq — %o0p,¢-+1) = — (40000 — “oop, a-+1) — — (%0000 — Mo0'pq) = 
¢ c c 


D Se D ——— oe ae 4)2 
=60In=V FE +I — 60h HV p+ P= 30n I ohms 


eae 

(24) 

(4 pg 
= (oop, a1 — %00:pq) = 30 In Pe az @—)? ohms, (22) 
He a— %oo, ati) = 66° ip Sees + : ohms, (23) 
= Caen sia) On 44 ohms, (24) 

4 D} ; 
z (9000 — %o001) = 60 In 7 ohms. (25) 
Instead of (22), we may use the formula 
Dv 

~ (6.0000 — tooo) = 60Arch 57 ohms, (26) 


which, as is known, is valid for any Diy r. In this formula we consider the "proximity effect" 
between adjacent conductors of the row. In view of the above observations, in the given 
approximation [i.e., in using (20)-(26)] the value of Koo()) is equal to the impedance of one 
isolated row and Kop (W) is equal to the mutual iGpedince of isolated rows O and P., 


2. CALCULATION OF IMPEDANCE Koo (?) 


Inserting (23,) (24) and (26) into (17) we obtain 


Tae sin? Arch 5" + cos spn 2 — ») Ins —7 cosq tp) ohms. 
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Without dwelling on the intermediate calculations, let us present Koo (%) in the following 
form, suitable for practical calculations: 


Kw () = 60 | Arch FE—1+ SW) | om a 
h pee 
where ; e) Ce i 
S() = [ (t+ In2)e08 0+ 5 — 
2 sin? > sins 
= > (In =n A ow a 7) cos arp | (0 <p <M). (2g 
q=2 - 


In distinction from the series in (27), the series in (29) converges rapidly and the relative 
weight of its terms is not great. Function S(¥) is easily calculated. Its values are given in 
Table 1. 
Table 1 
ap/ae . Of Op ws 0,4 0,5 0,6 0,7 0,8 0,9 Ain 


S(p) co 9,165 4,174 2,523 4,712 1,241 0,9461 0,7556 0,6358 0,5691 0,5484 
Comparison of formula (28) with the corresponding data of exact calculation from refere! 
[6] shows that with i > 0.77 the formula yields higher values and with {) > 0.77 lower values 
of Kgo(d)._ The maximum error observed with ~ ~ 0.3 increases with an increase in 2r/D, 
and at 2r/Dz = 0.1, 0.3, 0.5, and 0.7 is 0.3, 5, 10.5, and 33% respectively. 
3. CALCULATION OF IMPEDANCE Kop (¥) 


Insertion of (20)-(22) into (18) yields 


Kop (*p) =s 


30 (in 1+ Pi ny ih [Pit (9 —1)* Mei +g + uve 


os ohms, 30 
2sin® “ Bi =a (pP? + @?) ee) 


The given series converges slowly. However, if we differentiate it with respect to p, and 
then calculate the derived sums and intégrate the result, it is then replaced by another ex- 
tremely rapidly converging series. 

( e—Pil2ng+h) oe Pil2*(94)—9] 


Kw @) = 80" > (Tare ay) O<¥< a), (34 


D, 
in which the retention of only two terms (q= 0 and 1) with p, = 6p = oe p>0.2 results in an 


error of less than 2% in comparison with the exact value of Kop). "Three terms result in a1 
accuracy of not less than 3% for p,>0.1. 
The values of quantity 1/ 60Kg, (?) calculated by means of formula (31) are listed in T abl 
4. CALCULATION OF IMPEDANCE K(y, 6) 
From (28), formula (14( is conveniently presented in the following form: 
D s! 
K (wp, €) = 60 [Arch 5714+ S(y) +8(6, 9,0), (32 


where 
5(3,% 9) =2 © Kon (9) 008 7. (33 


Keeping in mind (31) and the formula in reference [11] 


2 e—* cos ka. = = = — 1) (e0) 


.cht —cosz 


(34 
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we find 


<p ee sh 6 (2g + %p) : 
5S (6, , 0) a aD) lag + ac + p) —cos 9 1) s Ge 


: _« Sh [209-5 1) Vl A . 
Sree = RO ee 1)| (O<p<n). 


Table 3 


c 
ee 
a 


6 |1,14 |0,895|0,768| 0,729 
1 |1,11 |0,88010,757| 0,719 
9 11,04 |0,836!0,725| 0,690 
2 |0,942|0,771|0,677| 0,647 
4 ‘| 0,830 | 0,695 | 0,620] 0,596 
4 11,08 |0,874|0,721 |0,619|0,560| 0,544 
04 10,871 10,732] 0,624] 0,54810,504| 0,489 
0,942 10,830 0,721 | 0,624}0,546|0,490}0,456| 0,444 
5 6|0,771 | 0,695 | 0,619} 0,548 | 0,490} 0,447| 0,420] 0,414 
8 | 0,757] 0,725] 0,677 | 0,620 | 0,560 | 0,504 | 0,456 | 0,420 | 0,397 | 0,389 
9 | 0,719} 0,690! 0,647 | 0,596] 0,541 | 0,489 | 0,444] 0,411 | 0,389! 0,388 


Note: Comma designates decimal point. 
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This series converges quite rapidly and for practical calculations in most cases it suffices 


to consider its first two terms (q = 0 and 1). 
The numerical values of the sum of function S (W) + S(6,¥, 9) for the case 5 = Dy/ Ds 
are listed in Table 3. 


5. ASYMPTOTIC VALUES OF CHARACTERISTIC IMPEDANCES WITH «iz, }=0, p=7 


Without dwelling on mathematical details, we shall point out that with ~y<n 


D 
Koo (*p) = 60 (Arch 5% — In 2m + =) 60%, of 


Physically, the given result is completely justified, for it is known from reference [12] that 
at small ~ any real single-row line behaves as an anisotropic conducting plane the character- 
istic impedance of which is also defined (reference [35]). 

With ~ =7 


( D 
Ky) (x) = 60 ( Arch aa el $+ k 


Using formula (25) instead of (26), we obtain 


2D, 
Koo (*) = 60 In ak (36) 


which coincides with the known expression for the characteristic impedance of a line con- 
sisting of a conductor located midway between two parallel metal planes separated by a dis- 
tance D, (reference [13]). 
From (28), at small values of ~, we obtain 
‘ 1 ' 

Kop (tp) = 60 ( —In2sh pit) = 60x (— — p.). 37) 
Hence, it is quite evident that at small values of { we cannot neglect the interaction between 
remote rows, since with an increase in p the impedance Kop) decreases slowly (see also 
Table 2). At the same time 


Kop (x) = 60 Incth 22, (38) 
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whence it follows that with ~ = 7 with an increase in p the interaction of the rows decreases 
rapidly and, consequently, in this case the influence of the remote rows may be neglected 
in calculation (see Table 2). 

With V<T 


S (6, sp, 6) = 60 zh dn H 4 (__sh2nbq 
wb asin, Ove % 2 q (soamay eos ) ; (39) 


Inserting (35) and (39) into (32) and assuming that WJ = 0, we find 


: Ds h 208 
K (0, 8) = 60 Pep iene y+ >t Fe pr eS ‘) (40) 


2 sin? - 


The characteristic impedance of a single-row line with side wall (Figure 3) for \<n 
and ~ =0 is found from (7) from (35) and (37) and with use of (25) 


D,sh 6x 


K (0) = 601n (41) 
On the basis of (7), (36) and (38) 
K (x) = 60In (= in). (42) 


By means of (41) and (42) we may solve the problem of synthesis of the given line, that is, 
we may define its geometry from the given K(0) and K(T): 


Dapieait 
Fe) rey 
ae ey 
st yee uo [ 
Y= = 7 Archa, 7 (43) 
where | 
K (0)—K 
a= exp “t a Sf icf } 
CONC LUSION 


Absence in the literature of appropriate formulas does not permit evaluating the limiting 
geometrical dimensions of a system for which the formulas for Ko,(~) and K(, 8) may still be 
used. However, since their derivation and the derivation of Ky a) is performed:on identical 
assumptions, it is probable that the limits of their applicalility, are identical. Hence, it 
that the error in the formulas must not be excessive (not more than 5%) for 2r/ Dee 
22D c0s890-F Or D,» Dy =r all the formulas are accurate. 

tne author is indébted to V.N. Ivanov for indicating the possibility of improving the con- 
vergence of the series (27) and to all participants in the radio physics seminar of the Saratov 
State University who joined in evaluation of this work. 
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INFLUENCE OF TWO TYPES 
OF LONGITUDINAL PERIODIC MODULATION 


ON THE PROPERTIES OF 
A SINGLE-BEAM ELECTRON STREAM 


G.F. Filimonov 


The report examines the laws of conservation and the mode of weak oscillations 
in an electron stream for which there is known either the initial (periodic in space) dis- 
tribution of electrons and their velocities along the beam or the boundary (periodic in time) 
values of density and velocity of electrons for all moments in time. The limits of applica- 
bility of the Euler equations are determined for the discussed processes. The results are 
compared with those of other authors. 


INTRODUCTION 


As the result of a number of investigations devoted to the study of oscillations in 
uniform single-velocity electron streams it may be regarded as established that for def- 
inite relationships between the parameters of the electron beam there are excited within it 
extremely intense electron oscillations in the direction of their initial movement. It is also 
known that in the process of buildup in these cscillations the logarithmic decrement of the 
buildup in their amplitudes drops to zero, after which the beam exhibits stable modulation. 

Thus, modulation of the electron beam affects its dispersion properties, altering 
the regions of instability existing in uniform beams and eliminating them at a certain per- 
centage modulation. On the other hand, modulation of an electron stream may give rise to 
new regions of instability which were absent in an initially uniform stream. Hence, itis 
of interest to study the influence of periodic modulation on the dispersion properties of an 
electron stream. Interest in such phenomena has recently increased, particularly due to 
the appearance of a number of devices directly using periodically modulated beams. 

It should be mentioned that published works devoted to examination of problems of 
stability of periodic beams (for example, references [1-4]) contain serious procedural 
shortcomings, which necessitates a rigorous check of the applicability of the results obtained 
therein. On the other hand, simple analysis shows that different types of periodic modulation 
leads to substantial differences in the physical properties of the electron stream, a fact 
which has received little attention in the literature. 

The subject of the influence of external modulation on the properties of an electron 
stream is extermely complex. Two aspects of this subject lend themselves to relatively 
simple analysis: the laws of conservation and investigation of stability by means of linear- 
ized equations. The present report is devoted to an examination of these questions for the 
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case of a unidimensional single-beam electron stream with strictly periodic (in time or in 
space modulation. 


1. BASIC RELATIONSHIPS. LAWS OF CONSERVATION 


Below we examine systems of charges of one sign. If such systems are not subjected 
to external influences, the charges within them will, generally speaking, repel one another 
and the various expressions for the field of the interacting charges will describe the effects 
of repulsion. The only exception to this rule may be those natural waves, the phase veloc- 
ities of which are close to the electron velocities and which, consequently, may have pro- 
longed accelerating or retarding effect on the charges. Such waves of "resonant interaction" 
with the electrons are conveniently distinguished from the total spectrum of waves in the 
system, since their action on the streams of charges may cause bunching of charges into 
bundles, which is the opposite effect of repulsion. The corresponding equation of motion 
in the case under discussion may be presented in the form 


2, 

a= (Holst) + Ey 8) +21, 0), (4) 
where z and t are the present coordinate and time of the electrons; e and m are the electron 
charge and mass, respectively E,, E,, Eo are the fields of the repulsive forces, of the res- 
onance wave and a certain external field. respectively. The second basic equation for 

this problem is an equation of continuity giving the relationship between the linear current 
and linear density of the electrons. 


dp (z, t) if: aj (2, t) __ 0, (2) 


ot ot 


The third equation is givenfor £,, Z,, expressing /;, £, in terms of 0 or j. In the 
case of a process which is strictly periodic in time “, and H, are defined by the equalities 
(references [5, 6] 


Eee Hi(Z)\em et, 
ip 
a aie ae 
(Ge +P) EQ) =—iR Fie De a 
ie 
\ dt’ | (z, t'7¥ D (wt' — at), 


0 


4m 
eS 


h pl a= = 
D (2) = D(e+2n) = SPE"), 02 <a, 


where T is the time period; w=27/T; his resonance wave number corresponding to fre- 
quency « p-l is the effective radius of action of the repulsive forces, its value being close to 
pix~n,— (cis the velocity of light, 1 =cT, bis the beam radius, vo is the mean 
electron velocity during a period); S is the effective cross section of the electron beam* 

With t =t(z,to)[t(0,to) =tg] as the solution of (1), we may make the following change under the 
integral signs in (3a) . 


7 (2, t) dt (z, to) > 7 (0, to) ato, (4a) 


whereupon (1) and (3a) form a closed system of equations in the Lagrange variables z,ty. The 
current j(0,tg) entering the device is considered known. Formula (4a) is equivalent to the 
equation of continuity (2). 


*More rigorous formulas for calculation of p and S are given in reference [6]; formulas 
for calculation of Ro are givwn in reference [5]. 
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In the case of a process which is strictly periodic in space, for E, Ey, we may derive 
formulas* 
L 
j d : 
E, =Rek (tye, (+ ow) E(t) =iRy |Z (zne™, (3b) 


t? 
0 


& 


1B = = \ dz’ p(z2', t) D(yz— 2), 
similar to (3a). Here L is the spatial period: y = 27/L: w is the natural frequency of the A. 
resonance wave, corresponding to the wave number y; p~!~Tb/L. With Ze 2 Zo) (z(0, 29) = 20) 
as the solution of (1), in the righthand sides of (3b) we may make the following change 
[equivalent to the solution of (2)]. 


p(z, t)dz(t, 2) —>p(Z, 0) dz," * (4b) 


whereupon the system of (1) and (3b) is closed if the initial density 0(z, 0) is known. 

Let us now discuss the first integrals of motion contained in (1) for processes which are 
strictly periodic in time and for processes which are strictly periodic in space. Multi- 
plying (1) first by j(z,t) and then by e(z,t), assuming Eo = 0 and integrating (1) for the' 
period T for processes which are periodic in time, we obtain 

D 


\4 Gs Dir ($)" 49 (") A? (2) 
ee \0 ia WI 


= const, 


saan) ALD) (5) \\au aie eee) 2s Get) D! (al ors 


9 0 


@ 2\ A? (2) | B’ (z) P j 
le se It nae 3 FoR, | = const, (Sa) 


E (2) = A(z) e(2), 


D, (2) = Dy («+2n) = eee Oca< Qn. 

The equalities in (5a) have more than once been derived in various approximations in 
the literature and their physical meaning is known. In the absence of a resonance wave 
[A(z) = E(z) = 0]they describe the movement of electrons in the self-consistent field of 
repulsive forces. The first and second equalities of (5a) show in this case that the mean 
flux of kinetic energy of electrons per period remains constant and that the energy of the 
field of repulsive forces rises simultaneously with the flux of the alternating component of 
the electron impulse. This indicates that the swing in the beam of oscillations of finite in- 
tensity is the result of natural separation of the beam electrons into two groups, one of 
which is retarded by the total repulsive field and the other is accelerated. A character- 
istic feature of such separation of the beam is the conservation of the mean electron current 
per period [see (2)] and of the flux of their kinetic energy [see the first equality in (5a)]. 


ai 

; T HE 

(a) = \ pl (2, Ly iconst, 
0 
7 


T b, (6a) 
] (2, t) a = \ aw I (2, t) (3) = const. 


*In the derivation of (3b) for E || the following assumptions were made: unidimensionality 
of the process, strict periodicity of all quantities in z, omission of terms ~ c-2. For pre- 
cise calculation of p in (3b) all formulas and numerical results presented in reference [6] 
are suitable if og! therein is replaced by y. 
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The appearance of the resonance wave [see first equality in (5a)] leads to systematic 
retardation (or acceleration) of all electrons of the beam, which is accompanied by systema- 
tic decrease (or increase) in flux of kinetic energy of the electrons and an equal increase 
(or decrease) in flux of energy of the resonance wave. 
fe os processes which are periodic in space, instead of (5a), we obtain the equalities 

0 = 


"dz p (2, t) dz , ap A? (t) << = A(t) ew) 
LE yg the a sconst, (2) =A) ; 


dz p(z, Ll) m (ay ! \\ aay & (2, = (2’, ¢) D, (yz — 2’) (Sb) 


Lis T ee 2 \ot 


| 
: : 


0 
ad? 2\ A? (t) | B’ (t) ‘| =. 
— (z JL) ) WR, 3 TR const, 


which are quite similar to those of (5a) and have the same physical meaning. With A(t)=0 

it follows from these equalities that the mean electron current is conserved and that the 
energy of the repulsive field may increase only due to a decrease in the mean electron 
energy per period. Here, as in the case of processes which are periodic in time, swinging 
of oscillations of finite amplitude is the consequence of division of the initial beam into two 
groups of electrons moving in opposite phase. However, the existence of a direct transi- 
tion of the kinetic energy of electrons into the energy of the repulsive field appears to attest 
to the excitation within spatially periodic systems of space-charge waves. The mean 
current [see the first equality in (5b)] and mean charge density [see (2)] remain constant 

in the presence of spatially periodic oscillations of electrons in the repulsive field: 


L 
: ee 
T(z, i) = \Z7 (z, t) = const, leat) = a (z, t) = const. (6:b) 
0 
The resonance wave, as in the case of processes which are periodic in time, causes a 
systematic change in electron velocity and mean current. With £,--0 and EF, =0 
o4ge 1B = =. ae 
the quantities neat and i(e.8) a) 


2. LINEARIZATION OF EQUATIONS 


& 
are not preserved. 


Derivation of analytical solutions of (1) in our case of electron movement within the 
field of natural repulsive forces (Zo = EF, = 0) does not appear possible at this time. Hence, 
below we examine solutions of the linearized equation (1) in the limiting cases of long-wave 
and short-wave disturbances. On the assumption that the modulation parameters are small, 
let us linearize (1). In operator form this is equivalent to the conditions 


7) 


Gy) 


Then, using (2) and the expression for current j =v, instead of (1) we obtain 

(+ + Vo i Ko) vd sr + Uo za) p(Z,t) = po — ii nie (7) 
Here vg =Vo (Z,t), Pg Po0(z,t) are certain zero-th approximations of v(z,t), P(z,t) around 
which (1) is linearized. In the general case, by v, and Py we must understand a certain 
traveling wave or superposition of traveling waves. It is easily seen that in the case of a 
traveling wave, when the unique argument of Po Vo is the combination yz - wz by linear 
transformation of variables z,t we may reduce Pg, Vv, to a function of only one variable t' 
to z'. Then equations (7) and (3) will yield (in the moving coordinate system of coordinates ) 
solution of the problem with given boundary values [0, = P(t"), Vg =v (t')] or with given 
initial values (09 Po (Z")sVq = Volz"), respectively. It is not difficult to see that by virtue 
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of the approximate character of equation (7) these solutions will be valid only within the 
limits of a narrow interval of the oz axis or the ot axis adjacent (in the moving coordinate 
system) to the point of application of the given boundary or initial values, respectively* 

Using the proximity of the required solution of (7) to an absolute constant (weak modu- 
lation), we may consider Pg, vg to be the function of a single variable (t or z) as well as 
directly in a laboratory system of coordinates. From the mathematical point of view this 
is equivalent to a certain transposition of terms of the first (relative to the modulation 
parameter) order of smallness between the solution of (7) and its zero-th approximation, 
while from the physical point of view such an approach permits investigation of the in- 
fluence of a given modulation in a certain plane z = 0 or a given time t = 0 on beam stability. 
Since the second approach to solution of (7) leads to simpler expressions and proves appli- 
cable both in the case of solution of (7) in the vicinity of a single traveling wave and in the 
case of solution close to any superposition of traveling waves, below we shall consider 
PoVy as functions only of tor z. However, it must be kept in mind that the resulting solu- 
tions are suitable for different space-time regions. 

Even with these simplifying assumptions Equation (7) does not have a simple solution 
in view of the integral nature of the /, field [see (3)]. Further simplification of (7) may be 
achieved in the limiting cases of strong ( p ~~) and weak (p ~ 0) shielding of the space- 
charge field generated by a given cross section of the electron beam. The case p~® 
corresponds to thin beams or long-wave perturbations( b<h 2 bee L) With series expan- 
sion of /,in powers of p™ we obtain by approximation’ f 


AGG WONG, °t) 


Ey raz Spo? at hs (Z, t) = J (Z, t+ 1h). (8a) 
: 4 Op (2, 
E\ = ee : : z » P(z, 4) =p(2+L, t). (8b) 


The case p > 0 corresponds to wide beams or short-wave disturbances o> 7 ieee b>L). 
Expansion in powers of p yields by approximation i 


OE aS 
da ee 
OE es 
eS ee ae (9) 


qiney in(9) must be performed for the period T(L) if the process is periodic in time 
in space). 

Above we have seen that conservation of the mean values of current per period and 
density per period is possible only with strict periodicity of processes in time or in space. 
Hence the second terms of equalities (9), which do not lead to complications in the case of 
strictly periodic processes, may give rise to a self-maintaining branch of oscillations with 
intrinsic regions of instability in the case of nonperiodic (or almost nonperiodic) processes. 


3. LONG-WAVE DISTURBANCES 


In this case, inserting, for example, (8b) into (7) and eliminating therefrom p(z,t) by 
means of (2), we obtain for j(z,t) a second-order partial differential equation of the 


*This circumstance may be explained by the following rough evaluation. Exact solution of 
Equations (1), (2), [(3a) or (3b)] is given by the functions v=v(z,t), 0=0(z,t) defined over the 
entire plane z,t. In the process of linearizationwe distinguish in plane z,t a certain line 
z=z(t) at which the function v[zo(t), t] = volzo(t), tlo[zo(t)]=Po[zo(t), t] is considered known 
and Equations (1)-(3) undergo series expansion in powers of the quantities Av =v-vo, 
Ap=p- Py, which we consider to be small. The resulting linearized equations yield 
solutions which are approximately accurate only in the vicinity of the fixed line z =z (t). 
In practice such a line is usually represented by the time axis (the problem with boundary 
values vg, Po» given in z=zg=const) or the coordinate axis(the problem with initial values of 
values of Vg?o given at the moment t=to=const). 
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the hyperbolic type. In the space of characteristics it is described as follows: 


(ih = ; : a 7 
axay Po (2) 7 (2, t)-—7 (2, t) syay Po (2) = 0; (10) 


where variables X, Y are associated with z,t by the equalities 


X =t—\ GL 
: % (2) ee) ; 
0 4% \4 1p 
= C dz 2 __ 4mepo (2) 
ye \ ae t, Wo(z) = — 5. (11) 
0 Mel =~ 


Equation (10) is solved by the Riemann method (e.g., see reference [7]). In the first approx- 
imation relative to the modulation parameter its solution is 


. — To (22) + Jo(41) , B® @o0 Po (22) — po (44) | + YP Vo (22) — 2% (41) 12 

where RAD 2 T TEP pp 2 100 op 2 , 4) 
2 SIREN: sa, dz ( dz Lope 
®o0 = z) > Joo = Jo (z) ’ \ @p (2) \ @o (2) ’ 


Zea VeiZ) 


7p % (2) +a 


Z, 9 are easily calculated in the first approximation relative to the modulation parameter. 
In this approximation the Riemann function is 

F(X, Y5 8 ) = po (2(X + Y)) po" (2 (E-++1)) Po!" (2 (E+Y)) py (2 (X-+ 1). 
For the time-periodic process, solution of (7) is similarly found and proves to be 


__ Po (tx) + po (tz) , — p® 00 Jo (t1) — Jo (ta) 
PI Zaet) i— 5 aie Bo peer 5 
Poo Yo (t1) — Vo (t2) 
®00%o00 d 


(13) 


where 


Le t 
03 (o); | OS = Vo (t) dt __ 


——T ——~T 
Poo = Po(t) 5 Yoo = Y(t) 3 Oo = Mo (E) 5 ae @ (t) 
OME pay OE Fae 
If we now express (12) and (13) as Fourier integrals in terms of t and z, respectively, 

we easily see that all the natural frequencies of (12) and the natural wave numbers of (13) 
are real and that the solutions of (12) and (13) belong to the class of steady-state solutions. 
However, when p ~~ the last term of these solutions increases linearly with p. Presenting 
Vo,» Pg in the form 


U =o (1 + a608Q), Py = Po (1 + B cos (Q + @)), (14) 
Q= yz for spatially periodic processes and Q= wt for time-periodic process, we find 
that each of the terms of (12) and (13) is of the nature of an amplitude-modulated signal 
with a beat period 
pee ae mite 
At = aa! Nui Wog 200 
respectively. Hence it follows that the amplitude of long-wave modulation in the beam is 
determined by the velocity-modulation percentage and by the beat period and that it is always 
finite. 
4, SHORT-WAVE DISTURBANCES 
This case has often been discussed in the literature (e.g., see references [1-4]) and 


reduces to solution of the system of (7) and (9), which, by eliminating j(z,t) or (z,t) from 
(7) and omitting the squared (modulation parameter) terms, may be represented in the form 


527 


of one of the following second-order equations: 


im) AON ea __ __ 4mepy pe 7 eG ; 

\ dz ar ros a a) se nus've Te baat E (133) 
0 a\2 4 ay TG 

(57 + 0 5;) Pt) = —- Teele (2,2) — 0 (2, OI (sy) 


References [1-4] investigate the conditions of appearance of instability due to a periodic 
external force acting at point z = 0. For this purpose these studies use Equation (15a) with 
the z-dependent periodic coefficients. Its solution is sought in the form of a time-periodic 
function. 

Such a statement of the problem is erroneous. Equations (15) with z-dependent coef- 
ficients are obtained by linearization of (1) around the initial values of e and v and yield a 
linear approximation which is valid only for a sufficiently\small interval of time. The 
strictly time-periodic solution of (1) is obtained with t > *, when we may completely dis- 
regard the influence of initial distribution. Hence, the natural wave numbers in references 
[1-4] are known to be derived in the presence of spreading of local discontinuities (caused 
by an external force) in an electron beam with initial periodic distribution of electrons in 
length, but these numbers have no direct relation to the decrements in the buildup of 
periodic disturbances close to the boundary values of ¢,Vv. 

A second shortcoming of the work in references [1-4] is the fact that solution of (15a) 
is sought by expansion of the Fourier integral of j(z,t) in terms of variable t. In addition, 
for j(z, Ww) the Hill equation is obtained with wdependent coefficients. Since j(z,t) is repre- 
sented in this case by a contour integral j(z,w)eilwt inthe complex plane, but the literature 
contains no information concerning the analytical aspects and specific features of solutions 
of the Hill equation with arbitrary complex coefficients, calculation of this integral by any 
reasonable method and derivation of an explicit expression for j(z,t) are not possible. 

In order to avoid these difficulties the equations in (15) are best solved directly by 
describing them in the characteristic space. Then, using (15a) and (15b) for description of 
time-periodic and space-periodic processes, respectively, we obtain instead of (15) ordi- 
nary second-order differential equations with periodic coefficients. Schematic representa- 
tion of these equations is given in the form 


co 


d” = ‘ 
Fe ey (x)| UGE) = 0), SG) » Aimy (C8 (2 | m|T— Em), (16) 


where 


ve te ty + 21 / (0) 
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YS] ss I ue N= 55 Glo We Te ae ae 
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in the case of Equation| (15a) and 


ED 
y=P—p; w= Wy (+ a1) (dt = alin feb 


anaes 
A6nepo (2 (FF ) (17b) 


mS ({9)" 


( dz 
\ aes ea Ae 
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in the case of equation (15b). 

According to general theory, with 99 in the vicinity of the squares of integers (69 = N?) 
the solutions of Equation (16) are unstable and contain exponential coefficients exp[+ talks 
Width of the region of instability of N-th resonance (i.e., the range of values of [Ao - N2 | 
within which Ly is real) and the values of uy prove to be quantities ae which, in turn, are 
proportional to aN, BN [see (14), (16), (17)].Calculation of these for N > 1 is meaningless 
for the entire calculation is performed with accuracy only up to effects of the first , 
order of smallness. For N =1 
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It is seen from (18) that uj has its maximum value with 69 =1. By means of formulas (17) 
we may write the explicit expressions of 69, 61 for time-periodic processes (see(14)): 


/ 


A, = Say + 4a? — 4a8 cos @, (19a 


and space-periodic processes: 


2 
On = (2) hes =o 


Too 


(19b 


The first singularity of formulas (19) lies in the fact that in the case of time-periodic 
processes theoccurrenceof instability is determined by the external-force parameter w, 
while in the case of space-periodic processes it is determined by the initial-distribution 
parameter y. In this connection it is of interest to point out that in real beams, along with 
the fundamental oscillations with period T and L, there also exist all harmonics Ty = 


ab 
a9 (wn=nw), Ly = Om =ny). Since the decrement in the buildup of oN is maximum for 


N =1, for the condition (2uy9/w )2 1 or (2w 00 / vo0)* ~1 it is evident that the n-th 
harmonic will increase and not the fundamental. 

Another distinctive feature of formulas (19) lies in the fact that the decrement in buildup 
of time-periodic processes depends both on the density modulation percentage and on the 
velocity modulation percentage, whereas the decrement in buildup of space-periodic proc- 
esses is determined only by the density modulation percentage. 

It is of considerable interest to calculate yj, in the case where the preliminary modulatio 
is close to one of the natural waves of the electron stream and the quantities vo, Pog, 3 &, 
B, y, P are all associated by the initial equations (1)-(3). Assuming in (14) that Q= yz - wt 
and inserting (14) into (1)-(3), with an accuracy of the first order of smallness we find 


“YD (FF ; | ™m 2) 
Punt; B = 0 ae V4 “le pe ®O = Loo i V0 ae ( 
0 


Vier 


It it is considered that in the case under discussion p > 0 and 9 ~1, then it develops 
that for the time-periodic process the maximum decrement in buildup (99 =1) of a fast wave 
(m =1)is uw 1 = 50/4 and is five times greater than the decrement in buildup of a slow wave if 
their velocity modulation parameters are identical. If their density modulation parameters 
are identical, then the maximum decrement in buildup of the fast wave is u, = 58/12 and is 
only 1.66 time greater than the decrement in buildup of the slow wave. 

In the case of space-periodic processes the maximum decrement in buildup of the fast 
wave is equal to the decrement in buildup of the slow wave if their density modulation param - 
eters are identical, and is three times greater than the baximum decrement in buildup 
of the slow wave (uj =@/4) in the case of identical velocity modulation. 

Comparison of formulas (18), (19a), (19b) with similar results in references [1-4] is 
best achieved with the example of reference [2]. Formula (21) in reference [2] yields for 
the decrement of spatial buildup our expression (18) with the following values of coefficients 
9 and 9, (given in reference [2] as cg and c}) 


Davee 
Oy - (=), @, = a(3--0,). 


Too 


(19c) 


Reference [2] examines the case of jo(z) = const (i.e., ~=8, 9=7). From formulas (19) 
it is seen that the regions of swing derived in reference [2] for time-periodic oscillations 
generated by a time-periodic external force applied at moment t = 0 (when the beam has a 
spatially periodic structure) are determined by parameter y and coincide with the regions 
of instability of the spatially periodic stream which exist also in the absence of an external 
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force and have nothing in common with the regions of instability of the time-periodic beam 
which are determined by the external-force parameter w. The numerical values of My 
obtained from formulas (18) and (19c) also do not coincide with the values of 1, defined in 
(18), (19a), (19b). : 

Hence, it follows that the type of instability investigated in references [1-4] is not at- 
tained with strict spatial or temporal periodicity of oscillations of electrons in the beam, 
as might have been assumed at the very outset. The general solution of Equation (16) has 
the form 
Wa) vy (Co) 4a (D4 (ya (Ha) Ya (6) — yn (0) 40 (Uo) 1) 
Yt (To) Yo (To) — Y2 (To) Yy (To) | > Ya (To) Ya (To) — Yo (To) 4 (To) 


y(t) = y (%) 


where Tg = Wt/2voq in the case of (17a) and Tg = W92/2 in the case of (17b). The partial 
solutions of yj _9(T) are conveniently presented in the form of series in powers of small 
parameters a@,B. Since y(T), y'(To) are quantities of the first order of approximation|[ see (17a) 
(17b)] , for y},(T) it is necessary to take the zero-th approximation in powers of &, Bs it 

may be shown that with |V@9 -m | >> 6,;,+ m=0, 1, 2, ... the zero-th approximation of 
steady-state partial solutions of (16) within the region of absolute convergence defined by 

the inequality* 


Q 2N +2+N(N—V) , 2N—2—N(N—V®y) 
hee (N + 2) (V8 + 1) (N — 2) (WV —1) 
Lee N — 2,5 
w N=B81 | 5 9 (68 oat (22) 
are 
yi, =sinVO5t, y2 = cos VOyr. (23) 
The corresponding solutions of (16) have the form 
rm tales aot 2 ae) sin an (24a) 
4 7 - % 7 00 ‘ 00 
J (2, t)—Joo = [io (t =) joo Oe Tee + Poo of? PAG? 
P (2, £) — Pog = [Po (2 — Yoot) — Pog] COS Moat — Pao _ rs es (24b) 


®oo 


for time-periodic processes (24a) and space-periodic processes (24b), 

Keeping in mind that in the first approximation of the transient solution it is necessary 
to consider et 17 = 1 it may be shown that it coincides in accuracy with (24) if we consider 
in (24) the equality 09 =1. 

Formula (24a) is derived on the same assumptions as (22) (reference [8]) and in principle 
has the same area of applicability. However, in inserting (24a) into (1), obtaining the approxi- 
mate solution and comparing the result 


patel £ | osin @to+ — (Oty + = (1 mings oa tee - COs wtp sin a (25) 
with (22) [8], we find that (25a) does not coincide with (22) [8] within the first order of small- 
ness. This deviation is apparently due to the fact that in deriving basic equation (18) in 
reference [8] there is made a change in v2 ~ Voo which has unverifiable results. 


5. VALIDITY OF EULER EQUATIONS 


Basic linearized equation (7) is written in the Euler form and is applicable to those space- 
time regions where the velocity field is single-valued, continuous and differentiable. Since 
these conditions are disturbed as the electrons overtake one another, the Euler equations 
must be considered valid only in absence of such behavior. Formula (25) permits evalua- 
tion of the region of variation in parameters within the limits of which the overtaking may 


ee const 
*In order of magnitude, condition (22) is equivalent to a, R < V5 
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be disregarded. 

The effect of overtaking consists in the fact [e.g., see (25)] that to one t,z there cor- 
respond several values of to. Hence the values of z at which overtaking occurs may be 
found from the equation 


at (2,4) __ ¢ (26) 
Ot 


in the case of time-periodic processes. Choosing t, so that the root of (26) is minimum, we 
obtain the point of the first overtake. With the requirement that the characteristic range of 
solution of (24a) which are equal to 2TV ¢9/ lw +W 0, do not exceed Zoy, we find the following 
conditions of applicability of the Euler equations: 


Wo0 > AW; Woo < AO, 


v ae) 21 v, 
— — arc sin —” > & (27a 
Woo @ 


p ve SELON 
ei | @ + @oo0 | 


OV 


in the case of time-periodic processes. With Uo > &w Equation (26) has no solution (that 
is, overtaking is absent). 

By repeating the reasoning given above we may show that space-periodic processes 
are described by the Euler equations upon fulfilment of the conditions 


Woo > &1%00; Moo < AO, 


{ f 2m 
loy = om arc sin 28 : (271 


i) 
= Gy%» > [o + aol” 


It is seen from (27) that oscillations without overtaking occur only in sufficiently dense 
electron beams. With small density the overtaking may be disregarded only with sufficiently 
low velocity modulation [in order of magnitude the second inequalities in (27a) and (27b) are 
equivalent to ~> 1/27]. In the literature on klystron theory (8 = 0) expressions have alread: 
been derived for zoy. It is of interest to note that density modulation of the beam causes 
a shift of the first point of overtaking by only an infinitesimally small magnitude of the first 
order. 

In the case of transient oscillations the criterion of applicability of the Euler equations 
does not have the form of (27). However, its Walid derivation requires the solution of non- 
linear equations taking into account effects of the second order of smallness. 
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ON A THEORY 
OF DIODE MICROWAVE OSCILLATORS 


vV.A. Malyshev 


Within the framework of kinematic approximation the report presents a theory of diode 
microwave oscillators and an analysis of their operation. A comparison of diode oscillators 
and reflex klystrons is made on the basis of their output parameters. 


1. INTRODUCTION. ELECTRON ADMITTANCE 


Information contained in the literature on the theory of diode oscillators (references 
[1,2,3,4]) is limited to a study of the physics of processes in the diode and devotes little 
attention to the specific features of operation of such devices and design calculations. 

Discussion of these problems is now occasioned by the definite interest in diode-type oscil- 
lators, particularly in the oscillator with retarding field [5,6,7]. 

The present report presents an attempt to analyze the operation of diode oscillators in 
small-amplitude approximation disregarding the influence of space charge on bunching pro- 
cesses. 

The equation of motion of the electron entering the bunching space, in which there acts 
constant (Eg) and alternating electric field, 


ety Ey + Jf; sin wt © 
& 
with the initial conditions t =T, x =0, x=vg =. V2 — U, has the solution 
S E 21 ° ef, ae ee = ; 
oe ie =e (U1) EP Oe (t 0) + = 5 [@ (t —t) cos or — sin wt + sin oT]. (2) 


The first term to the right in (2) may be expressed as (t - T)v, where the mean velocity for 
the case of motion to complete cessation in the retarding field is V =vg/2 and for the case of 


accelerated motion is 
v (oan 
S14 VF), (3) 


Where, Ug and Ug are the potentials of the electrodes forming the bunching space. From 
expression (2) we may obtain 


v= 


Po = 9 — PA sin (p — p — 9), (4) 
where 
@ = w(t — Tt); 0, ee p= Or — Ey 
v MOV 
AN ee VA Gy eae 2 yr has ok Wn a 
A=) (g—sin 9)? + (1 — cos @)?; Si ea, 


In order to determine the current at the point with corrdinate x : i = Ijd- a it is necessary 


to find the dependence = f(g, ). This dependence may be determined from (4) in the case 
of small-signal approximation, when uy < 1. In addition, in the expression for A we may, 
without significant error, insert Yo instead of ©. Moreover, angle 9 varies with a change 
in 9, so that in the expression for 8 we may also replace © with Py (it may be shown that in 
the more interesting sectors of change 27 < ¢~ < 37 the angle 6 varies by less than 7% of 
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the change in). After such substitutions expression (4) acquires the form of the Kepler 
equation for ~, the solution of which will be (reference [8]) 


© = Po ar 
co 9 = 
+2 Jn (mp) sin [nr (p, - 1p — 9)| ° 
n=) 
whence for the current we obtain the relationship 
se (e,) 
i=I,{1+2), J, (mpA) x ot a 
n=1 
(6) 404 
% sin| - Ln (p—@g 0), 003 
from which it is easy to find the first harmonic of 402 
current. 
It must be mentioned that formula (6) may also be am 
arrived at by series expansion of ~ in expression (4) “ 


in powers of uw with subsequent determination of the a 
current in the form of a Fourier series (references : 
[2,3,4]). Figure 1 

The power of interaction of the stream with the field (P), associated with the electron 
admittance of the interaction sector (Ye) by the relationship 2P = veue (where U is the ampli 
tude of voltage at the electrodes: U = E jd) may be found from the expression 


= Se 


l 
P= + \ik‘ds = 2 \ ikdg,. 7 
0 0 
Moreover, for Y, we obtain the formula 
Ey ae 
Yo= ate *\ Jy (udyei%) dg,, (¢ 


0 


wherein A =Vp2+ q2 , tg@=p/q, p= o- sin Gp, q =1- cos %p. Exact evaluation of the inte 
gral in (8) does not seem possible. Hence, by expanding the Bessel function into a series an 
limiting ourselves to two terms of the series, we may obtain 


Po 


a 7 is - \ (p? +.) UF (Po) + 74 (Po) dep, 
0 


where | 
4) 2 Go gt), fa (@o) 4 : 
ae: {[ (Go) d9o| a \ h (0) de| } a anon * 
: i Ft (®o) €Po 


0 
I (Po) = COS Po — 1 + Po SiD Po; 
A (Go) = Po COS Py — SIN Py. 


For evaluation of the integral in expression (9) let us use the mean value theorem and 
carry p2 + q2 beyond the integral sign, taking the value of 9 in this quantity equal to the 
mean 0 (the relation between $9 and Go _ will be found later). Then we obtain 
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where X = UWA and A =V>3 4 q2 >» the lines above p,q and A indicating averaging. The _ 
Bessel function appeared: in expression (10) due to replacement of the two terms representing 
the terms of its series expansion. It may be shown that if in obtaining (9) from (8) the 
Bessel function had been replaced by a large number of terms of expansion, all these terms 
in the described process of averaging would have appeared in expression (10), resulting in 
a series representing the Bessel function. 

After integration and substitution, the final expression for Ye has the form 


Vea s X) p-5b+a), (11) 
where 


Ig 
Gy = TB N (Go): 


: A 
X= SE M(@) == 
2U Bs Po 
WA ces + Po 3a Po 
T ea a . ee eis 
N (Po) al @o Qo COs 2 P 6 Oo; BIOGAS 
ps 


wherein the quantities B, Bo and q for different types of oscillators have the values; B=Bg=1, 
(9 =wd/vg for oscillators of the monotron type, in which the constant field is lacking in the 
bunching space; B = By = (YU0 + VU9) /2VUQ , 9 = 2wdVUp/vo(vUg + VU2) for oscillators 
with accelerating field in the bunching space; in the case where this region begins at the 
cathode: B = Bo = 1/2, 9 = wd ey, (Wherein in expressions (11), instead of Ug, it is 
necessary to write Ug throughout); the above consideration is valid in this case only on the 
condition of diode operation at saturation. Finally, for the case of the retarding field 


Br J Uy — U2 Ke 4@dU 9 
fe Tol =2°= a7, ge die 59 miele ON 


Oscillation occurs in regions where N@p)/cos 6>0, and since cos 6 =-sin £0, then the con- 
dition for possibility of oscillation may be represented as 


e 1 | sing, Sue Se ; 0 
F (@o) = N (po) cos 8 = 5 7s ae > 9%. (11a) 
> 


A plot of the relationship N@o) cos 6 = F@9) for the first two zones of oscillation is 
given in Figure 1. It follows therefrom that oscillation is possible with 2T<o< 2. 867, 
47 <Oo< LM PAIIGOG C 

Within these limits of change in p the result of the above averaging must yield minimum 
error. This permits choice of the relationship between quantities @o and Qo. As the result 
of this choice, \g = for the first and second zones of oscillation. It may be shown that in 
this case the function M(@) is defined by the formula 


M (9) =! + (Leos 9 -— Pp SID Po)- (12) 
0 
Due to the fact that in averaging the quantity p2 + q@ for various functions of f(€o) and A (0) 
one and the same Value of (9 was assumed in this quantity, the results of such averaging 
may show significant errors. In order to evaluate the latter, we may calculate the right- 
hand side of expression(9) more precisely, limiting the Bessel function expansion to two 
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terms of the series (which is sufficiently valid with u A < 3). In this case 


QoL 3— 
ree Sanaa 2 [Xe — X}(acosy + jbsiny)] = 


_2@L_,i(G +9) (x #8) 1 — aX? 
oUdA ve 2 x % 


xe (13 
x PAD eee 
< + 2(a 2 sin? 
) d— aXp osin? y, 


Yo 
\ (2? + 9?) Fo) 4qo 
— ; 


Po 
22 M? (po) J F (Po) 4%o 
0 


where 


Yo 


J (2? + 42) A (Go) dq 
0 


, 


Po 
2G M? (Po) J > (Po) 4 
0 


2 


Pye eel 
SUES c 


tey- (18b 


3 
Using the two terms of the series expansion of binomials and substituting Xo ou = 
~J1(X), we may obtain from (13) and (13b) the expressions 


= 26, 2G) Hitt (0,5) XP= 0,5aX%] {1 + (a—6) x 
x (N05 (0+ 0) 3-ha (a+ 2) £4 ein $), . 


3m 
6=—- + aretg {(1+ (a — b) X¢ — abX3] te-St, (14a 


where, after integration and substitution, 


( we) (% SNe 3 . 
4g% sin Po + Po (4— or) COS Po — Po \3+ 3 7 —7/sin 290 + 5 Po COS 2py 

== SS DL LLL LLU cin 1 ono. © ’ 
hits 2q2 M? (qo) [2 sin Go — Fo (1 + 008 G)] 


(14h 
% 3 19 3 
po (2 — 6) sin Go + 4 (G5 — 1) Cos Po + Sin? Po + (> — eos 2qo + | — FPosin 2Go 
ows 2q2.M? (Po) [2 (cos Po — 1) + Po Sin Po] 
From expressions (14) and (14a) it is evident that the more accurate initial relationship 


(11), the less quantities a and b differ from one another and from the value 0.5, and also th 
smaller the values of Xp and singO_. Curves for the functions a(@g) and b (po), plotted 


for the first and second zones of éscillation, are given in Figure 2. It follows from them 
that at that edge of each zone of oscillation, which corresponds small (, the quantities 
a and b differ substantially from one another, whereupon a differs but little from 0.5. As 
follows from (14a), this will yield a definite error in determining the 6 from formulas (11) 
but almost no error in determining Y, from (11), since in expression (14) the factor of 


sin” go at this edge of the zone is close to zero. If at the center of the zone of oscillation 
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X <2, then the maximum content in (14a) of 
terms containing powers of Xq will be less 
than 30%. At the edges of the zones of oscilla- 
tion the error resulting from use of the approx- 
imate expressions in (11) decreases in con- 
junction with the decrease in 2Xg =X. Further 
analysis will be performed on the basis of 

the relationships in (11). 


2. ANALYSIS OF OPERATION OF OSCIL- 
LATORS. COMPARISON WITH REFLEX 
KLYSTRON 


Assuming that the oscillatory system is 
formed by the parallel connection of elements 
Gy G, C and H (wherein Gy is the inductance 
of a matched load and G is determined by the 
losses in the resonator), we may obtain the 
following relationships characterizing oper- 
ation of the oscillator: 


Byte Sate 2G,UG NBs aX 2G)cos8 __——2LoF (qo) (15) 
Ls 2° M®(q) ? Ji(X) = G,+G UB? (G, + G)’ 
2AoC = —(Gut+G)tgd=(Gu+G)otgB;  - (16) 


A® = © — @} ob =e. 
xX 
Using the expressions in (15) and the plot of function X2 =f Ee val [9], we may find 
the dependence of effective power (Py) on angle ~9 and thus plot the "zone of oscillation" 
of the device. Maximum power will occur at the center of the zone, where (op = 7.55 for 
the first zone and @p = 13.9 for the second zone. The frequencies generated at the centers 


of the zones (wc) will differ from the resonant frequency of the oscillatory system by the 
quantity 


0.675009 i 0.606@ 
A@e: = Oe — Oy = (ome Ocal ome (17) 


H 


where Qy = WoC/(Gy+ G) is the Q of the loaded resonator, wherein Aw e1 ‘refers to the 
first zone and Aw go to the second. 

Since the phase (6) of electron admittance is equal to zero when ~0 = 37, 77,..., that 
is, outside the zone of oscillation, the diode oscillators cannot belong to the class of os- 
cillators discussed in reference. [10] 

It follows from (15) that the starting current of the oscillator is defined by the expres- 
sion 

UoB?@C 
Ton = 0.F (®o) 9 (18) 


Using (15), we may determine from the relationship dPyy i dG, the optimum load conditions 
of the oscillator with given X: 


‘ E G CUB? G GU 0B? 
Jig (OX ee ea ee ee ee 
o(X) Gicosé 7 Ter (qo)? “2 (4) Gocos6 ~— LoF (po) ° em) 
It follows from (15) that efficiency of the oscillator is defined by the expression 
Pe 2G,,F (@o) B2X? 
"Ty GoM? ay B2 cond (20) 
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Using (19) it is not difficult to reduce this relationship to the form 


2ToF® (po) BE : 
"a = GUSBEM (gq) © /2(X) J0(X). (ep) 


With X = 1.84 (when Gy = G) the function X2jo(X)I o(X) has a maximum (reference [3]) of 
0.338; hence, the maximum efficiency is defined by the expression 


I) [4F? (q,) B? 
(x)m = 0,169 a aaa | (22) 
It follows from (22) that with constant I9/GU 9 ina monotron (7 4) Will be 1/32 of that 
in a diode with retarding field [since the monotron BA /B* = 1 and not 32U3 /(U o-U2)°1. The 
maximum value of the quantity within brackets in expression (22) will be observed in the 
first zone of oscillation and is equal to 0.43 for a diode with retarding field. It may be 
shown (reference [3]) that in a reflex klystron the expression (n )m also has the form of 
(22), but instead of the factor within brackets there is f2 cos” 6, where 8 is the coef- 
ficients of electron interaction.Since in a reflex klystron usually 6% ~0.8, it follows that 
("Hm in reflex klystrons is approximately 1.8 times greater than in diodes with retarding 
field, 
From (15) and (16) we find that the total range of electronic tuning (Aw...) in diode os- 
cillators is determined by the relationship S 
Ao, 4 ( 


Por Po2\ = Pp (K) 
@ 20, ete >) ctg 2 | anh 


(23) 


where K = Quo A UpB?w oC, where the function ~, is plotted on the condition that the quantities 
Yo; and ~02 are determined by means of the curves in Figure 1 and the relationship KF(()=1. 
Curves of the function wWp(K) for the first and second modes are presented in Figure 3. For 

the second zone of oscillation the function ~. proceeds lower than for the first zone. Thus, 
the second and all subsequent zones of oscillation are less suitable with regard to (nq)m and 

the range of electronic tuning in comparison with the first zone. From relationships (15) 

and (16) we find that the range of electronic tuning down to the half-power points (Aw1/,) 

is defined by the expression 


Ao, 4 ) © py, (Xan) 
/2 0 02)" /o 
“alt = 00, (ete P— ote 5 aoe a (24) 
rd 
wherein 01 and Pog are found from the condition 
F Si (Xm) ¥ Gon) 


where X,,, is the bunching parameter at the zone center when (9 = Yg7,- The plot of function 
vt/, &)n for the first zone is represented by the solid line in Figure 4. For a reflex klystron 


240 (k) 


20 
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where X,, is the bunching parameter at the zone center when 9 = 0z¢- The plot of function 
» tf (X)ym for the first zone is represented by the solid line in Figure 4. Fora reflex klystror 
oe 


the quantity Aw, Vs may also be determined from expression (24) but the function Py (Xm) wi 
in this case be found to be somewhat different (reference [4]). InFigure 4 the function by (8 


for a reflex klystron is represented by the dashed line. It follows from Figure 4 that in dioc 
oscillators in the first zone the range of electronic tuning to the half-power points is 30% 
greater than Awsy in reflex klystrons (it may be shown that in the second zone in diodes 


it is less than 15% greater). This is explained by shifting of the center of the zone of genera 
tion in diodes from the point 5 = 0 into the region of transit angles where tg6~-1. In this 
connection Aw ~ tg 6 will vary more effectively with a change in transit angle. This also 
explains a most important characteristic of diode oscillators, consisting in asymmetry in 
frequency change upon detuning from the zone center in different directions. Thus, with 
detuning in the direction of small values of (9 the frequency changes significantly more than 
with detuning in the other direction. This also explains the increase in sharpness of elec- 
tronic tuning ( at the zone center) in diode oscillators as defined by the relationship 


= (ae) raf oo (25) 
Cl 
in comparison with reflex klystrons, in which 


jor 
(age) 20k * (25a) 


If we consider the approximate expressions of (11) to be applicable, then, using the results 
obtained in the theory of single-cavity klystrons (reference [3]), we may show that the short- 
ened equation for amplitude of oscillations within the diode has the form 


4 dU @o [2 Jy (X) 
fe) — 1 
1.6 ’ 


O) dt 2 (26) 


3 
where 0 = Ggcos 6/(GH+G). Assuming in (26) that 2J4(X) =X - zee and using the results of 
reference [3], we may derive the requirement of establishing oscillations in the diode: 


uv 


9 \ Ws =f: 
Us —7—(o—1)t 
v= 06|1—( c t)e Qu (27) 
where U, is the amplitude in steady-state operation, determined from (15); Ur is the initial 
surge in amplitude due to fluctuation phenomena. The set-up time of oscillations in the diode 
is then determined from the expression (reference [3]) 


In (Qx(6 — 1)] + In nalts | (28) 


The influence of load on operation of diode oscillators is by nature similar to the influenc 
of load on the operation of reflex klystrons and magnetrons. However, in distinction from 
the latter, the equal-frequency lines in the load characteristics of diode oscillators can 
never be parallel to the axis of conductances and for operation at the zone center they approa 
this axis at an angle of approximately 54°, 


y= 


Qu 
@o (6 — 1) 


CONCLUSION 


The above examination of operation of diode oscillators permits us to conclude that 
diode oscillators with a retarding field do not have significant advantages over reflex klystror 
oscillators with regard to the range of electronic tuning and maximum efficiency. The incre¢g 
in sharpness of electronic tuning in the diode oscillator (1.42 times in comparison with the 
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sharpness of tuning of the reflex klystron) will lead to deterioration of stability of the gener- 
ated frequency by 1.5 times. 

The relationships derived above show that operation of diode oscillators within general 
lines is similar to operation of reflex klystrons and that all the examined types of diode 
oscillators may be investigated and calculated on one and the same principle. The output 
parameters of diodes with retarding field may be close to the values which are observed in 
reflex klystrons of similar rating. This is borne out by the data obtained on models of diode 
oscillators with retarding field (reference [7]). 


REFERENCES 


1. V.I. Kalinin, Generirovaniye detsimetrovykh i santimetrovykh voln, [Generation of 
decimeter and centimeter waves]; Svyaz'izdat, 1948. 

2. V.M. Lopukhin, Vozbuzhdeniye elektromagnitnykh kolebaniy i voln elektronnymi 
potokami, [Excitation of electromagnetic oscillations and waves by electron streams]; 
GILT TI 53e 

.D. Gvozdover, Teoriya elektronnykh priborov sverkhvysokikh chastot, [Theory of 
microwave electronic devices]; GITTL, 1956. 


(oe) 
2) 


4, V.N. Shevchik, Osnovy elektroniki SVCh, [Principles of microwave electronics]; Sov- 
etskoye Radio], 1959. 

5. K. Wilmarth, J. Moll, Proc. IRE, 1952, 40, 7, 813. 

6. J. Ebers, Proc, IRE, 1952, 40, 2, 138. 

7. C.J. Carter, W.H. Cornett, M.O. Thurston, Vide, 1956, 12, 65, 281. 

8. E. Grey, G.V. Matthews, Bessel functions and their applications in physics and mech- 
anics, IL, 1949. 

9. V.A. Malyshev, Radiotekhnika i Elektronika, 1960, 5, 10, 1603. 

10. V.A. Malyshev, Izv. vuzov MVO SSSR (Radiofizika), 1959, 2, 3, 463. 


Submitted to the editors 15 February 1960 


CALCULATION OF PERIODIC ELECTROSTATIC FIELDS 


IN TRAVELING-WAVE TUBES WITH BIFILAR HELICES 


A.L. Igritskiy 


The report presents a method of calculating electrostatic fields in systems containing 
bifilar helices and designed for periodic electrostatic focusing of solid and hollow electron 
beams in traveling-wave tubes. Calculations are performed for the field within the bifilar 
helix, the field in the annular region bounded by the conducting cylinder and the bifilar helix, 
and the field in the annular region bounded by two bifilar helices having identical and dif- 
ferent pitch. 

INTRODUCTION 


One of the most promising methods of electron beam focusing in TWT is that which em- 
ploys periodic electrostatic fields. The advantages of this method are: the absence of any 
external focusing attachments; the method does not require adjustment of the position of the 
tube within the focusing arrangement, ensuring small size and weight. Bifilar helices are 


539 


usually used for the creation of periodic fields in TWT (in which the bifilar helix simultan- 
eously performs the functions of focusing and retarding systems). In TWT with periodic 
electrostatic focusing both solid and hollow:electron beams are used. 

The subject of calculation of the periodic fields created by the bifilar helices has not ) 
been adequately discussed in the literature. Reference [1] gives a formula for potential dis- 
tribution within the bifilar helix but does not indicate how it was derived. Reference [2] pre- 
sents formulas for the potential distribution in a focusing model which consists of an assembl. 
of cylinders. Instead of discussing the helix, reference [3] deals with the plane problem. 

The present report presents a method of calculation of the electrostatic fields in systems 
containing bifilar helices and intended for the periodic electrostatic focusing of solid and 
hollow electron beams within TWT. The investigation revealed that use of the method of 
separation of Fourier variables in its usual form for calculation of the field of bifilar helices 
does not provide the desired result and that for solution of the problem it is necessary to 
transpose the independent variables. ‘ 

The ensuing discussion includes: calculation of the field within the bifilar helix, calcu- 
lation of the field in the annular region bounded by two bifilar helices having the same and 
different pitch. 


1. CALCULATION OF THE ELECTROSTATIC FIELD WITHIN A BIFILAR HELIX 


A bifilar helix is used for periodic electrostatic focusing of a solid beam of electrons 

(reference [1]). Figures la and 1b show a bifilar ribbon helix with radius r1, ribbon width 

6, and pitch L. To one ribbon of the bifilar helix there is applied a constant voltage VotVf. 

and to the other a constant voltage Vg-Vf. Ifthe space d between ribbons of the helixis narrow, the 

electric field strength in this.space may be considered constant and the potential distribution with 

r=r 1 may be taken to be approximately as shownin Figure 1c. The potential field within the helix 
must satisfy the Laplace equation, which in cylindrical coordinate 
(r,9,z) has the form 

407 OV 14 0V aw 

r Or (r ee r? dg? ane 


0. (4) 


Instead of determining the position of a point in cylindrical 

coordinates r,~,z, let us give its position in the coordinates 
2 
R=—r, 6= 72-9, Ge (2) 

Herein 6 = a Z -@=const is the geometric representation of 
a helical surface of constant pitch L, the coordinate R = const 
is a cylinder of radius R and z = const is the plane perpendi- 
cular to the helix axis. The intersection of these three sur- 
faces also defines a point in space. 

In the new variables the Laplace equation takes the form 


av 1 OW 1\0V L\20-V 2% OV 3 
ae eee { cy 
Td Fi OR? Tt ROR an as = ag? | (se 02? + 2 CLE 0. ( ) 
GT; &=T(L-d) § O=n 


In calculating the derivatives in (1) it is assumed that with 
Figure 1. a, Bifilar ribbon the new variables V depends on ¢ through @ and depends on z 
helix; b, section with prin- directly and through 0. 


cipal dimensions; c, ap- In our case the electrodes between which the voltage is 
proximate potential distri- applied are bounded by helical lines. The position of these 
bution in the plane = 0 lines is wholly defined by giving two coordinates: R = const 
with r =r). and 6 =const. Thus the boundary conditions do not depend 


on the coordinate z. On this basis we shall be concerned with 
solution of the Laplace equation of V(R,@) without dependence on z. For this case equation 
(3) may be rewritten in the form 


aV(R, 9) , 1 a(R, 6) . 1\0V (r, 0 
BRIT Sing ape ee a ra aE =a) (4) 
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Using Laplace equation (4), let us determine the potential distribution for the bifilar 
helix shown in Figure 1b. To one of the helices there is applied a focusing potential -V¢ and 
to the other +Vs. Exactly midway between the two helices there is a zero equipotential line 
which is also a helical line. Let us choose the position of the coordinate system (r,9, z) 
relative to the bifilar helix so that the zero equipotential line V = 0 passes through the point 
with coordinates r=r j, ©=0andz=0. Then in the new coordinates, in accordance with 
(2), we may write the following boundary condition: 


: 2 . 
with R=R= Fr @=0, V=0. (5) 
Equation (4) is solved by the method of separation of Fourier variables (reference [4]). 


We shall seek the solution of this equation in the form of the product of two functions u and 
w, one of which depends only on R and the other only on 80: 


V (R, 0) =u(R)w (8). (6) 


é Inserting this value of V(R, @) into the Laplace Equation (4) and separating variables, we 
obtain 


it d*u Sewell 1 du 
udk? ' u RdR = 1 d*w (7) 
1 w df? 
1+ Re 


at Vo = 9, (8) 
aul, Adu 1 i 
reat og a Mt te) = 9 (9) 


where v2 = const. Since the electric field varies periodically in the focusing arrangement, 
it is convenient to take v2 > 0. Solving Equations (8) and (9) for functions w and u, we ob- 
tain the expressions 
w= A, cos v0 + B, sin v0, (10) 
u = CI, (vR) + D,K, (vi). (11) 


Here I,(VR, Ky,(VK) are modified Bessel functions of the first and second kind, respectively, 
of order v (reference [5}). 


In accordance with (6), the potential is (12) 
Vu (2, 9) = (A, cos v0 + By sin v6) [(CyZ, (VR) + D,K, (vR)). 


Since the potential is finite at the axis of symmetry of the system, the solution of (12) 
must not contain the function K,,, which with r = 0 becomes infinite. Inserting into (12) 
boundary condition (5), we obtain A, =0. Thus, Equation (12) may be presented in the form 


V,(R, 0) = By, (vR) sin v0. (13) 
For coordinate @ the periodic field must have a period 27. Proceeding from this, v=n 
is aninteger. Thus, 
V,(R, 0) = Bal, (ni) sin nd; n=1, 2, 3,.... (14) 


The series obtained from these terms (with the coefficients By still subject to definition) 
must yield the required potential distribution 


V(R, 8) = >) Bala (nR) sin n8. (15) 
PAL et 
With R = R1 ina Lili 
V (Ry, 0) = >) Baln (nR,) sin nd. (16) 


n=1 
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On the other hand, as is seen from Figure 1c, the potential distribution with R=R, 
in plane ~ = 0 may, with a certain approximation, be represented by a trapezoidal curve. 
Thus, in order to determine the coefficients B, it is sufficient to expand the trapezoidal 
curve of potential distribution into a series in terms of sines (reference [4]). 

V (R,, 9) = >) bp sin nd, (17) 
n=1 
where 
bape =| V (R,, 9) sin n0 dé. (18) 
0 

The integral for b, is conveniently divided into a series of integrals, since the function 
V(R1, 9) is represented as a broken line in the segment from 0 to T: 
nd a (a) . 
L L n 

VL V,L r 
\ — @sin nodé + \ V,sin nd + \ Se (1 — 0) sin nbd ; 
nd 
j 7, 
Evaluating these integrals and cancelling, we finally obtain 


x 
pil 


BV nad (19) 
i? a , 
bn = saa gq 81D ( r Ju COS nm). 
From comparison of (16) and (17) with consideration of (19) we have 

ZU ite nO ee (20) 

B, = CG | (nis) (1 — cosnn), 

where 

(21) 


Inserting the value of B, from (20) into (15), we obtain the following expression for poten- 
tial distribution: 
Vv, 1, (nR) 


(1 — cos nm) sin (nao) sinn 6. 
6 (nm)? I, (n Rj) 


V(R,0)= >) 
n=1 


Replacing the variables in accordance with (2) and also considering that, in addition to 
the focusing potential Vs, there is applied to both ribbons of the helix the constant acceler- 
ating potential Vg of the second anode of the electron gun. for the potential distribution 
within the bifilar helix we shall have the final expression 


i 
in (n76) Bi Nagel 
(ni)*o y. (20% 
n (> 


2nm r) 
1 


7 


V(r, 9,2) =Vo +>) 4V, S 


ons (22) 


T z—ng); n=4, 3, One 


me sin ( 


2. CALCUIA TION OF ELECTROSTATIC FIELD IN ANNULAR REGION 
BOUNDED BY CYLINDER AND BIFILAR HELIX 


Investigations of periodic electrostatic focusing have shown that the best results are 
obtained with electron beams of annular cross section. To focus such a beam we may use 
the arrangement represented in Figure 2. To the cylinder 1, having a radius r,, there is 
applied potential Vj. Voltages Vo +V, and Vg - V¢ are applied to the ribbons of the bifilar 
helix 2 of radius rg. The voltage of the inner cylinder Vq is slightly lower than the mean 
voltage Vo of the bifilar helix. The annular beam of electrons passes into the region between 
the cylinder and the bifilar helix. 
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As before, the potential field in the annu- 
lar region must satisfy the Laplace equation (1). 
Using the principle of superposition (reference 
[6]), let us divide the problem into two parts: 
first, let us calculate the field between two 
cylinders, the potentials of which are constant 
and equal to Vo and V, (we neglect the bending 
of potential between the ribbons of the helix); 
second, let us calculate the field between the 
inner cylinder (the potential of which is equal 
to zero) and the bifilar helix (to the ribbons of 
which there is applied a voltage +Vf). 

For the first problem the differential 


Laplace equation has the form Figure 2. a, Diagram of the system with 
; bifilar helix for periodic electrostatic 
_ (r *) eho (23) focusing of hollow electron beam; b, po- 


tential distribution in plane ~ = 0 with r=r2. 
The boundary conditions may be presented as: 


fOr T= Ty we Vis 
fort =Tra) Ko: (24) 


As the result of solution of Equation (23) with the boundary conditions in (24) we obtain 
for the potential the expression 
re 
#2) (25) 
In 2 

ry 

For the second problem the potential field in the annular region must satisfy the Laplace 

equation (4). The boundary conditions may be written in the following form: 
for r=r, V=0. (26) 

In the plane ~ = 0 with r = rg the potential distribution must be represented by the trap- 
ezoidal curve shown in Figure 2b. 

Solving Equation (4) by the method described in section 1, we obtain for the potential 
distribution equation (12). As before, midway between the two spirals there is the zero equi- 
potential line of the periodic focusing field. Let us choose the state of the system of coordina’ 
(r,@,Z) in sucha manner (see Figure 2a) that with 


R=R,= Fr, 9=0, V=0. (27) 
Inserting into (12) this boundary condition, We obtain Ap=0. For coordinate 6 the periodic 
field, as before, must have the period 27. On this basis v=n is an integer. Thus 
Vn(R, 9) = (Caln(nR) + Da Ky (nR)]sinnd; n= 1,2, 3,... (28) 
The series obtained from the terms of (28) (with the coefficients Cy and Dy still subject to defi 
nition) must yield the required potential distribution 


In 


V=V,—(V,—V;i) 


V (R,8) = 9} (CnIn(nR) + Dy K,, (nR)] sin n0. (29) 


n=1 


Using boundary condition (26), we obtain the first equation for determining coefficients 
Cy and Dy: 
ait CnIn(nRy) + Dy Ky (nR,) = 0. (30) 


R= R= 5, 


V (Ro, 8) = >} [Cntn (Re) + Dn Kp (nRy)] sin nd. 


n=1 


(31) 
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On the other hand, as seen from Figure 2b, the potential distribution with R = Rg in the 
plane © = 0 may be represented as a trapezoidal curve. Thus, in order to determine coef- 
ficients Cy and D_ it is necessary to expand the potential distribution curve into a series in 
terms of sines 


o° 32 
V (Ry, 9) = S) basin nd, Po) 


n=1 


where 
4 


bn = 2\V (Rp, 6) sin nd dd. 32) 


0 


The integral for by is evaluated as in Section 1 and the quantity by will be defined by 
equation (19). Comparing (31) and (32), we obtain the second equation for determining coef- 
ficients Cy and Dy): 


Cn Ia (nh) +- Dy Ky (Ults) = bp. (34) 


By simultaneous solution of (30) and (34) we obtain 
0 Kean (aula) 


Qe 7, (nh) Ky, (nRa) — 7, (nRa) K,, (nRy) 


Ds bn In (nF) (35') 
7, (nky) K,, (nR2) —1, (nk) K,, (wR) 


Inserting these values of Cy and Dy into Equation, (29) and introducing instead of by its 
value from (19), with consideration of (2) and (21) we will have 


2nu 2nm 2ns 
P(A! VR (eee r) Seal glee Fy 
V an Dy ee (nts) ™ ( L n) nf L a ( L ) : 
(7, @, 2) = 4V; (mms, (2nt K. (2n% K. (20K I 
n na rn) n (= ra) — Zi L n) n 


eae 


a 
r:) 


2n70 : 


~ sin(S*z—ng); n=1, 315) sates (36) 


The real potential at any point in the annular region between the cylinder and the bifilar 
helix is found as the sum of the potentials defined by formulas (25) and (36): 


ine 


. = » sin (7106) 
V(r, Q,2) = Ve (V 0 V;) - %t AV; x 


rs = (n1)%6 


Ihe (= rs) Ke (= r) = Ky (= 1) The ies r) 
Th En) GEn)— Baye GEM) 


(ats Bynes & 


3. CALCULATION OF ELECTROSTATIC FIELD IN ANNULAR REGION 
BOUNDED BY TWO BIFILAR HELICES OF IDENTICAL PITCH 


Best results in focusing of hollow electron beams are obtained by the use of biperiodic 
focusing systems consisting of two bifilar helices located on the outside and inside of the 
hollow beam (see Figure 3). One of the bifilar helices (e.g., the outer ) is used as the delay 
system. The inner bifilar helix is made of a highly resistive material and does not take part 
in the high-frequency interaction with the electron stream. 

First, let us discuss the simple case of two bifilar helices having identical period L. 

Let the potential difference between the ribbons of the inner bifilar helix 1 be 2Vg, and 
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between the ribbons of the outer helix 2 letit be 2Vf9. The mean potential of both bifilar helices 
is Vo- 
The potential field in the space between 
_ the bifilar helices must satisfy Laplace equa- 
tion (4). The boundary conditions will be: 
with R = Ri" ry and R= Ro = rp the po- 
tential must vary along the trapezoidal curves 
shown in Figures 3b and 3c, respectively. 
Solving Equation (4) by the method described 
in Section 1, we obtain for the potential 
distribution Equation (12). For coordinate @ 
the periodic field, as before, must have period 
2n. Accordingly, vy=nis aninteger. We 
shall assume that the relative positions of the 
helices and the coordinate system are chosen 
as shown in Figure 3. Then the boundary 
conditions may be written in the following form: 
w 


forR=R,= Fr, 6=0, V=0, (38) 


forR=R,= *r, 6=0, V=0. (39) 

Figure 3. A, diagram of arrangement for 
biperiodic focusing of hollow electron beam; 
b, potential distribution in plane ~ = 0 with 
Y =Y 1; C, potential distribution in plane 
~=0 with r= Yo. 


Inserting boundary condition (38) into 
Equation (12) we have A, = 0 and 


Vn(R, 9) = [Caln(nR) + Dr Kn (nR)] sin nd. (40) 


A 


The series obtained from the terms in (40) (with coefficients C, and Dy still subject to 
definition) must provide the sought potential distribution 


V(R, 8) = D4 [(CnIn(nR) + Dn Ky (nR)] sin né. (41) 
n=1 
lpn R= R= “1, 
V (R, 9) = S [(CnIn(nR,) + Dn Ky (nR,)) sin né. (42) 


On the other hand, as seen from Figure 3b, the potential distribution in the plane » = 0 
with R =R, may be represented as a trapezoidal curve. Thus, in order to determine coef- 
ficients Cy and D, it is necessary to expand the trapezoidal curve of potential distribution 
into the sine series 


V (Ry, 8) = >) bm sinnd, (43) 
4) - 

2 c ; 44 

— a\ViR, 6) sin n0 d0. (44) 


0 


The integral for by] is evaluated as in Section 1. The quantity by) is defined by an equa- 
tion similar to (19): 


ya cos nn). (45) 


By comparing Equations (42) and (43) we obtain the first equation for the determination 
of coefficients Cy and D,: 


Caly (nh) + Do Kolthy== Oar (46 


In similar fashion, by examining the conditions at the second boundary, when R = R2 = 
= of. rp, we obtain the second equation for determining coefficients oe and DS 
CaIn (ne) + Dy Ky (nRz) = bno, (47 


where by» is determined from equation (45) with substitution of V2 for Vx]. ; 
Solving simultaneously equations (46) and (47) we obtain the following equations for Ch 
aml D: 
“ by, Ky (0 Re) — Png Ky (n Rr) 


Cn =F Wik) K, @RJ= LE, GR Reha) (48 
bed bag Tq (nR1)— bay I, (2 Ra) 
ae 1 (ni) K,, (wR) —T,, (ne) K,, (nF) (49 


Inserting these values of Cy and Dy into Equation (41) taking into account Equations (45) 
(2)1 and (21), we obtain the equation for potential distribution at any point between the helice: 


sa) aC Care (ee 


4 sin (nx3) I, ( iG) i ie (50 
Virid) Vey Gayo Nona dan 9 oa ee 
a In (“Fr1) Ku (Po r9) — In (Fa) Kn (Zr) 
2n 2n 2nn 2nn - 
slater ri) Ka ( a 9) tata re r)Ka( L rt) (ann 
i Vis 2nm 2nx 2nn 2nn on (Gm ci ng) 
tap) olay) ere ree 
a BS eerie 
4, CALCULATION OF ELECTROSTATIC FIELD IN ANNULAR REGION 
BOUNDED BY TWO BIFILAR HELICES OF DIFFERENT PITCH 
r iy a) ’ : 
~Vpy |*Vep = pace ; Figure 4 represents a focusing system 
Cah ae ee ee pee aa oot ere pete oe differe 
= om —=— > = «~ pitch. Let the potential difference between 
is safe vt Cee ribbons of the inner bifilar helix be 2V,, an 
i lee? Cs me ee tes = between ribbons of the outer helix 2Vg9. TI 
Se let ee eee f meen potential of both bifilar helices is Vo. 
The potential field in the space between the 
= b) bifilar helices must satisfy the Laplace 
equation (1). The boundary conditions will 
M%, Ly =20 7 be as follows: with r =r, andr =ro the 
=a potential must vary along trapezoidal curve 
having periods L; and Ly and shown in Figu 
Vp 4b and 4c, respectively. 

c) We shall solve this problem by use of t 

ie gis principle of superposition. Let us assume 
eS. replacement of the inner bifilar helix with a 
ee conducting cylinder with zero potential and 

Figure 4. a) Diagram of arrangement for bi- us calculate the field between this cylinder 
periodic focusing of a hollow electron beam the outer bifilar helix, to the ribbons of whi 
with the use of bifilar helices with different there is applied a voltage +V po. Calculatio 


pitch; b) potential distribution in plane (=0 with the field in this case is similar to the calcu 
r=rj1; c) potential distribution in plane @=0 with tion performed in Section 2 and the potentia 
r=Yo. the space between the cylinder and the outer 
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bifilar helix may be determined from formula (36): 
2nt 2ngs - (ant ann 
bee K —K eee 
sin (nao) “al i rs) a( a ") n ( re ni)iaf Ts r) 
(n)*o. , (2n . \y (2nm \ 2nm ZG Nae 
Sra ic Goto) mies @ an ew ral) 


~< sin (= 2 — np) . 
In the same fashion let us replace the outer bifilar helix with a conducting cylinder having 


zero potential and calculate the field between this cylinder and the inner bifilar helix, to the 
‘ribbons of which there is applied a voltage +Vs,. Then we obtain 


Vs (r, ®, 2) = AV, y 


(51) 


PAIR ON re Pe 2nn _ \ : \ 
I r\K a) a (= 2nst 
Vi (r,@,2)=Wy, - a ar oer :) Ti re) KE 
N)"O1 not 2nm ann _ \ 2 s ‘ 
| ipl EI Vee nT 52 
n n( 1, n) K,( i r2) H,( Li ra) K,, ( Ly r1) ( ) 


x sin (ae Z 
e — ng) : 


In Equations (51) and (652) n=1,3,5, ....; 
d 
Bary y=z. (53) 
On the basis of the principle of superposition the total potential in the space between the 
helices will be 


Vrs Q, z)=V,+V,(r, g, 2) Fie V, (7, ®, 2). (54) 
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INTERACTION OF MAGNETOSTATIC OSCILLATIONS 


IN FERRITE SPECIMEN DURING REGENERATION. 


PART I. INTERACTION OF SIMPLEST MODES 


A.L. Mikaelyan and A.A. Vasil'yev 


The report discusses the phenomena of microwave regeneration in a ferrite specimen. 
Interaction of the simplest modes of natural oscillation is investigated and the conditions 
required for their excitations are determined. 


INTRODUCTION 


Let us examine a ferrite sphere* magnetized in the z-axis direction by constant field of 

intensity H§ (Figure 1). Let the ferrite be acted upon by a strong magnetic field of frequenc 

. We shall consider that this field, known as the booster field has circular polarization witl 
ee rotation in the xy-plane. We shall designate the amplitude of this field by © The 
magnetization excited in the ferrite will also consist of oscillations 
of clockwise rotation in the xy-plane. The frequency of these os- 
cillations is W, and the relative amplitude is written in the form 
(reference cy 


e 
My hy 


he . ; 
eee ee ep elintg (1) 


where Hres = Wp/ y is the field corresponding to ferromagnetic 
resonance at frequency p(y = ld/me), AH, is the half-width of 
the resonance curve of absorption, Hp and he are the external field 
M is the total magnetic moment, and Mp is he amplitude of the 
clockwise-polarized oscillation at frequency w,,. 

It is known (reference [2]) that under certain conditions in a 
ferrite specimen "disturbed" by a booster field it is possible to have self-excitation of os- 
cillations at frequencies w1 and wg satisfying the relationship 


m 


Figure 1 


@) -- MW. = Wy. (2) 


This occurs because the action of the booster field causes a periodic change in the 
properties of the ferrite, which give rise to the possibility of excitation of oscillations at 
frequencies #1 and w2 coinciding with the resonant frequencies of natural oscillations of 
the ferrite specimen. The conditions under which the generation of oscillations occurs were 
first defined in reference [2] and then in reference [3]. A critique of these reports is given 
in the conclusion of the second part of this report. 


*The phenomena discussed below may easily be applied to the case of a spheroidal ferrite 
specimen. 
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First we shall discuss the method of investigation of phenomena in a regenerated ferrite 
(Section1) and shall then illustrate it by examination of the simplest modes of oscillation 
(Section 2). In the second part of the report we discuss the interaction of more complex 
modes of oscillation, the possibility of which is denied in reference [3]. Finally, in the 
second part we derive a general formula for the regeneration threshold. 


1. METHOD OF INVESTIGATION 


In order to study the phenomena in a ferrite specimen it is necessary to examine the 


| 2 equations describing oscillatory processes in a disturbed ferrite at frequencies w1 and w2. 


In the case of small specimens, when 
rot = 0, iE ies grad ¥, (3) 


it is easy to derive these equations for potentials associated within the specimen with the 
magnetic moment by the following relationship: 


=> — => > 
div B,, =div(H,,+ 41M,.)=0, div4nM,, = — div grad V, 5, (4) 
where subscripts 1 and 2 refer to frequencies w, and Wo. Actually, by using the equation of 
motion 
ot = — 1 (MH (5) 


and the condition of constant total magnetic moment, it is not difficult to determine the 
induction and magnetic moments at frequencies Ww, and Wo due to the booster field (that is, 
in a disturbed ferrite). Then we obtain 


avi ayi avi ave 
ul 4 1 ° a 2 
By, ss On ar 4nM x, = Py Ox Tky ay Ty Fy 
ayt ayt avi i 
1 eh * 1 * 2 
LEE Nee Teal lam a.) dig 7 lad 2 Mee me A er (0) 
ayt ayi ave ave 
Gagan fe 1 « 2 Bee) 
Bz,= Oz + 4o0M 2, = Oz 1) ( Ox t Oi jp? 
A 
where 
@o® yy O19 yy 
i= 1 =i ’ ky i , 
sj oe} 
gg ( k 1) = Hogar Cat oy (7) 
ee wend) Py 1 2 @) — 1 2 


In the derivation of (6) the only terms considered were those of the first order relative to 
m,(m,<<1). 

0 The induction at frequency Ws is described in the same manner as (6) with substitution 
of subscript 2 for subscript 1. After insertion of (6) into (4) we obtain the following equa- 
tions for potentials within the ferrite at frequencies w1 and wg (reference [3]): 


anyt 


eMac Cor a een we 
h(t a) Yt st = tw) eG—ia) (8a) 
g2 g2 i anyt A 0/90 > t) i? 
be (Fa SU af) ble aoe = (11 +%) 3 (= raed | ms) Vi. (8a) 
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In the absence of the booster field (mg = 0) the right-hand sides of Equations (8) vanish. 
In this case the system of (8), examined by Walker (reference [4]), describes the free 
"magnetostatic" oscillations at frequencies w; and w2. If the space within the sphere is 
described by spherical coordinates &, 7, 9, then the solution of the homogeneous equations 
of (8) will be expressed in terms of adjoint Legendre polynomials 


bi = QED) Airgas m Pann = Dy Atay m Ph | (8) PL™ (cos) efme, (9) 
Here Aj y yy is the amplitude of internal oscillation at frequency #,. Subscripts n and m 
identify thé structure of the given mode, wherein m may take either a positive (in the case 
of counterclockwise-polarized oscillations) or a negative sign (in the case of clockwise- 
polarized oscillation). 

In the region outside the ferrite associated with the spherical system of coordinates 


x=rsinOcosg, y ax sinOsing, z=7 cos0, (10) 


the solution of (8) does not depend on the presence of the booster field (since here we always 
have mg = 0) and has the form 

Whe DD) Dinw nao seep PN oasi)eins: (1) 
where Di,n,m is the amplitude of the external potential at frequency 1. 

Detailed analysis of the solutions of the homogeneous equations of (8) is presented in 
references [4,5] and, without dwelling on these matters, we shall turn to solution of a 
system of inhomogeneous partial differential equations. 

We see that, as the result of action of the booster field, the two independent oscillations 
at frequencies w 1 and wo become interrelated. The greater the modulation of the ferrite 
properties (determined by the quantity mo), the stronger this interrelation. 

Solution of the system of (8) must be sought in the form of a sum 


Yi= Yi + Pr, 
(12) 


A = po air 2, 


where 37 and po are the solutions of the homogeneous Equations of (8) and ¢j and @» are the 
partial solutions of the mentioned inhomogeneous equations and result from the presence of 
the booster field. In addition, the amplitudes of potentials ¢) and ¢2 are linearly associated 
with mp. Limiting ourselves, as above, to the first order of Mg, we may consider that, 

for example, the right-hand side of Equation (8) depends only on potential vs. Thus, ¢ will 
be the partial solution of the equation 


aE a a sO Aone, 
ie ee ca 5p) #2 an = (T + Te.) ae (= =) s) %p,- (13) 


Consequently, assigning a value of potential YS (reference [5]), it is not difficult to find any 
partial solution of ¢]. These solutions are listed for a few cases in the following table 


ds Right-hand side of Eq, (13) a 
2,0,4 0 0 
2,1,0 2 (1+ 75) (ta 75) 2? 
3,0,4 —30 (41 + 15) (2 —7y) 15 (a + 2%) (@ — jy) 2 
ve * * 40 
SO el 80 (t1 + 7) Py 2 5 (1 + 1) es 2 
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Solution of inhomogeneous equation (8b) may be found by a similar method. 
By virtue of the continuity of potentials at the ferrite-air boundary the value of $1 
at the surface of the specimen determines the possible subscripts n and m for the sum 
of potentials %] corresponding to the solution of homogeneous equation (8a). In effect, 
by expanding ¢ at the boundary into a Fourier series in terms of the entire system of ortho- 
gonal adjoint Legendre polynomials of ,, ls | (cos 6) We may write* 


@r ja = Pr (0) e#8% = >) agP'* (cos 8) eis, (14) 
q 


In addition, it must be noted that index s, determined according to (13) by potential V5» is 
closely associated with index m of this potential in the following manner: 


s = —(m-+ 1). (15) 


The coefficients of ag are defined by the expression (reference [6]) 


Sia -+ L . s . 
- c= os \ (0) P\"! (cos 6) sin 6 a8. (16) 


9 


dq = (2g + 1) 


It may be seen that (16) is other than zero if the following relationships are satisfied 


T= an he ae (17) 


where n is the index of potential yi. 
Analysis of (14) shows that potential Y, within the ferrite is a sum of potentials in the 
form 


AO Meye cos dean 
(18) 


Agen eg PAY (Ey PY (cos 8)e 2), 


The corresponding sum outside the ferrite must also be taken. 

Thus, as the result of interaction of potential ~2 and the booster field at frequency w 1 there 
arises an entire spectrum of oscillations, the indexes of which are described in formulas (15) 
and (17). At frequency w2 there also will be excited a spectrum of oscillations with other 
indexes. Thus, excitation at frequency w of potential 5, 0, 1 will, with boosting at frequency 
wg. lead to excitation [in accordance with (15) and (17)] of the following spectrum of potentials: 

_ 5, 1, 0, 3, 1, 0, 1, 1, 0. In its turn, potential 5, 1, 0 excites the following potentials at 
BRE QUCHCVAWO 4-610) 1 30 0.) 1a ley Ose Os ‘43 

It is important to note than in this case the higher potentials (e.g., 7, 0, 1 and7, 1, 0) 
are not excited. Within the mentioned potential spectra there may appear those potentials 
which either are generally independent of the applied constant field (e.g. 1, 0, 0) or do not 
have resonant dependences (e.g., 2, 2, Oetal. ). 

As seen from the above example, only those potentials which have the same first indexes 
prove to be interrelated. 

This statement together with relationship (15) shows that in a regenerated ferrite specimen 
there may, for example, occur interaction of the following potentials: 2, 0, 1-2, 1, 0; 

Ser, Lowel 034,00, thomas t, yOs8 (, 05-8,02,10;74, 45 Ors Sec hws 204 eo Onete: 

Thus, the general rule for the indexes in interacting potentials has the form 


No Tih, 
iS — (i a), (19) 
2 ( ) 


*As is known, the system of magnetostatic potentials is not complete. The requirement of 
completeness is necessary in the interest of convergence of series (14). 
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2. INTERACTION OF POTENTIALS 2, 0, 1-2, 1, 0 


The simplest potentials interacting within the ferrite are 2, 0, 1 and 2, le 0. According 
to (17), in this case the spectrum at frequencies w 1 and wg consists only of the mentioned po 
tentials. Let us assume that at frequency w 1 there acts a potential 2, 0, 1 and at frequency 


We there acts a potential 2, 1, 0. Representing the potentials in the form (reference [5]) 


Wy, Ay Ee ae 2") + C;, 


(20) 
Yo = Apz (x — Jy), 


where Cj is a certain constant, we see that the right-hand side of Equation (8a) is equal to a 
constant and Equation (8b) is equal to zero. This means that gy) =0. It is easily shown that 


oe 
The choice of partial solution of ~, in any other form (e.g. , in the form Ap(Tj + T2) rr 
does not, of course, change the final results. 
For the region within the ferrite we obtain 
Wis A (SE — pe?) + Ades + 1) 20, 
(21) 
a= Ave (w — jy). 
For the region outside the ferrite 
‘i = D, 7 P3 (cos 9), 
(22) 
WS = Ds 4 P}(cos 8) ee. 
From the condition of continuity of potentials at the ferrite-air boundary we find 
D,= 2 a A; (+ %)— wi — 5 Ai], 
’ ; (23) 


[be GOH 


where a is the radius of the ferrite specimen. The induction outside the ferrite Bh normal 
to the surface, is found as 


av? | 


“Or 


Se 


= —2a| 43+ 1) — Ai (m + 5) 


\ 4 


ef 
[Bien e = | 
r=a 


(24) 


e 
Bon 


r—a = —oaA,sin ) cos 8 e—?. 


re means of (6) let us define the normal component of induction at the boundary within the 
errite* 


Binlraa = [1 4y — (1 +1) Ag] a — 
— [Pi Ay — TAQ + 2p, (ty + 2) A) t 215 Ad] a cos? 6, (20) 
Binlraa = {2 — Ita + 1 — 2t, (ty + %2)] Ap + (Quit. — ti) As} @ sin 6 cos be—i°, 


*In expressions (25) second-order terms are not omitted. If they are disregarded, as was 
done in reference [3], the resulting potentials are not single-valued. 
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From the condition of continuity of induction we have 


(Guy) a2 Ape 220, = ais. 
‘ (26) 
[2 — Ke, -|- 4 — 2%9 (41 4- Te)| Ay =- (T --- 2pyT.) Ay, 


Equations (26) are a system describing the interrelation of two potentials in the regener- 
ated ferrite. Equating the determinant of system (26) to zero, we obtain 


(yA) (a) he ae eee ae ee Oe ep a (27) 


If the booster field is assumed equal to zero, the interrelation between oscillations disappears 
and system (26) decomposes into two independent equations 
4u, +-4 = 0, 

He i 4 4 ==) ) 
which describe the dependences of the resonant frequencies on the constant field and saturatior 
magnetization of oscillations 2, 0, 1 and 2, 1, 0, respectively (see reference [5]). 

Examination of Equation (27) shows that in the discussed system self-excitation of oscil- 
lations is possible at frequencies w1 and wg. In the presence of losses the characteristic 
Equation (28) becomes complex. In this case the natural frequencies of oscillation have 
the form 


©, = @,-1- Jo, @y «2 Wy | [@y» 
oy at (29) 
Oy a Ue yy = SAV Els ANIL I INUIBs 


corresponding, respectively, to the half-widths of resonant lines of the first and second oscil- 
lations. Inserting (28) as the zero-th approximation in the right member of (27), we may 
determine the change in complex frequencies of (29) due to action of the booster field. In 

this case it develops that the increments of imaginary frequencies, caused by the booster field 
have signs opposite to those of j@O1 and jwjjo and may be greater in absolute value than the 
latter. In the case of total compensation of losses within the system the imaginary parts 

of frequencies as determined from (27) must bevequal to zero, which corresponds to the 
absence of attenuation of oscillations at frequencies w; and wg.This phenomenon will occur 
when 


Vas 2 - ct 1G aay imi i he 
TAM, V (2 + 02) OV we Oe 
mes AOE eke a eS Ye Ro ae are (30) 
A 4nM 3@9 -+ @1 (pty — ky —- 1) +- 0,5 (ts — hy — 1) 
where 
On Ops (5 + 5) Pane 209 OO ' 
Une 2 re i aca ae ae a (10) 
(02 — 03) (02 — 03) 


the quantity  ''; is determined, as in the case of y'5, with replacement of subscript 2 by 1. 
As we see, the threshold value of mg depends on the half-width of the line of each oscil- 

lation AH; and AHg, the saturation magnetization and the choice of operating frequencies. 

Using equation (1), we find the following value of amplitude of the external magnetic field 

be at which the generation of oscillation commences* 


DOS ate 49 Ve —SSS 
hi = 10, V AHAB, V Sodesin ol she V/ (V (ok + = Qun)—#) + (rea?) (32) 


*A similar expression with an error factor twice as great (see conclusion in part two of this 
report in reference [7]) is derived in reference [3]. 
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where Oy = Hp / 47M. 
If the frequency of the booster field is not resonant, 


(V/ oh + £0n)"s (aH, (samy. 


In this case for sufficiently large values of frequencies w 1 and wg (y >> 1) the threshold 
formula is considerably simplified and takes the form 


he, ~ (2.35-10°3 1% — 0.66) V AH, AR,. (33) 


Figure 3 presents on an expanded scale the initial sector of the graph in Figure 2. Here 
we also find the resonance lines 2,0,1 and 2,1, 0, the booster frequency and the resonance 
line 1. 1,0 (all in relative frequency) and the relative quantity hg. The point of intersection 

of line f, / f), ‘and the line 1, 1, 0 (Qy = 
af ih | = 0. 02) [Indicates that in this case the boost is 
eA: applied at the resonant potential 1, 1, 0. This 
results in a sharp decrease in the threshold, 
which is now defined by the formula 


; Nil Thoen te ee 
hee: Catena V AH,AAS. (34) 
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For a magnetization of 47M = 1700, gauss characteristic for yttrium ferrite, the threshold 
value of the external field is equal to 


hg = 3,69: 10748, y AlN (35) 


At point 2 y = 0.1 the resonance frequencies of oscillations 2, 0, 1 and 2, 1, 0 are 
equal. This point corresponds to the "degenerate" condition — the excitation of oscillations 
of half frequency 01,2 =1/2 wp). 

In this case the threshold is 


hi, = 0.88 V AH, AH,. (36) 


We see that the critical value of the booster field in this case does not depend on satur- 
ation magnetization of the ferrite. Figure 4 gives curves for the dependence of the generation 
threshold of the discussed pair of potentials on the value of the external constant field for a 
magnetization of 47M = 1700 gauss. This figure shows the dependence of the resonance 
frequencies of potentials 2,0,1 and 2,1, 0 on the value of Hp at the given value of saturation 
magnetization of the ferrite. 
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SOME PROPERTIES OF 


A THICK-LAYER MULTIALKALINE PHOTOCATHODE 


L. V. Kononchuk 


This report discusses the manufacture of a multialkaline photocathode in the form of a 
thick layer. : 

The results of investigation of certain properties of a thick multialkaline photocathode 
are presented: the integral sensitivity, spectral characteristics and secondary-emission 
properties. : , 

Also presented is a comparison of the investigated properties of a thick multialkaline 
photocathode with the properties of a semitransparent multialkaline photocathode and a 
few other technical photocathodes for the visible and infrared regions of the spectrum. 


1. INTEGRAL AND SPECTRAL SENSITIVITY OF A THICK 
MULTIALKALINE PHOTOCATHODE 


Until recently the multialkaline photocathode was made only in the form of a semitrans- 
parent layer (references [1,2,3,4,7]). 

Sommer listed a maximum integral sensitivity for a semitransparent multialkaline layer 
of 2004a/lumen (T,5] = 2870° K) (reference[2]) 

Mostovskiy and others list this same value of maximum sensitivity of a semitransparent 
multialkaline photocathode in individual specimens (Tcol = 2854° K) (reference [4]). 

Semitransparent multialkaline photocathodes in photocells and single-stage photoelectron 
multipliers developed by Soviet industry have sensitivities from 100 to 190 pa/ lumen (Teo = 
= 2854° K) (reference [7]). 

It is interesting to note that despite the fact that the maximum sensitivities of semitrans- 
parent multialkaline photocathodes listed by various authors are approximately the same, the 

spectral curves which they give are different. 

Thus, according to Sommer, the sensitivity of a semitransparent multialkaline photo- 
cathode in the short-wave region of the spectrum exceeds the sensitivity of an antimony-cesium 
photocathode in the same region (reference [2]). However, according to the data of other 
authors the sensitivity of a semitransparent multialkaline photocathode in the wavelength 
region from 300 to 580 microns does not exceed the sensitivity of an antimony-cesium photo- 
cathode (references [4,7]). 

It is difficult to explain this discrepancy. We may only assume that the authors had differ 
photocathodes or we may search for possible errors in the method of comparison or of 
obtaining the spectral curves. 

We obtained multialkaline photocathodes in the form of a thick layer with maximum 
integral sensitivity of 230 uy a/lumen (Too) = 2854° K) and spectral characteristics differing 
from the spectral characteristics of a multialkaline photocathode made in the form of a 
semitransparent layer. 

The technology of preparing thick multialkaline photocathodes does not differ in principle 
from the technology of preparing semitransparent photocathodes as described in reference .]. 

The change in color of a multialkaline photocathode upon treating a semitransparent layer 
and a solid layer of antimony with alkali metals is listed in Table 1. 

In transmission emission and in reflection emission a semitransparent multialkaline 
(Sb-K-Na-Cs) photocathode has a yellow-brown or golden yellow color; a thick multialkaline 
photocathode has a blue-grey color in reflection emission and a yellow-brown or dark yellow 
color in transmission emission (to the extent that such emission is possible). 

It is known that practical photocathodes — cesium-silver-oxide (Ag-O-Cs), antimony- 
cesium (Sb-Cs) and bismuth-silver-cesium (Bi-O- Ag- Cs) — made in the form of a thick 
layer have higher integral sensitivity than when these same cathodes are made in the semi- 
transparent variant. 
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Semitransparent photocathode 


Solid photocathode 


Table 1 


et Se ses "in re- i“ oS "in 7 "in re- 
preparation am is , Picpataron 
mission | flection mission" flection 

Spraying of | Spraying of an- Apa Rn 
antimony iayer dark color | dark color | timony layer bright color bright color 
to 40 percent of metallic an- of metallic | to 40 percent | of metallic of meric 
decrease in timony _ antimony | decrease in | antimony aneanony 
transparency , : | transparency 
Treating anti- violet or violet or Treating layer - F : 
eee ee ie lilac lilac with potassium | shana sibads geo 
potassium iS e | 0 violet 
Treating anti- yellow- yellow- | Treating anti- | yeliow- 
mony -potassium brown or brown or | mony-potassium| brown blue- gray 
layer with golden golden layer with 
sodium 2 yellow | yellow jsodium 
Treating anti- no change | no change Treating anti- no eee re Genes 
mony -potassium- in pre- in pre- mony -potassium~ ;, pre- in pre- 
sodium layer with ceding | ceding socium layer ceding ceding 


cesium 


iwith cesium 


The data for both types of these cathodes given in Table 2 are obtained from Sommer (refer- 


ence[3]). 


It must be noted that the semitransparent cesium-silver-oxide photocathode sometimes 


shows higher sensitivity than the thick variant. 


This deviation is explained by the fact that 


in this case the semitransparent cesium-silver-oxide photocathodes are made by a different 
technique than that used for thick photocathodes; for example, supplementary spraying of 


silver is required. 


Table 2 


Type of cathode 


Integral sensitivity H4/lumen 


Ag — O —Cs thick semitransparent op 
Sb — Cs thick semitransparent eas 
; | 20—80 
Bi — Ag—0O—Cs thick semitransparent 15—60 


From the above remarks on the thick multialkiline photocathode it follows that it is 
also subject to the same rule of increased sensitivity as the above-mentioned photocathodes 


for the visible and infrared regions of the spectrum. 
Figures 1 and 2 show the response curves of semitransparent and thick multialkaline 


photocathodes 


2 gives the response curves of photocat 


in relative units in comparison with other types of photocathodes; Figure 
hodes made in uviol envelopes. 1 


For convenience of 


comparison these relative curves were recalculated as absolute curves in microamperes per 


1 The spectral characteristics of the cathodes were plotted in the illumination engineering 
laboratory under the direction of M. I. Epshteyn. 
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Figure 1. Curves for distribution of spectral sensitivity of photocells (in relative units): 
1, photocell with reflection emission of thick multialkaline cathode, Li = 210 wa/lumen; 
2, photocell with transmission emission of semitransparent multialkaline cathode, 24= 
= 125 ya/lumen; 2', reflection emission, 4, = 79 Wa/lumen; 3, photocell with reflection 
emission of solid antimony-cesium cathode, ©; = 112 ua/lumen; 4, photocell with reflec- 
tion emission of solid cesium-silver-oxide cathode, 2; = 35 ja/lumen. 


Figure 2. Curves for distribution of spectral sensitivity of photocells in uviol glass (in 
relative units); 1, photocell with reflection emission of thick multialkaline cathode, Lj = 
= 210 ya/lumen; 2, photocell with transmission emission of semitransparent multialkaline 
cathode, Dj = 98 wa/lumen; 3, photocell with reflection emission of thick antimony-cesium 
cathode, & = 100 u2/lumen. 
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Figure 3. Curves for distribution of spectral sensitivity of photocells ( in absolute units); 
1, photocell with reflection emission of thick multialkaline cathode, Yj = 210 ya/ lumen; 
2, photocell with transmission emission of semitransparent multialkaline cathode, 2; = 

= 125 pa/lumen; 2', reflection emission, D4 =79 pa/lumen; 3, photocell with reflection 
emission of thick antimony cesium cathode, D; = 112 ya/lumen; 4, photocell with reflec- 
tion emission of thick cesium-silver-oxide cathode, Dj = 35 pa/lumen. 
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Figure 4. Curves for distribution of spectral sensitivity of photocells in uviol glass (in 
absolute units): 1, photocell with reflection emission of thick multialkaline cathode, © = 
210 pa/ lumen; 2, photocell with transmission emission of semitransparent multialkaline 
cathode Dj = 98 ya/lumen; 3, photocell with reflection emission of thick antimony-cesium 
cathode, 5; = 100 pa/lumen. 


milliwatt. The response curves of cathodes in absolute units are given in Figures 3 and 4. 
From an examination of these curves it is seen that, in addition to an overall increase in 
sensitivity for the thick multialkaline photocathode, there is a particularly significant 
increase in sénsitivity in the short-wave region of the spectrum. 

It is evident that the explanation of the increased sensitivity of thick layers and the 
change in their response curve in comparison with semitransparent layers must be sought in the 
change in spectral absorption of light in the working surface layer from which electron 
emission occurs. 

Explanation of the increase in integral sensitivity in thick layers may also be connected 
with the fact that the conditions of light utilization in solid layers are more favorable than in 
semitransparent layers: by repeated reflection from the surface of crystals located be- 
yond the working surface layer of the photocathode, light may return to this layer and cause 
an additional electron yield into the vacuum. 


2. SECONDARY EMISSION PROPERTIES 


Even in making single-stage multipliers with semitransparent multialkaline cathode 
and emitter it has been established that the semitransparent multialkaline layers possess 
secondary-emission properties not inferior to those of thick antimony-cesium cathodes 
(reference [7]). 

The secondary-emission gain in the model developed averaged 5 - 11 with plate voltage of 
220 v and emitter voltage of 170 - 200 v. At minimum cathode sensitivity of 100 ya/lumen 
the mean integral sensitivities of a single-stage photoelectron multiplier prove to be 500 - 
100 pa/lumen. The maximum resulting sensitivity is 1300 ya/lumen. However, in the 
process of making such multipliers the secondary-emission properties of the multialkaline 
cathode were not compared with the secondary-emission properties of other materials. 

In making single-stage multipliers with thick multialkaline cathode and emitter, a trial 
statistical comparison has been made between the secondary-emission properties of thick 
multialkaline layers and antimony-cesium layers 

For such comparison single-stage multipliers were made with thick multialkaline and 
antimony-cesium cathodes and an emitter of one construction (the FEU-1 photoelectron 
multiplier construction was used). In making these and other multipliers, spraying of the 
antimony layer was achieved with identical thickness. 

The first results of the secondary-emission properties of the mentioned layers permit 
the assumption that multialkaline layers are more effective emitters of secondary electrons 
than antimony-cesium layers (see Table 3). 

From an examination of Table 3 it is seen that, first, the overall sensitivity of photo- 
multipliers with thick multialkaline photocathode and emitter may be quite great and, second, 
the secondary-emission gain in a multialkaline layer is greater than in an antimony-cesium 
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Va = 220v 


ype of photomultiplier Integral sens, ‘Joverall sens, | Gain Integral sens. | Overall sens. |Gain 


of cath, of multiplier of cath, of multiplier 
Ma/im Ma/im | Ma/im | Ha/im 
2160 
Single-stage multiplier 131 1160 8. 86 132 
ith thick multialkaline 
cathode and emitter 
average of 18) a 
ame (best result from 152 1700 uaa 
above 18) 
Single stage multiplier 97 692 7,16 96 
with thick antimony- 
cesium cathode and 
emitter (av, of 21) i L | | 
Same (best res, above 21) 110 1052 ] 9.57 109 1495 


layers, particularly with high anode voltages (i.e., with high primary-electron velocities). 

Let us mention a phenomenon of considerable interest: on the first day of manufacture 
of multipliers with thick multialkaline cathode and emitter the gain at high voltages (in the 
given case, 500 v at anode) may reach extremely high values (25-37 per stage). Within 
24 hours this value of gain drops sharply but still remains greater than in antimony-cesium 
layers and thereafter shows little or no change. 

On the basis of the results of Spicer's investigation of the energy relationships in 
alkali-antimony photocathodes (reference [5]) we also assume in theory the high efficiency 
of the multialkaline photocathode in comparison with the antimony-cesium photocathode. 

The energy structure of the multialkaline cathode differs from that of antimony- 
cesium chiefly in the width of the forbidden band: for the multialkaline photocathode, 

1.0 ev; for the antimony-cesium photocathode, 1.6 ev; there is little difference in the 
width of the conduction band (in other words, the zone of electron affinity) in these cathode 
types (0.55 ev for the multialkaline and 0.45 for the antimony-cesium cathode) (reference 
[5]). 

It is known that for dielectrics and intrinsic semiconductors the initial number of secon- 
dary electrons striking the conduction band may be defined as Ep/ Q, where Ep is the energy o 
primary electrons and Q is the width of the forbidden band (reference [6]). In its most 
general form it is evident that this is also applicable for an extrinsic semiconductor. 

In the given case, in a multialkaline photocathode the initial number of secondary elec- 
trons striking the conduction band must be greater than in an antimony-cesium photocathode, 
since the width of the forbidden band is vastly greater in the first of these photocathodes. 
Since in multialkaline and antimony-cesium photolayers the conduction bands are almost 
equal, it may be assumed that the principal factor influencing the increase in secondary- 
emission ratio is the difference in width of the forbidden bands. 

It must be pointed out that precise quantitative investigations are required in order 
to make a final conclusion concerning the secondary-emission properties of the multialkaline 
photocathode. 

It is evident that the solid multialkaline photocathode will find wide application in 
various photoelectric devices. Particularly promising is the use of such phctocathodes 
in those cases requiring sensitivity over a wide range of the spectrum (short-wave and long- 
wave), wherein the sensitivity in the short-wave region must not be lower than in the thick 
antimony-cesium photocathode. 
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MILLIKAN VACUUM CAPACITOR. PART | 


M. Bakal, L.N. Dobretsov 


The report discusses the physical fundamentals of the Millikan vacuum capacitor method 
and the structural diagram of an installation designed for study of the statistics of secondary 
electron emission. 


INTRODUCTION 


The chief characteristics of the phenomenon of secondary electron emission which have 
been studied in most works to date are the secondary emission ratio o, the energy distribu- 
tion of secondary electrons and the escape-angle distribution of secondary electrons. 

The secondary emission ratio is the ratio of the current of secondary electrons to the 
current of primary electrons. This quantity is equal to the average number of secondary 
electrons liberated per primary electron. 

It is of interest to determine the probabilities Py of yield of one another number n of sec- 
ondary electrons freed upon impact of a single primary electron. Distribution of these prob- 
abilities for the numbers n determines the characteristics of certain devices (e.g., the ampli- 
tude resolution and noise of a photoelectron multiplier, the efficiency of an electron multi- 
plier as an electron counter). Knowledge of this distribution would permit determining certain 
parameters figuring in the theory of secondary electron emission. 

The Millikan capacitor method may be used for measuring the number n. This is an 
extremely sensitive method of measuring a small change in charge of a body and was used 
by Millikan (reference [1]) in experiments demonstrating the atomic nature of electricity and 
measuring the electron charge; it was also used by A.F. Ioffe (reference [2]) in studying 
the elementary photoelectric effect. In one of the variants of this method a charged particle 
is held in equilibrium in the electric field of a parallél-plate capacitor. This is possible 


on the condition 
geli = mg, 


where ge is the electric charge of the particle, e is the quantity of electron charge, Eis 
the electric field strength of the parallel-plate capacitor, m is the mass of the particle and 


g is the acceleration of gravity. Lists 
In distinction from the experiments of Millikan and Ioffe, which were conducted in air 
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at atmospheric pressure, measurement of number n must be performed at a pressure below 
10-3 - 10-4 mm Hg. 

This circumstance leads to considerable complication in applying the Millikan capacitor 
method. Due to the absence of forces of internal friction in the vacuum, the particle has 
considerable velocity upon its introduction into the capacitor and within a short time acquires 
appreciable velocity during measurement of its charge. Hence, selection of the potential 
difference between the plates of the Millikan capacitor balancing the particle during its 
capture and during measurement of its charge, cannot be achieved directly by a man; it 
may be achieved only by means of an electronic system of automatic control. 

Despite the complication of operating procedure in changing to a Millikan vacuum 
capacitor, it is also desirable that this be achieved because this method may be used for the 
solution of other physical problems ; for investigation of secondary emission under the influenc 
of impacts of individual fast electrons and positrons; investigation of secondary electron 
emission under the influence of single ions; study of the charge of fine particles of powder 
in vacuum; etc. 

Our development of the Millikan vacuum capacitor method was carried out on a model of 
the arrangement designed for measurement of the number of secondary electrons knocked 
out by a single primary electron. 


1. PHYSICAL FUNDAMENTALS OF THE METHOD 


In the Millikan vacuum capacitor the number of secondary electrons n freed by a single 
primary electron may be determined from measurement of the electric field intensities Eg 
and E between the capacitor plates, which balance the particle (with known mass m) before an 
after it is struck by the primary electron, from the relation* 


= — 4 (9 
e e EE) ‘ (4) 


In determining the mass of the particle in vacuum it is not possible to use the method 
used in Millikan's experiments, which is based on Stokes' law. In this connection the follow- 
ing method is proposed: in exposing the particle to elec- 
trons it is necessary to observe the cases of "adhesion" 
(that is, that absorption of the primary electron at which 
: no secondary electron is dislodged). Such cases will be 
—-——-- observed particularly often in exposure of the particle to 
t electrons with energy at which o < 1. 


VTi Gals espod Cases of "adhesion" of single primary electrons are 
easily distinguished from cases of dislodging of any numbe 
n > 1 of secondary electrons, since they lead to voltage 
Figure 1. Schematic curve of changes of opposite sign at that Millikan capacitor, 
change in voltage Uy, at Mil- Considering that upon "adhesion" of a primary elec- 
likan capacitor in time with tron the change in particle charge is equal to the charge of 
alternate exposure of particle one electron, the value of which is known, we may determ 
to electrons with energy at which the mass of the particle from the relationship [easily 
o>1 and exposure to electrons determined from (2) ] 
with energy at whicha <1 rae, Les (3) 
(for negatively charged g Ey—E 
particle, In other words, we may omit measurement of the mas 


of the particle and even the field intensity. For this pur- 
pose, after each event of secondary electron emission with n > 1 it is necessary to change the 
energy of primary electrons to that at which 0 < 1, and, upon reaching the initial voltage at 
the Millikan capacitor, to return to the condition o > 1. The number of voltage "jumps" caus¢ 
by adhesion of electrons is then equal to the number of secondary electrons dislodged from th 
surface of the particle during a secondary electron emission with n > 1 (Figure 1). Such 


*All relations are derived for the case of a negatively charged particle. The advantage of 
operation with negatively charged particles is pointed out below. 
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operating conditions permit a large number of experiments with one particle. 

The choice of particle sizes and operating range of field intensities of the Millikan ca- 
pacitor must ensure the possibility of controlling voltage jumps corresponding both to 
adhesion of a single electron and to the yield of a sufficiently large number of electrons. 

The table lists the absolute values of jumps in field intensity of the Millikan capacitor with 

a change in particle charge per one electron charge for different values of particle mass and 
initial field intensity. From these data it follows that the above-mentionedrequirements may 

be satisfied in operation with a particle,the mass of which is approximately equal to 10-10 ¢g 

in the range of particle charge-to-mass ratios qe/m~ 300-25 CGSE. Such mass is possessed, 
for example, by a mercury droplet with radius 1.2 or a spherical iron particle with radius 
1.5u. Retention within the Millikan capacitor of particles with ge/m ratios within the 

above range is possible with field intensities of the electric capacitor in the range from 

100 to 12,00 v/cm. 

It is evident that the installation does not 
directly record cases of dislodgement of only one 
secondary electron by a single primary elec- 
tron. Determination of the number of these ules 

& =) 


cases and the probabilities Py is possible by e 
two methods requiring additional measurements 
either of current density of primary electrons y 5 
aire : 10-1) 1.45 | 41.20 | 68 
or of the secondary-emission ratio of the 5-103 2.48} 2.06] 44 
substance under investigation. 10°° | 3.14 1 2.6 6 
The first method consists in calculating 
the mean number of electrons striking the 
particle on the basis of measurement of the current density of primary electrons and the 
radius of the particle (the latter is easily calculated from (3) if the mass of the particle is 
measured. The difference between the mean number of primary electrons striking the par- 
ticle over a certain interval of time and the number of electrons causing recordable changes 
in its charge over the same interval of time is equal to the number of primary electrons freed 
during the same time per secondary electron. 
The second method, also discussed in reference [3], consists in the following: the ratios 
Ny / N = Rn are compiled — the ratio of the number of cases of Ny of dislodgement of n second- 
ary electrons to the total number N of recorded cases of change in charge of the particle over 
a certain interval of time. The ratios R, are not equal to the probabilities P since the number 
N does not include the cases in which n =1. 
However, the ratio of values of Ry is equal fo the ratio of probabilities Pp: 


see eS. (4) 


In order to determine the absolute values of probabilities P,, it is necessary to use the 
relationships (see reference [4]) 


>) Pes (93 
n=0 
> nPn=6 (6 
n=0 


In this method it is necessary to know the secondary emission ratio 0. 

In studying the number of secondary electrons freed by a single primary electron it is 
essential that the particle be so irradiated that each recorded change in its charge is caused 
by the incidence of a single electron. This may be achieved by choosing a sufficiently small 
value of current density of primary electrons. 

An important problem in the study of secondary electron emission in the Millikan vacuum 
capacitor is that of the determinacy of the energy of primary electrons reaching the surface of 
the particle. This energy (see Figure 2) is determined by the potential difference Uy between 
the cathode of an electron gun and an anode connected with the upper plate of the capacitor and 
the surface of the particle. While potential difference U, may be easily varied, stabilized 
and measured, potential difference Ug is unstable and is not precisely determined, since it 
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depends on a number of factors which vary in the course of the experiment: the potential 
differences between the capacitor plates, the vertical coordinate of the particle in the 
capacitor and the natural potential of the charged particle. 


Figure 2. On the problem of 
determinacy of energy of primary 
electrons: 1, Millikan capacitor; 
2, particle; 3, anode of electron 
gun; 4, cathode of electron gun; 
5, control cylinder. 
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Figure 3. Time diagram of elec- 


tron irradiation of particle: trig- 
gering of electron gun current i 
is achieved periodically at short 
intervals At; within periods Ato 
when the voltage is removed from 
the Millikan capacitor. 


In beginning the experiment 


a particle is introduced into the Millikan 
capacitor by particle injector PI. The auto- 
matic control system "captures" the particle 
and holds it in a "suspended" state at the 


center of the Millikan capacitor. 


To the input of the preamplifier and com- 
pensating section (Pa and CS) there is applied 
a signal (voltage U1) which is proportional to 
the vertical coordinate of the particle. 


version of the coordinate into vol- 
tage is achieved by detector D. 
From the output of Pa and CS 
voltage Us reaches the input of 
high-voltage amplifier HV and 
measuring unit MU. From the 
output of HV voltage U is applied 


One of the possible methods of eliminating the indete: 
minacy of Ug consists in pulsed irradiation of the particle 
with electrons in the course of short periodic intervals 
of time At, during which the voltage from the plates of 
the Millikan capacitor is removed (see Figure 3) 

Within the periods Atg when the voltage is removed 
from the Millikan capacitor the particle behaves as a 
free falling body. If the periods Atg are sufficiently 
small, the particle cannot be displaced over a significant 
distance Ax. For example, if Ato = 1073 sec, Ax = 
=5.10-4cm. This displacement is insignificant and 
does not result in loss of the particle. 

This method does not eliminate the dependences of 
energy of the primary electrons on the natural potential 
of the particle. For particles with radius of approxi- 
mately 1 micron and ge / m ~25 - 300 CGSE the value of 
this potential is 0.06 - 0.0006 v and is small in com- 
parison with the energy of the primary electrons. How- 
ever, such value of surface potential may prevent escape 
of secondary electrons from the surface of a positively 
charged particle. In this connection it is advisable 
to conduct experiments with negatively charged particles. 

The secondary emission ratio depends on the angle 
of incidence of the primary electrons. With arbitrary 
particle shape the electrons strike its surface at different 
angles and consideration of the angular relation becomes 
difficult. Such consideration is possible if the measure- 
ments are made with spherical particles. Operation 
with spherical particles is also desirable because the ligh 
flux scattered by the particle does not vary as the particle 
turns. As will be seen, this is of importance in oper- 
ation of the automatic control system. 


2. STRUCTURAL DIAGRAM OF THE INSTALLATION 


The structural diagram of the installation may be 
divided into eight sections as shown in Figure 4. 


Con- 


Figure 4. Structural diagram of installation: MC, 
Millikan capacitor, PI, particle injector; D, detector; 
Pa and CS, preamplifier and compensating section; HV, 
high-voltage amplifier; EG, electron gun; MU measuring 
unit; CC, control circuit. 


to the plates of the capacitor, whereby the automatic control system is closed. The changes 
in voltage Ug, proportional to changes in U3, are controlled by measuring unit MU. Electron 
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bombardment of the particle is achieved by means of electron gun EG. 

The last section shown in Figure 4, control circuit CC, controls the electron gun and 
amplifiers so that bombardment of the particle occurs in the absence of voltage between the 
capacitor plates. In addition, CC controls operation of the units of the installation at the 
[are of the experiment, during capture of the particle, and performs certain other func- 
ions: 

Description of the individual sections of the installation is given in reference [5]. 
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MILLIKAN VACUUM CAPACITOR. PART II 


L.P. Afinogenov, M. Bakal and Yu. A. Filippov 


@ 


The report describes the individual sections of an installation intended for study of the 
statistics of secondary electron emission. 


INTRODUCTION 


Part I (reference [1]) discussed the physical fundamentals of the Millikan vacuum capacitor 
method and described the basic layout of an installation intended for study of the statistics 
of secondary electron emission. This report describes the individual sections of this instal- 


lation. 


1. SECTIONS OF MILLIKAN VACUUM CAPACITOR INSTALLATION 


1. Powder Particle Injector. For reliable capture of particles in the Millikan vacuum 
capacitor the method of introduction of the particles into the capacitor is of great importance. 
It is desirable that upon injection there be introduced one particle possessing low initial ve- 
locity and a charge-to-mass ratio lying within that interval to which the amplifier is tuned. 

A method of injection similar to that used in reference [2] is most convenient: particles 
of metal powder contained in a metal reservoir (Figure 1) are drawn from the powder mass 
during the brief (1073 sec) application of voltage between the reservoir and an anode near the 
surface of the powder. This anode is placed at the lower plate of the capacitor. A separating 
particle, reaching the Millikan capacitor through an aperture in the injector anode, is re- 
tarded in the gravitational field. The magnitude of the voltage pulse between the reservoir 
and the injector anode (500-1500 v) is so chosen that the particle loses all its velocity within 


the limits of the capacitor. 
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Figure 1. General view of vacuum device. 
1, Metal reservoir for powder; 2, lower plate of Millikan capacitor; 3, upper plate of 
Millikan capacitor; 4, chielding rods; 5, electron gun shield; 6, control cylinder; 7, 
electron gun cathode; 8, anode; 9, diaphragm (Do in Figure 2); 10, envelope (T in Fig- 
ure 2), 11 diaphragms (Dg - Ds in Figure 2). 


Figure 2, Diagram of illuminator and optical system. 
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ghey of carbonyl iron with spherical shape and diameter of 1 - 3 microns were 
used. 

2. ; Detector. The detector, consisting of an illuminator and optical system with photo- 
multiplier, provides at the output a voltage which is proportional to the vertical coordinate 
of the particle. 

The automatic control system places two special requirements on the detector: (1) it 
is necessary to provide a low noise level at the output, for with the small particle dimensions 
the effective signal is extremely small. This is possible only with a sufficiently high ratio of 
light flux scattered by the particle, since the sensitivity of the photomultiplier is not identical 
with illumination of different portions of its cathode. 

Figure 2 is a schematic diagram of the illuminator and the optic system. 

The light source L is a DRSh-500 lamp; the lamp is powered by direct current from a 
storage battery. The positive column of the lamp is focused by lens C onto diaphragm Do 
with circular aperture of diameter 1.5 mm. This diaphragm is imaged by objective lens 
Oj with focal length of 110 mm. in the plane II - II which passes through the axis of the 
Millikan capacitor. The light beam enters the vacuum tube through a plane-parallel ground 
glass window. 

In order to decrease the light scattered by objective lens Oj and window P and striking 
the capacitor plates the beam is limited by diaphragms Dj - D5. In leaving the capacitor the 
light beam passes through the aperture of diaphragm Dg into chamber T of sufficiently large 
dimensions that only a small fraction of the beam entering it can return outward. 

That portion of the light scattered by the particle in the vicinity of the capacitor axis and 
passing through the glass wall of the vacuum tube is focused by objective lens O2 (a Yu-3 
photo objective) onto the principal plane AA of planoconvex lens Cj, coinciding with its plane 
surface. Here is located a slot S which limits the incidence of parasitic light at the photo- 
multiplier. 

Between objective Oo and lens C, a shield serves as an optical wedge and permits an 
approximately linear dependence of the light flux reaching lens Cj on the vertical coordinate 
of the particle. Located at such a distance from Os, that the light flux scattered by the particle 
is not focused, shield E suppresses part of this light flux, depending on the vertical coor- 
dinate of the particle. With downward displacement of the shield by 6 - 9 mm in the vicinity 
of the optical axis the light flux reaching the photomultiplier is varied from zero to maximum 
value. 

Lens C1 ensures immobility of the light beam (scattered by the particle ) at the photo- 
multiplier cathode upon displacement of the particle. The photomultiplier and lens Cj are so 
located that the image of the input aperture of objective Og is in the plane of the photomultiplier 
cathode. 

A specially chosen FEU-19 photomultiplier with low dark current was used. 

3. Millikan Capacitor. Particle Stabilization in the Horizontal Plane. The automatic 
control system does not act on the particle position in the horizontal plane. Hence, any 
horizontal component of velocity (for example, that attained by the particle curing introduction 
into the capacitor) may cause displacement of the particle from the capacitor axis and lead to 
its loss. 

In the described device stabilization of the particle in the horizontal plane is achieved by 
horizontal components of the electric field of the capacitor directed toward the axis. The 
plates of the capacitor represent two conical surfaces with vertices pointing downward ( 2 and 
3, Figure 1). Diameter of the plates is 5.4 cm and the distance between them 0.8 cm. With 
such configuration of the electric field the presence of a small horizontal component in par- 
ticle velocity (0.5 cm/sec) will lead only to oscillation of the particle in the horizontal plane. 

Stability of the particle in the horizontal plane may be ensured only with axially symmetrica 
distribution of potential around the capacitor axis. Such distribution may be disturbed by 
leads passing near the capacitor and by axial asymmetry of the walls of the glass envelope. 
Hence, voltage is applied to the capacitor plates through leads sealed into opposite stems of the 
vacuum device. The influence of axialasymmetryof the walls of the device is eliminated by 
metal rods 4 located with axial symmetry on the lower plate of the capacitor. 

In the center of the lower plate there is an 0.8 mm orifice through which the iron particles 
are introduced into the capacitor. The electron beam enters the capacitor through an orifice 
in the center of the upper plate. 

4, Electron Gun. Irradiation of the particle by electrons of different energies is 
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achieved by an electron gun of simple design within a shield (Figure 1). : 

It was pointed out in reference [1] that statistical material on one and the same particle 
may be obtained only by alternating its irradiation by electrons with energy at which the 
secondary emission ratio 0> 1 with irradiation by electrons with energy corresponding 
too <1. In working with iron particles the energy of primary electrons corresponding to 
o < 1 was chosen in the energy region above the "second unit" on the curve for dependence 
of o on the energy of primary electrons. 

5. Structural Scheme of Electrical Portion of the Installation. The electrical sections of 
the installation mustensure fulfilment of the following basic functions: 

1. Capture of the particle introduced into the capacitor on the condition that its charge- 
to-mass ratio and initial velocity lie within permissible but sufficiently wide limits. 

2. Stabilization of the charged particle within the capacitor by means of a system for 
automatic control of the voltage at the capacitor plates. In particular, the automatic control 
system must hold the particle in the event of a sudden change in charge within the limits 
likely to be encountered in the course of the experiment. 

3. Irradiation by electrons of specified energy within a somewhat wide range. 

4, Measurement of changes in particle charge due to impacts of single electrons. 

In order to achieve functions 1 and 2 it is desirable to increase the operating speed of 
the control system. However, the subject of high-speed action must be considered together 
with the subject of noise, for the methods of combating noise signals reduce to affecting 
the frequency response of the system and, consequently, its operating speed. 

The light signal from the particle, striking the photomultiplier, is extremely small in 
view of the small dimensions of the particle and the limited brilliance of the light source. 
Hence, the noise signal at the photomultiplier output (due, in part to the amplifier noise) and 
the inherent (dark) noise of the photomultiplier (due, in part, to parasitic scattered light 
as well as to noise arising at the photomultiplier output upon action of the light signal from 
the particle) may prove comparable with the effective signal. 

In connection with these problems two systems of amplification and conversion of the 
signal from the photomultiplier output were compared: a system with d-c amplifiers and a 
system with a-c amplifiers. This comparison led to the following conclusions. 

1. Ina system with a-c amplifiers the influence of amplifier noise and inherent (dark) 
noise of the photomultiplier may be reduced. However, this noise is considerably less 
than the noise caused by parasitic scattered light and the light signal from the particle. 

The use of light modulation does not permit a significant reduction in the last two noise 
components, since they also modulate the carrier frequency along with the fundamental signal. 

Consequently, with regard to anti-noise characteristics in the present case the a-c 
system can hardly offer significant advantages. 

2. A shortcoming of the system with d-c amplifiers is the inherent zero drift. It 
may be decreased by the use of special circuits, stabilization of supply voltages and temper- 
ature. Moreover, in the presence of a captured particle the control system proves to be 
closed and the influence of drift is sharply decreased. 

3. The system with a-c amplifiers is more complex than the system with d-c amplifiers 
not only due to the presence of auxiliary units but also due to the complexity of differentiation | 
a-c signals. 

On the basis of these considerations a system with d-c amplifiers was used in the de- 
scribed model. 

Function 3 is achieved by the use of the pulse method of particle irradiation by electrons 
(see reference [1]): the electron gun is usually "blocked" by selection of the control electrode 
potential and is "opened" only periodically at short intervals of time. In these intervals 
irradiation of the particle by electrons occurs and during the irradiation the voltage is re- 
moved from the Millikan capacitor. 

The structural diagram of the electrical portion of the installation is shown in Figure 3. 
The particle is illuminated by a constant light flux. The light scattered by the particle is 
converted by the detector D into a constant electrical signal which is proportional to the 
vertical coordinate of the particle. The signal from the detector output is amplified by 
d-c amplifiers Aj, Ag, Ag and high-voltage amplifier HV, from the output of which the 
signal is applied to the Millikan capacitor. 

There are compensating circuits: a differentiator DIF developing a derived signal 
required for stability of the control system, and an integrator INT, decreasing the static 
error of the system. 
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The signals from Aj, DIF and INT are 
summed by amplifier Ag. In addition, two 
control voltages are applied to Ag: U; from 
the irradiation control section (ICS) and Ug 
from the section providing the initial voltage (SIV). 

The irradiation control section (ICS) controls 
the electron gun and amplifier, achieving ir- 
radiation of the particle in the time interval 
when the voltage is removed from the Millikan 
capacitor. It contains a pulse generator, feed- 
ing pulses to the control electrode of the elect- 
ron gun, and an amplifier. Pulse voltage U; 
reaching the in put of Ag ensures removal of 
the high voltage from the Millikan capacitor 
at the moment of electron irradiation of the 
particle. 

Voltage Up from SIV acts only during capture 
of the particle. When the particles are injected 
into the Millikan capacitor they possess initial 
velocities. In order to capture a particle it 
is necessary that it is first retarded in the 
capacitor. Upon injection of a particle through 
the orifice in the lower plate of the capacitor it is retarded in the field of gravity. There 
is no voltage at the capacitor; the control system is cut off until the moment when the velocity 
of the particle becomes close to zero, for the force created by the control system acts up- 
ward against the force of gravity. SIV creates the blanking voltage and determines the moment 
of its removal. 

The voltage at the output of Ag is proportional to the voltage at the Milikan capacitor 
(during operation of HV in the linear portion of the characteristic). To the output of Ag there 
is connected ameasuring unit MU, consisting of a cathode follower and loop oscilloscope 
with recording of the indications on photographic paper. The MU permits examination of 
the change in particle charge during the course of the experiment. 

The design circuit shown in Figure 4 
was adopted for dynamic calculation of the 

utomatic control system. This figure 
shows the transfer functions of the individual 
links. With the parameters shown in this 
circuit the system is stable. 


Figure 3. Structural diagram of Millikan 
vacuum capacitor installation; 

SP in MC, spherical particle in Millikan 
capacitor: D, detector; Ai, Ag, A3, d-c 
amplifiers; HV high-voltage amplifier; 
SIV, section for initial voltage; ICS ir- 
radiation control section; MU, measur- 
ing unit; INT and DIF, integrator and 
differentiator. 


2. TESTING THE INSTALLATION 


Tests of the installation showed that the 
automatic control system is capable of captur- 
ing spherical iron particles with diameter of 2- 
microns and retaining them in a stable state 
for a long period of time. 

The automatic control system holds these 
particles stable even during the brief periodic 
removal of voltage from the Millikan capacitor 


Figure 4. Design circuit of automatic control 
system: 1, particle in Millikan capacitor, ge, 
particle charge; m, particle mass, d, dis- 
tance between capacitor plates; 2, detector: 


3, first and second stages of amplifier (Aj in 
Figure 2): 4, third and fourth stages of ampli- 
fier (A2 and Ag in Figure 2); 5, differentiator 
and fourth stage of amplifier; 6, integrator 
and fourth stage of amplifier; 7, high-voltage 
amplifier. 

pected. 


Irradiation of negatively charged particles 
by electrons with energy at which o > 1 leads 
to an increase in voltage at the capacitor. 
Irradiation of these particles by electrons 
with energy at which o < 1 leads to a decrease 
in voltage at the capacitor, which is to be ex- 


Incidence of a single electron at the particle causes a change in voltage at the capacitc 


by jumps. This is illustrated by oscillograms of the voltage at the capacitor (Figure 5) in the 
absence of irradiation and in the presence of irradiation of the particle by electrons when 
go>landoa<i1. The mass of the particle, calculated from relationship (3) (reference [1]) 


569 


i NWN iscsannlicaueaen 
OA cream RN ? ART a 
‘et 


Figure 5. Oscillograms of voltage at Millikan capacitor; a, in 
the absence of irradiation, Ujyq = 7500 v; b, irradiation of par- 
ticle with 0 > 1; c, irradiation of particle with o <1. 


is 1,26. 1079 g. A change in particle charge by one electron charge corresponds to a voltage 
jump of approximately 75 v. Downward jumps correspond to adhesion of primary electrons and 
upward jumps correspond to liberation of n > 1 secondary electrons. The relatively sloping 
leading edges of the jumps are explained by the time constant of the measuring unit used. 

The authors express their sincere thanks to L.N. Dobretsov, under whose guidance the 
work was performed, and also to D. V. Shapot and V. A. Ivanov, who took part in designing 
the automatic control system. 
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BRIEF COMMUNICATIONS 


SHANNON SCHEME FOR GAUSSIAN INFORMATION 
WITH UNIFORM SPECTRUM AND 
FOR A CHANNEL WITH FLUCTUATION NOISE 


B.S. Tsybakov 


Contemporary demonstrations of the Shannon theorem (reference [1]) are based on the 
widely-used Shannon concept of random coding of long segments of information. The final, 
mathematically rigorous proofs of the theorem in the case of continuous transmission takes 
such an unwieldy form (for example, see reference [2]) that its perception becomes ex- 
tremely difficult. In principle, there evidently exist simpler demonstrations for direct 
confirmation of the theorem for certain classes of channels and information sources which 
are based on previously known (found or guessed) methods of optimal encoding and decoding. 

In the present remarks we wish to call attention to one simple demonstration of the 
Shannon theorem in the special case of 'white'’ Gaussian information and channel. We will 
show that linear methods of encoding and decoding in the discussed case are optimal, For 
demonstration we have used the well known and developed theory of optimal linear filtering. 

Let the output of the information source é (t) be a stationary, random Gaussian process 
with uniform spectrum in the band of frequencies W (spectral density). Let us designate 
its spectrum as fg (w): 

/,(@) = Es (1) 
where Q is the amount of information at the output of the source. 


For transmission of the information let there be a channel at the output of which the 
signal n'(t) is formed from the signal 7 (t) at the input in accordance with the relation 


n (=n (t) + E(t), (2) 


where & (t) is independent of 7 (t) and is a stationary, random Guassian process with uniform 
spectrum in the same frequency band W as é (t). Let us designate its spectrum by fr (w): 


R 
fe (0) =r > (3) 


where Py is the additive noise power in the channel. 
We shall assume that the signal at the channel input n (t) possesses a given finite power 
Pg. 

: The problem consists in determining whether (direct theorem) or not (inverse theorem) 
there exist such methods of encoding and decoding as will permit transmission with a given 
accuracy of reproduction of the information at the output. 

We shall assume that the permissible deviation of the decoded information at the output 
é'(t) from the initial information é (t) will be the mean-square error a; 


ot = M [E (t)—E' (t—T)], 
where M is the averaging and T is the delay of the information at the output relative to the 


information at the input. 
It is known (reference [1]) that for the described situation methods of encoding exist if 
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¢=W tog (1 + p8)>W log = 2, (4) 
and do not exist when R > C. 
In performing the operations of encoding and decoding, generally speaking, it is nec- 
essary to achieve a certain delay T in the information to be transmitted. If the values of 
R and C are such that R < C, that is, 
QP 
a eae () 


~) 


then the required delay T is a finite quantity. hplee a decrease in o” the required value of 
T, generally speaking, increases and when o2 3 it approaches infinity. 
Let us examine linear filtering in the capacity of the encoding and decoding operations. 

Let the encoding consist in linear filtering 

m (t) = \ K()E(t—v)at, (6) 

—T, 
where K(rT) is the transient response of the filter, and in subsequent delay of the filter output 
by time T, : 
n (t) = mi (t — T1). 


The encoding operation may be achieved by means of a single, physically realizable, 
linear filter with transient response Kj(T) = K(T - T}). 

Let us assume that the decoding is achieved by a linear filter 

B= | Mana (7) 
ete 
with delay in Tj. The total delay in transmission arising due to encoding and decoding is 
T =2T 
ue 

In order to evaluate the optimum transmission, let us examine filters with infinite delay* 
We shall show that under the given conditions they will be best for the encoding and decoding 
operations as described by Shannon. 
_. In fact, according to the theory of optimal linear filtering the least mean-square error 
3, under the given conditions has the form (see, for example, references [3, 4]) 


~» ( fe (®) f (@) do QP, do 
0 NK (o) PF (0) + fe (©) A UALIOULE SA (8) 


where {k(w)|? is the square of the absolute value of the spectral characteristic of the encod- 
ing filter; it is chosen from the conditions 


\ k(@) ?f, (0) do = Py, (9) 
zl PrQ Pal w 
k@e=[4)/ a —wie- (10) 


In formulas (8) and (9) integration is performed for bandwidth W; in formula (10) the 
quantity A is an undefined constant**, 
On the basis of (9) and (10) we have 
P 


| ko)? = ae , (41) 
after which we obtain foros 
ce QP pn 
07 PP : (12) 


*By choosing sufficiently large Ty we may approximate filtering with infinite delay to any desired 
accuracy. 


. ~2 ; 
**The expression for o@ and relations (9) and (10) were first given by Costas in reference [3]. 
More recently these results were obtained independently by Sinay (reference [4]) in whose wo: 
the calculations relating to their derivation are described in greater detail. 
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Comparing this expression with (5), we see that the discussed methods of encoding and de- 
coding are the best methods in terms of the Shannon concept. In this way (converting from 
(12) to (4) and replacing the equality sign with an inequality sign) we have proved Shannon's 
direct theorem for a white Gaussian information source and channel. 

That the linear methods of encoding and decoding are optimal among all possible methods 
is explained by the fact that in the given case the source itself develops the optimal signals 
for the given channel. The problem of the filters consists only in the change in power of the 
corresponding processes. It may be shown that even in the apparently simple case of a 
Gaussian source with nonuniform spectrum the optimal encoding with the above channel is 


__ essentially nonlinear. The search for the best methods of encoding and decoding requires 


development of the theory of optimal nonlinear filtering. 

In conclusion let us note that the mean-square error so% will be determined from for- 
mula (12) also in the case where processes with uniform spectrum € (t) and & (t) are non- 
Gaussian. However, in this case condition (4) is replaced by another condition and 
will not be minimum in all possible encoding and decoding methods. 
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TOWARD A RECEIVING ANTENNA THEORY 


B. Ye. Kinber 


In reference [1] there was derived a formula for the power received by an antenna upon 
the incidence of a nonplanar wave. In deriving this formula it was assumed that the dissi- 
pated power is much less than the received power, and, consequently, that the incident wave 
approximately satisfies the boundary conditions at the walls of the antenna. 

Nevertheless, in cases of practical interest (e.g. , incidence of the wave at the antenna 
from the direction of the side lobes of the pattern, calculation of the mutual influence of 
closely spaced antennas) the power dissipated by the antenna considerably exceeds the power 
passing through the antenna system and the initial assumptions of reference [1] are clearly 
invalid. 

In the present remarks it is shown that the formula for received power derived in 
reference [1] is rigorous and applicable given any relation between the received and dissipated 


fields. = 2 
Let a field E®, Hn be incident at a receiving antenna matched with a long feed in which 
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only one mode may be propagated. The 2 , H™ wave is the principal field and does not 
satisfy the boundary conditions at the walls of the antenna. The virtual source of the 
E41, field is some other transmitting antenna, which we shall consider as a system of 
given external currents. Thereby we avoid analysis of multiple diffractions of the field at 
the receiving and transmitting antennas. _, _ 

At the receiving antenna part of the E",H® field enters the channel and part of it is 
dissipated (diffracted). The resulting field, which satisfies the boundary conditions, will be 
designated by E,H. 

According to the equivalence theorem (reference [2]), the system of external currents, 
being virtual sources of the principal field, may be replaced by a combination of electric 
je and magnetic j,, currents at closed surface S, surrounding these sources with a surface 
density 


id= nH"); (1) 
in = EI (2) 


where n is the exterior normal to Sj. 

Let V represent the volume bounded by Sj and containing the receiving antenna, Ac- 
cording to reference [2] the sources defined by expressions (1) and (2) excite field E', H' 
which within V coincides with the total field E, H. ee 

Let us now examine the Eg, Ho field of a 
receiving antenna during transmission operation; we 
shall consider this field to be known. The Eg, Ho 
power flux will be chosen equal to unity. In the 
antenna channel the Eg, Hg field is a wave traveling 
toward the "throat" of the antenna. Outside the 
S antenna Eg, Hg is the radiation field — a divergent 
Sources of spherical wave? i —B, i’ = Ii , 2 
field E,, Let us write the Lorentz lemma for the Ep, Ho 
and E',H' fields. We shall integrate over the entire 
infinite space bounded externally by the surface of 
an infinitely remote sphere and internally by sur- 
face So coinciding with the antenna surface and by 


section So in the feed (see Figure 2). 
Since the integral of an infinitely remote sphere and surface So is equal to zero, the 
Lorentz lemma has the form 


\ ({{E' Ho] — [BoH’}}, n) ds = ( (igE0) — (tle)} as. (4) 
Substituting for i and aan their expressions from (1) and (2), replacing E', H' with E, H, in 
accordance with (3) and remembering (from reference [3]) that 


S2 


\ ({{EHo] — [ZoH]). n) ds = CoN -», 


S2 


(9) 


where 


Nip = \ (((BoH5] + [B2 Ho}}, n) ds (6) 


(E§, Hé is the complex conjugate of Hig; Hey) we find that the amplitude C_g of the wave 
received by the antenna is equal, within the feed to 
{ ((B"1o] — {Fol}, n) as 
C_y an * > +s —*, > > ° 7 
Y (L2G) + [2 Hols, 2) ds (7) 


&2 


The E_g, H_g wave received by the antenna is similar to the Eo: Ho wave but moves in 
the opposite direction. 
Let us also write the expression for the received power’ 
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| § (((2" Hy] — [Boll )), nydst 
pe seul. 
~ : (8) 


= (Boll i -(E Fae n) ds 


Formulas (6) and (7) are valid also in the case when within the feed there may be prop- 
agated M mutually orthogonal wave modes, creating different radiation fields Bins Hin 


*(m<M). Formulas (6) and (7) in this case yield the field and power of an m-type wave in the 


channel. These fields and the residue, which is converted by the antenna into a scattered 
field, are mutually orthogonal; the total dissipation cross section of the antenna is the sum 
of the dissipation cross sections for each component of the principal field. 

In conclusion it is my pleasant duty to express my sincere thanks to A.A. Pistol'kors 
and Ya. N. Fel'd for their valuable advice in the preparation of this work. 
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ATTENUATION OF SLOW ELECTROMAGNETIC WAVES IN 
4 


A PLASMA ROD IN A LONGITUDINAL MAGNETIC FIELD 


V.P. Shestopalov and1. P. Yakimenko 


The dispersion equation for a plasma rod in a longitudinal magnetic field was determined 
and examined without consideration of loss in reference [1]. This same equation was derived 
in reference [2] by the limit transition from a plasma-helix system to a plasma rod and has 


the following form: 


r 


Intie Vio fale +41)Als st 
ef Tol 02 2,Ve {l* @, Maa a 


Ths \ Kao UE Kx a 
Wig tae 1) -F ai 0, 4 
fe, -1—-(¢, +1) AIF aa oe Tel Ke, (1) 
where 
iL. Vf 4e, o &—e, ; 
fom Aca A= er if. = Oar +h); (2) 
a Bi. 
Lip =I) Ki = Ki GO, 0 = 01; 4=0,1,2); yo =BVir Y12= - ‘ 
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8B = )/V¢ is the longitudinal propagation constant; m = c/ vg is the delay; € and €z are the 
tensor components of the dielectric constant;o0 =Wy/w; w is the frequency of the 
signal; wy is the gyrofrequency; vs is the phase velocity of the delayed wave; cis the 
velocity of light in vacuum; a is the radius of the plasma rod; Ig (x) and Ko(x) are modified 
Bessel functions of the first and second kinds. 

Equation (1) permits determination of the dis- 
persion of slow electromagnetic waves. It is appli- 
cable within the dark area in Figure 1. This region 
is limited by the curves €, = 0 ec, = 1 (the boundary 
frequency, that is the frequency at which m2 > @,) 
and (Ic)? = 2 (6 — 1)/(6 — 2) (lL=@/o, is the Langmuir 
plasma frequency). Below the latter curve yj and y2 
are simultaneously real numbers. 

If attenuation of the waves is not extremely gre: 
(that is, if the real parts of the tensor components 
of the dielectric constant €', ¢) and the longitudinal 
propagation constant B' are considerably greater tha 
the corresponding imaginary parts, €", e€7 , 6"), 
then expansion of the corresponding terms in Equatic 
(1) in terms of a small parameter with retention onl: 
of linear quantities permits obtaining both the 
dispersion equation of the system (for the case of 
absence of loss) and its attenuation. 

With large delays (m > 10) the dispersion equation takes the following relatively simple form: 


Figure 1 


nl(py/ 2 «| K, (@’a) 
( |) us 


Ver, = Fa (3) 
(Br Y/ 2 q) Kola) 
1 )/ nia 0 
and the losses in the system are defined by the equation 
e’e, + £8" Is Bat ee eng, 
ee (See oe as 
aN Ber le, ie et (7) (4) 
iene Taw BT ANG 
Ap A 1 
Collie ey 
where 
G 1) \ ae 
ee ere: veo Mita ae 8 
=1{+ es’ = _ 5 
Cie (1 1 ¥ 
ate) 
&, = { — (Is); es 12586; § = a, 


v is the effective collision frequency within the plasma; (11 / Io)' and (Ki / Ko)' are the 

argument derivatives of the Bessel function ratios. The arguments ofthe functionsl, are 

equal to 8’ a ; the arguments of the function Kj is 8'a. The expressions (5) 

= 

are correct if the operating frequency is remote from the gyrofrequency (a £ 1). 
Dispersion dependence of the plasma rod and attenuation are shown in Figures 2 and 3 

for 12 =3w a/c = 0.1 and 6 =10,~8, The curves show that in a plasma rod located in 

a longitudinal magnetic field we may derive the delay of axially symmetrical waves on the 

order of 10-20 with attenuations below 0.1 db/em. With further approximation to the 


eae frequency, simultaneously with an increase in delay there is a marked increase 
in losses. 
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ON ELECTRODYNAMIC BOUNDARY CONDITIONS 
AT A PLANE SURFACE WITH ARBITRARY VALUE 


OF DIELECTRIC CONSTANT 


F.G. Bass 


In reference [1] the boundary condition was derived for the normal component of the 
electric field at a plane surface with arbitrary value of dielectric constant. In a number of 
cases this is not a fully defined solution of the problem. For example, for fields in which 
the normal component is an identical equality with zero this condition becomes an identity and 
the boundary problem must be solved by the use of the boundary conditions for the tangential 
components of the electromagnetic field. 

The boundary conditions for the tangential components of the electric field are obtained 
by means of Green's vector formula and the precise boundary conditions by a method similar 
to that which was used in reference [1]. These boundary conditions have the form 
pikVe\r—r" 


|r—r’| 


fy as [nV] (V [n, i @yy)h dr’ for. : =0. 


im E@|=—3 \ {le [n, Hr) + 


(4) 


Here E and Hi are the electric and magnetic fields; k = w/c; € is the permittivity; n is the 
exterior normal to the plane z = 0. 
If |e] >1, formula (1) may be rewritten as 


ot eS 1 4 4, >> = = Se ; 
(1, B\=72(1 + ap) (In [n, Hi) + (nv) (y(n, H])y for ==0, (2) 
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where A is the bidimensional Laplace operator in coordinates x and y. 
Using the Maxwell equations, we may eliminate the magnetic field from (2). After 
simple transformations we obtain these boundary conditions for the electric field: 


OE. = r ‘Ia | 
an ikVe (1+ 5-4) rv tae 
\ o , 


for z =0 


kaa coo Ve ( | We 
We will note that the second of the boundary conditions in (3) is the direct result of boundary 
conditions in the form of (2) or, which is the same thing, the first of the boundary conditions 
in (3). 
Expanding boundary condition (2) in powers of A/ Ke and retaining the first term of 
expansion, we obtain the Leontovich boundary condition. 

Using the boundary conditions of (3), let us solve the following problem. Consider the 
class of solutions of homogeneous wave equations* for which boundary conditions (1) - (3) 
are local. It is easily seen that plane waves are included in this class. The boundary prob- 
lem for plane waves is solved by means of the reflection coefficient. It is found that it 
may be introduced in the more general case. 

From the boundary conditions in the form of (2)-(3) it is seen that they are local if the 
components of the electromagnetic fields at the plane z = 0 are eigenfunctions of the bidimen- 
sional Laplace operator A. We shall limit the discussion to the less general case in 
which the components of the electromagnetic field are eigenfunctions of the bidimensional 
Laplace operator in the entire upper half space. As is easily seen, solution of the wave 
equation on this assumption may be sought in the following form: 


BE, = g(a, yye™+ ge, y) oo, (4) 


+. 
where Eola satisfies the equation 
Ag\* (a, y) +(x?) g)=0 (i =a, y, 2). (5) 


As is known (reference [2]), the general solution of equation (5) is written as 
g(@, y) =aJy 0.9) + \ Dy (t) Jo (2 V2_ (2, — 2) a+\ Dp (t) Jo (hb V24 (F-— 9) at, 0) 
6 6 
where ais an arbitrary constant z,=«+iy; }=Ve—#; p=|7,|;® and 4. are arbitrary 
holomorphic functions; Jg is a zero order Bessel function. If E, is not identically equal 
to zero the solution of the Maxwell equations has the form 


: a ix roe Ane pie 
Bn ee Loe — Re ee 
ee aie Ox, y 
i Wy) u2—h2 \¥/. (7) 
1 = (4 dp = 
Mary - uVe : kg 
Ei ==(Cme = (aye =) Bag 1a) == ue yeh? AY 
thos ={ 4 -+ 5 
ml hte 
If Ez is identically equal to zero, 
[Baebes x2 — hk? \/2 
—iKz 4AZ Ls % Ve (1 a kg ) 
Bey = (e + P (x) e )eacae P(x) = 9 Ake “2 — kh? \/o (8) 
eal Me aren 


For plane waves formulas (6) and (7) change to the ordinary formulas for vertical and 
horizontal polarization. Quantities R(x) and P(x) have the meaning of reflection coefficients. 
As is seen from formula (6), the class of solutions for which the boundary problem is 


*In the discussed problem the Maxwell equations reduce to wave equations for the com- 
ponents of an electromagnetic field. 
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solved by introduction of the reflection coefficients is not limited to plane waves, for even 
in the discussed special case it is identified by two arbitrary functions. Of course, the 
problem of excitation of a field described by specific a, , and 2, must be solved 
separately in each case. 

Let us note that, knowing the solutions of the homogeneous wave equation with boundary 
conditions (1) - (3), we may solve a wave equation with the right-hand member by ordinary 
methods of mathematical physics. 
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Note Added in Proof 


It is easily shown that the obtained boundary conditions also hold for a nonuniform sur- 
face and for €, depending on the coordinates, if the following inequalities obtain: 


ae 5 . 1 
Sal, SSS | als 
a| >| 


ke’ 


where Ris the radius of curvature of the surface. 


EVALUATING THE INFLUENCE 
OF THERMAL VELOCITIES, IN ELECTRON BEAMS 


L.E. Bakhrakh 


From the standpoint of a simplified method proposed below, we shall discuss ion focusing 
of an electron stream and the Brillouin stream taking into account thermal velocities. 


1. ION-FOCUSED BEAM 


Ion focusing of electron beams has been discussed in a number of works (references [1-3]. 
Essentially, this type of focusing consists in the fact that ions originating in a gas during the 
transit of an electron beam accumulate in the path of the latter, forming a positive space- 
charge strand which attracts electrons toward the axis and thus focuses the electron stream. 

For an ion-focused cylindrical electron beam of radius r moving along an axis z the equatic 
of radial motion of the boundary electron may be presented in the form 


ar 
map =tet+h+ Pp, 
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where f, is the focusing force of the positive ions, f_is the defocusing force of Coulomb 
repulsion of the beam electrons, pj is the force resulting from transverse thermal ve- 
locities of the electrons in the stream, m is the electron mass. 

On the basis of the above assumptions we may easily determine f; and f_ by using 
the Gauss theorem: 


p_r u ele, 


pyr 
} == € 
> € 2& 2 TUr VEg 2 


Piel = ee 


where p+ and p- are the mean densities of the positive ions and electrons in the beam, I 


is the beam current intensity, ?= e U is the axial velocity of the electrons, U is the 

accelerating voltage, e is the electron charge, €9 is the dielectric constant of the vacuum. 
The scattering force p; caused by thermal movement of electrons may be treated as 

follows. Let us assume that the pressure of the electron gas P = nkT, where n is the con- 


centration of electrons in the stream, k is the Bo!tzman constant, T is the absolute tempera- 


ture. Then the force acting on the surface of a beam of radius r and length / wil be equal 
to P2mr 7. Expressing this force in terms of one electron, we obtain 
2kT 
i a (2) 


We will note that the introduction of force pj as defined inEquation (2) may be justified 

to some degree if we regard the electron beam as a certain system of N physical points 
the equilibrium conditions of which, under the influence of active forces F and inertial forces 
f;, is defined by the d'Alembert-Lagranve equation 

N 

>) (Fi — 7) 67; = 0. 

al 
In our case of a cylindrical beam of surface S under the influence of forces caused by the 
transverse thermal velocities of electrons we may assume that 


ws = i=1 
If we also assume that f; and 6r; are identical for all points of the system, then 
N 
> 7,57; = nVfor = PS6r, 
t=1 
where V is the volume of the investigated portion of the stream. 
Hence,we have the relation, similar to (2): 


BS kis 


je nV tides? 


Let us adopt an adiabatic expression as the equation of state of the gas and use the 
condition of adiabaticity (reference [2]), which in this case has the form 

Pr 

qT 


p= CONSEG, 
} 
where (fp = kT/e. Since nis proportional to r-2, we may write 


pr? = Ppyrs, = const, (3) 


where Ory = kT R/ e; Tx is the cathode temperature and r is the radius defining the position 
of the electron at the cathode. 


ra Keeping in mind relations (1), (2) and (3), the equation of motion of the boundary electron 
will be 


dr par el 207 nM 
™ qi —— Dey T'2rrve, ae r3 


Assuming v = const, this equation may be transformed to 
dr P4r I Pr ln 
be 4 
dz* ~+= 4Ué) F 4nrvU & + Ur’ a 


Equation (4) wholly coincides with the differential equation for effective radius of a stream 
with ion focusing obtained by a more rigorous method in reference [2]. 
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It must also be pointed out that application of the described method of investigation to the 
case of ion focusing of a flat beam leads to results similar to those obtained by the more 
rigorous method of calculation. ' 


2. BRILLOUIN STREAM 
Let us discuss the problem of the influence of thermal velocities in a Brillouin stream 
of electrons moving along axis z. As is known (reference [4]), the equation of radial 


motion of a boundary electron of the beam in this case has the form 


(9) 


dr sf - (Hy By2- 
dz 1 2negrv at \2 | » 


where I is the beam current intensity, v is its velocity, Bis the magnetic induction, 7 is the 
charge-to-mass ratio of the electron. The equilibrium Brillouin radius may be found 
from the condition d2r / dz? = 0 and is 


te Se AMD 
me ~ ‘inegy? B2U 2 z 
In order to evaluate the influence of thermal velocities on focusing of the beam let us 
add to the right-hand side of Equation (5) the defocusing force f = 2kT/r caused by the presence 
of the thermal velocities. As before, adopting the adiabatic equation as the equation of 
the state of the gas and using the condition of adiabaticity pp/n = const, we obtain the 
equation of motion of the boundary electron of the beam in the form: 


dr I n BY. Orats ; 
dz? — " Dneqrv®. _ r(2 Se ne a 1 6) (6) 


If in Equation (6) we assume that d2r / dz? = 0, we may determine the so-called equi- 
librium radius ry, of the stream taking into account the influence of thermal velocities. 


For this radius we obtain 
Bale 
2.2 1 4 re 
Te loom ple =0, 06 i; | 


where 


de bn 1.76-108 ——— "b 
SS ee ee 
WE Mh Tr VU mM é 


From this last relation it follows that 


re carey aN 


On the assumption of uniform electron density in the beam, Equation (7) permits an estimation 
of that part of the total charge of the beam which passes beyond the Brillouin radius due to 
the scattering action of thermal velocities, This part of the beam charge is evidently 


2 2 
Scam Oi 


i : 
"mm = (1 + V' + =) 

On the basis of Equation (8) the solid curve in the figure represents the dependence of 
the part of the beam current lying beyond the Brillouin radius on the value of parameter 4. 
The dashed curve in the figure represents the data of the more rigorous calculation of 
Pierce and Walker. Comparison the these curves shows satisfactory agreement. 

Investigation of an ion-focused stream and a Brillouin stream permits the assumption 
that the described method of evaluating the influence of thermal velocities of electrons with- 


in the beams may be applied in a number of other cases. 
I wish to thank P.V. Golubkov and A.M. Aleskovskiy for their valuable comments. 
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CALCULATION OF HOLLOW ELECTRON BEAMS 


N.D. Porev 


In the transition from solid cylindrical electron beams to hollow beams three questions 
usually arise. 

1. To what extent do the repulsive forces change and, consequently, the values of 
magnetic flux density required for shaping ? 

2. How much more efficient does interaction of the beam with the microwave field be- 
come ? 

3. How does the current density of emission from the cathode vary? 

Let us assume that the beam current I and outer radius rpare constant and investigate 
the change in properties of thebeam with a changein radius of the internal cavity rg and, 
consequently, in the "hollowness" H =r,/Trp. 

1. The repulsive forces acting on the boundary electron have been investigated more 
fully in reference [1]. However, the use of series and consideration of second-order effects 
render the results of this work relatively inaccessible. Moreover, with the usual omissions 
adequate results may be obtained by assuming that the space-charge density does not vary 
over the cross-section of the beam. 

In this case the repulsive force acting on a boundary electron is represented by the 
expression 


ee etree ; el 
) ee psd (r2— 7?) = = 
B 2827, 


JB a , (1) 
that is, with a given current the repulsive force acting on an outer boundary electron and, 
consequently, the magnetic field required for shaping do not depend on the hollowness of the 
beam 
2. Interaction of the beam with the microwave field is adequately characterized by the 

gain parameter (reference [2]) 

Ke 
= ZU, ° (2) 


In the first approximation the change in the axial field component as a function of the 
radius, in the presence of a beam, may be calculated, as for a "cold" delay system, by the 
corresponding expression 


E, (r) = AJy (yr). (3) 
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Considering the relations (reference [2] 
Et 
K= 2B2P ’ (4) 
J IE? ALS: (yr) 
= 80,8P ~~ BU BP 
and dividing the beam into annular elements with constant Ez(r) and current densities j = pz, 
we obtain 
"B 
At . 
C= SU BP \ Ji (yr) pz2mr dr. (6) 
ra 


The condition of equality of currents requires 


I = (r2 — r?) mpz = const. (7) 
For a solid beam rg = 0. Then 
"3 Up:} 
: Pp 5 Bie (qr) rdr \ ie (yr) r dr 
Bap ra = "3 Ta 
C3 iy ee eis ; (8) 
SB é 


5 ps (yr) rdr 


RS os 
f Jo (yr) r dr 
0 0 


PsB 


Let us evaluate the results in regions where approximations of the modified cylindrical func- 
tions are applicable. With small yrJg(yr)~“ and 


co? & \ rdr 

T 3 Ta = (9) 
3 ror: aod Y 
Con Ur eer frets 


0 
which can be well interpreted physically, since the microwave field in this approximation 
does not vary within the confines of the beam. 
For large yrJg(yr) =e%"/V2myr_ and 


: {2 ar 

Cap Te Ta z y ZS pt ‘3 

C3 y2 2 ‘Ty a 2YrB (10) 
SB a "a {ear { 


It would be more rigorous to use two approximations within the integration limits by 
dividing the integral into two parts, but this has no substantial effect on the result. 
3. The area of the cathode within a hollow beam is decreased by 


See, WI (11) 


times, while the emission current density is increased by the same factor. 
Numerical calculations for a number of cases of practical interest (2yrj, = 6.5) yield 
the following values: 


HB 0.4 0.6 0.8 0.9 
C 

as 1.08 1.14 1.27 1.37 
SB 

JHB 1.19 156 2.78 5.27 

isB 
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A substantial increase in gain parameter occurs only with a highly hollow beam, but | 
the required emission current density also increases sharply. Hence, from this standpoint 
it is convenient to use only highly hollow beams, although this is possible only with 
sufficiently high cathode emissivity. 
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POLARIZATION ANALYZER 


V.A. Libin 


INTRODUCTION 


In investigations of the polarization characteristics of the electromagnetic field of 
antenna systems, individual radiators, polarization gratings, elements of waveguide systems, 
etc. and also in studying the effects of a change in the polarization parameters of a field 
during propagation through an anisotropic medium and in a number of other cases itis 
necessary to determine the parameters of the polarization ellipse (the power coefficient of 
ellipticity M and the orientation angle B of the major axis) from the known characteristics 
of two orthogonal fields —their relative phases and amplitudes. In the solution of such 
problems it is usually necessary to perform calculations or to use the chart described in 
reference [1]. Although the second method is preferred this chart has certain shortcomings 
(e.g., the need for use of an auxiliary straightedge). In addition, it is convenient to have 
a diagram for polarization analysis of the same type as the polarization-matching chart 
described in reference [2], that is, in the form of a polar 
diagram. This permits combining both diagrams in one and thi: 
may be used for the solution of most practical polarization 
problems. 

The chart described below (known as a polarization analyze 
is made in the form of a sector of a circle and should be used 
as a supplement to the polarization-matching diagram. 


1. DERIVATION OF RELATIONS BETWEEN POLARIZATION 
PARAMETERS 


Let there be an electromagnetic field the ellipticity of 
which (relative to power) is M. The vectors of electric field 
strength, parallel to the major and minor axes of the polari- 
zation ellipse, are conditionally shown_in phase in Figure 1. 

- Figure 1 The amplitude values of vectors OA and OB, referred to 
jOA|, are 1 and VM , respectively. The instantaneous values of these vectors (here and here- 
after normalized relative to lOAl )) Aree 


|OA|=sinol, |OB|= VM cos wt 
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(in the reverse direction of field rotation |OA| =cos wt,, |OB) =VM sin wt.) 

In order to determine the relation between the relative amplitudes and phases of the 
two orthogonal components of this field (with these components displaced by an angle B 
relative to the axes of the polarization ellipse) and between the ellipticity M and angle 
6B it is necessary to find the sums of the projections of these components onto the axes of 
the polarization ellipse or, conversely, to project the vectors of the fields parallel to the 
major and minor axes of the ellipse onto the directions subtending the angle B with these 
axes. 

Having found the sums of the projections of these vectors, we may determine their relative 
. amplitudes and phases. 
The projections onto directions Yj and X, are 


0G =|O0A|\cos8 =cosBsin wt, OF =—|OB|sing8 =— YM sinat, 
OD =|0A|sin8 =sin8sinot, OF =|OB|cos8 = V M.cos 8 cos wt. 
The sum of the projections onto axis X are 
OD + OE =sin8sin ot + VM cos cos wt = A;sin (wt + G1), 
where 
A, = Vsin? 8 + M cos?8; = are tg [VM ctg B]. 
The sum of the projections onto axis Yj are 


0G + OF =cosB sin ot — VM sin 8 cos wt = Aysin (wt ++ Qa), 


A, = Voos?B + Msin®B; gz = are tg [— VM tg B]. 


where 


The relative amplitude of the sums of the projections are 
Ay ene + M cos? B 
AE cos? B + M sin?3 ° 


The ratio of powers carried by the corresponding fieldsis 


P, {Ai}? _ sin?B + M cos*B sa 
N=iz, Ea co’ B+ Msin®p * a 
The phase shift between the orthogonal components is 
A 2VM it 
Mi ae (2) 


Ag = Gi— G2 =are tg [V Mtg 8] — arctg[—Y M tg B] = are tg lan : 
2. USE OF THE POLARIZATION ANALYZER 


For each of Equations (1) and (2) there is a corresponding family of curves. Simul- 
taneous solution of (1) and (2) with two parameters given, for example, N and Ag, yields 
the desired values of M and 8. 

In Figure 2 the curves for formulas (1) and (2) are plotted in polar coordinates. In both 
families of curves the ellipticity Mis the chosen parameter. The value of N (or Ag) is 
determined from the length of the radius-vector extended at a given angle f to the curve 
corresponding to the given value of M. ai 

From (1) it is easily seen that N(8) = N (> - 8), whence it follows that the diagram may 
be plotted in sector 7/4, wherein for angles B “< m/4 it is necessary to choose reciprocal values 
of N. A similar conclusion may be made concerning (2), the only difference being that for 
B < 1/4 the phase angle Ao will be negative. 

For rapid determination of the required values the polarization analyzer has a pivotable 
slide with scales for Ag and N. 

The analyzer is used as follows. 

1. If Band M are given: (a) rotate the slide through angle 8; (b) find the point of inter- 
section of the slide with that curve from the A@ family which corresponds to the given value 
of M; (c) read the value of Ag on the slide scale; (d) N is found similarly. 

2. If N and A@are given: (a) find on the slide the points corresponding to the given 
values of N and AQ; (b) turn the scale until these points coincide with the curves of N and 
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Figure 2 


A, respectively, plotted for the same value of parameter M; (c) the resulting values of B 
and M are the sought values. Given any two of these quantities, it isnot difficult to determine 
the other two. 

It was stated above that it would be desirable to combine the polarization matching diagra 
with the described polarization analyzer. Figure 3 gives the 
scheme for construction of such a diagram. In the figure: 1, 
polarization matching diagram; 2, families of auxiliary curves 
for matched polarizations; 3, the same for mismatched polari- 
ations; 4, polarization analyzer; 5, pivoted slide scale. 
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POSSIBLE APPLICATION OF FERRITES 
FOR ABSOLUTE MEASUREMENT 
OF MICROWAVE POWER 


G.B. Bogdanov 


It is the purpose of the present work to determine the properties of manganese ferrite 
as a ferrimagnetic thermistor which might be used for the absolute measurement of micro- 
wave power in bridge circuits. 

The possibility of such application is based on dependence of the electrical resistance 
of ferrites on temperature and on the intense (above 100° C) heating of a ferrite specimen as 
the result of absorption of high levels of microwave power at ferrimagnetic resonance. The 
dependence of ferrite resistance on temperature is described by a function of the form 
(reference [1]) 
== AcAHIKT | (1) 


a 


where AE is the activation energy, kis the Boltzman constant, T is absolute temperature, 
A is a constant coefficient expressed in ohms. 

The activation energy is not a constant quantity and takes different values for various 
temperatures (reference [1]). Without dwelling on the microscopic processes occurring 
in the ferrite upon heating, the activation energy AE may be considered as a constant aver- 
aged quantity in the temperature range from room temperature (23° C) to the Curie point. 
This assumption is acceptable for engineering calculations for ordinary (not possessing 
ferrimagnetic properties) thermistors (reference [2]). It is shown below that this assump- 
tion remains valid for ferrimagnetic semiconductor thermistors. With this assumption 
formula (1) may be presented in the form 


Re = AePiT | 


E (2) 
where 13) = nav const, 


that is, coefficient B characterizes the ratio of the averaged quantity of activation energy 
AE,y to the Boltzmann constant and is expressed in degrees Kelvin. 

Since in the absorption of high levels of microwave power at ferrimagnetic resonance the 
ferrite is intensely heated, the ferrite resistance will decrease with an increase in the absorbed 
power. The relation between electrical resistance of the ferrite and the absorbed micro- 
wave power will then by defined by relation 


Ate Virgenes (3) 


where c is a constant coefficient expressed in degrees Kelvin per watt, Pr is the power ab- 
sorbed by the ferrite at ferrimagnetic resonance. The absorbed power Pf is determined 
from the relation Aa 

Vs Mh 


iT i (4) 


where F is a coefficient depending on the shape of the ferrite specimen, w is the frequency 
of the external magnetic microwave field, his the amplitude of the external microwave field, 
Mp is the saturation magnetization, V- is the volume of the ferrite specimen, 2AH is the 
width of the absorption line. It must be pointed out that in operation athigh microwave powers 
the dependence of Mp and 24H on temperature has considerable effect on the value of Pp. 
For example, the power absorbed at ferrimagnetic resonance at 23° C by manganese ferrite 
in the shape of a disc decreases by 20%-30% upon heating to 150° C. Hence, for precise 
calculation of Pg the temperature dependence of Mg and 2AH cannot be disregarded. 
Manganese ferrite was chosen for Senetimont pesause it possesses higher conductivity 
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than the ferrites presently used in microwave engineering and hence it is more suitable 
for the purpose. , : 
All experiments (except that for determining the dependence d ferrite resistance Rr 
on absorbed power P¢) were conducted 
with a cylindrical specimen whose length 

Rf 10°,ohms is 2.7 mm and diameter is 2.6 mm. 

(000; } The resistance of this specimen at room 
temperature was 1.1-10° ohms. Fine 
copper conductors leading to the device 
for measurement of ferrite resistance 
were soldered to thermal-bonded silver 
contacts at the endfaces of the cylinder. 

In order to determine the dependence 
of ferrite resistance on absorbed power 
a ferrite disc with diameter of 6 mm. 
and thickness of 0.8 mm was used. 

At room temperature the resistance of 
this specimen was 1.55- 10° ohms. The 
contacts were applied to the plane sur- 
faces of the disc. 

The cylindrical specimen was used 
for investigation of ferrite conductiv- 
ity as a function of temperature T and 
a constant magnetizing field Ho (galvano- 
magnetic effect) and also to obtain the 
static volt-ampere characteristic of 
the ferrite. 

The results of experimental in- 
vestigation of Rp = f(T) with magnetiz- 
ing field Hy = 0 and Ho = 3500 oersteds 
are shown in Figure 1. 

The curves for R¢ = f(t) in Figure 1 
are typical of semiconductor thermistor: 
and are distinguished by the fact that at 
room temperature the ferrite conductiv- 

Se Tea ity is several orders of magnitude great: 
346 423 496 er than in ordinary semiconductor ther- 
mistors. Withthe assumption that AE,y/ 
= B it may be shown that the curves for 
R¢ =f(T) in Figure 1 are satisfactorily 
described by formula (2) in the tempera- 
ture range of 45 - 200° Cif A ~1.52 anc 
B ~3950. These coefficients are deter- 
mined from the curves of Re = f(T) and depend on the material and dimensions of the ferrite 
specimen. Knowing the numberical value of coefficient B, we may determine the value of AE 
in the above-mentioned temperature range. AEgy will be 34 ev. For the sake of comparison 
we will note that AEgy as obtained by another means for manganese ferrite monocrystals (ref- 
erence[1]) is approximately 27 ev in the same temperature range. The difference in values 
may be explained by differences in composition of the investigated ferrites and also by variou 
errors in measurement. 

This comparison of values of AE,, permits us to consider the assumption AE,y/k =B 
to be satisfactory. 

The temperature coefficient of resistance 0R¢ /OT ~Rp /AT(ohms/°C), as determined 
from the curve in Figure 1 at H, = 0, drops from 3.5 to 2.5% with an increase in ferrite 
temperature from 50 to 150°C. e will note that the temperature coefficients of resistance 
of certain ordinary semiconductor thermistors have the same values. 

For investigation of the dependence of ferrite resistance on the constant magnetizing 
field a cylindrical specimen was magnetized by a longitudinal field of Hop = 3500 oersteds. In 
this case the ferrite resistance at room temperature decreased by 5%, which is seen from 
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Figure 1. Resistance of manganese ferrite as a 
function of temperature for different values of 
magnetizing field Ho. 
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Figure 2 showing the temperature dependence of the longitudinal galvanomagnetic effect 

of a manganese ferrite with Hg = 3500 oersteds. It is seen from Figure 2 that.the longitudinal 

galvanomagnetic effect for manganese ferrite is negative in sign. This result agrees with 

the data given in reference [3]. Upon increasing the temperature of the ferrite specimen to 

100°C and upward to the Curie point the longitudinal galvanomagnetic effect becomes somewhat 

small (a change of R¢ < 1% at operating Ho fields). This permits us to disregard the galvano- 

magnetic effect in calculations for operation at high power levels. Determination of Ree t(T) 

and measurement of the galvanomagnetic effect were performed by the methods described in 
reference [3] (with a few insignificant changes). 

The static volt-ampere characteristics of the ferrite 

with Ho = 0 and Hg = 3500 oersteds are shown in Figure 3. 

It is quite evident from these characteristics that the 

ferrite is a nonlinear conductor. At small currents an o 

increase in current results in an increase in voltage drop 

at the ferrite. As the current through the ferrite is 

further increased the voltage begins to decrease due to 

nonlinearity caused by heating of the ferrite. These “i 

nonlinear properties of the ferrite are inertial. The 

volt-ampere characteristic is required for selection of the 

operating portion on the curve of Us = f([¢) and design of the 

bridge circuit. a r 

Shape of the static volt-ampere characteristic is quite 

similar to that for ordinary semiconductor thermistors. 
The curve for Rf = f(Pf) at room temperature is shown in : 
Figure 4, from which it is seen that with an increase in a 
power absorbed ny the ferrite at ferrimagnetic resonance 
there is a decrease in ferrite resistance. 

The relation Rg =f(Pe) is described by formula (3). y 
With known A and B, coefficient c is easily determined from 
the curve in Figure 4. From this same curve we may 
determine sensitivity of the ferrite, which is character- 
ized by the change in resistance Ry in ohms with a cL ARE 1p? 
change in Py of 1 mw and is defined by the formula wea 


3297, 1K 373 


4 
f f Figure 2. Temperature depend- 


ence of longitudinal galvanomag- 
netic effect of manganese ferrite 
with a magnetizing field Hy=3500 
oersteds. 


In the given ferrite specimen the sensitivity in the 
central region of the curve for R¢ = f(P¢) at room temp- 
erature is 1400 ohms/mw. 

For the sake of comparison we will note that the 
sensitivity of an instrument thermistor of type T8M is 
66-90 ohms/mw at the operating point. 

R¢ = f(Ps) was plotted from measurements performed with the setup described in detail 
in reference [4]. One difference lay in the fact that for measurement of Rp a UM-3 meter 
was connected to the ferrite through an opening in the narrow wall of a rectangular cavity. 
In determining Py it was considered that all the energy of the cavity is absorbed by the 
ferrite at ferrimagnetic resonance. 

Thus, the presented experimental and design data characterize the ferrite as a ferri- 
magnetic thermistor and qualitatively confirm the possibility of using ferrites for the abso- 
lute measurement of microwave power. 

The principal difference between a ferrimagnetic thermistor and an ordinary thermistor 
is that the former interacts only with magnetic field of a microwave oscillatory system and 
the latter interacts with the electric field. 

Electric breakdown between particles cannot occur within the ferrite specimen and with 
appropriate location of the specimen in the oscillatory system the dielectric strength of 
these particles is not decreased. This permits use of the ferrimagnetic thermistor for 
measurement of high-level microwave power. Another distinctive feature of the ferri- 
magnetic thermistor is the possibility of regulating the sensitivity at the operating point 


589 


by changing the value of the magnetizing field. This property of the ferrimagnetic thermistor 
permits widening the range of measurable powers with the given specimen. 

By virtue of its properties the ferrimagnetic thermistor is, as it were, '"'self-protected" 
against overloads. This is due to the fact that with an increase in temperature of the 
ferrite specimen Mg ~ 0 and, consequently Pr > 0. ; 

This immunity to overloads is the most important advantage of the ferrimagnetic 
semiconductor thermistor. 
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Figure 3. Static volt-ampere characteristic of manganese ferrite for different values of 
magnetizing field. 
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Figure 4. Dependence of resistance of manganese ferrite on power absorbed at ferrimagnetic 
resonance and room temperature. 

I wish to thank Ya. A. Monosov and V.I. Pronenko for their critique of the results of this 
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INFLUENCE OF TEMPERATURE PREHISTORY 
ON PERMEABILITY OF NICKEL-ZINC FERRITES 


D.D. Mishin and L.A. Kalyagina 


INTRODUCTION 


The combined influence of thermal and magnetic history on intensity of magnetization 
of metallic ferromagnets in weak and medium meee (magneto-thermal hysteresis) has been 
investigated in detail by Shur and colleagues (réference [1]) and by Kirenskiy and colleagues 
(reference [2]). It has been shown that magneto-thermal hysteresis depends substantially on 
the intensity of a magnetic field acting constantly during a temperature cycle, the range of 
the temperature cycle, the crystallographic direction, ete. Shur and Baranove (reference 
[3]) have shown that the magneto-thermal hysteresis may be explained by irreversible proc- 
esses of displacement of the boundaries between domains under the influence of the magnitiz- 
ing field with a change in temperature of the ferromagnetic material. L.V. Kirenskiy and 
colleagues (reference [2]) explain magneto-thermal hysteresis as irreversible processes of 
reorganization of magnetic structure occurring in a definite region of the magnetizing fields. 
It follows from the above cited works that magneto-thermal hysteresis is somewhat complex 
phenomenon. 

In order to investigate a few of the important aspects of magneto-thermal hysteresis it 
is necessary to simplify discussion of the factors affecting the ferromagnetic material (for 
example, to exclude the effect of the magnetic field and to study the influence of the temp- 
erature prehistory on the susceptibility of the ferromagnetic material. In this special 
case (developed by us in reference [5]) the magneto-thermal hysteresis may be referred to as 
the thermal hysteresis of the magnetic structure, which can be observed from the influence 
of the temperature prehistory on the permeability of the ferro- or ferrimagnetic material. 
The present report describes the influence of temperature prehistory on the permeability of 
a nickel-zinc ferrite of class F-1000 in the presence of constant and alternating fields of 
different intensities. 


1. SPECIMENS AND MEASUREMENT PROCEDURES 


In order to decrease the influence of the earth's magnetic field the specimens of nickel- 
zinc ferrite (F-1000) were made in toroidal shape. Dimensions: outer diameter 22 mm; inner 
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diameter 10 mm; height 7 mm. : : ’ 
Measurement of the permeability was performed by the bridge method with variable 
capacitance at 4.5 ke. The output of a ZG-10 audio oscillator was applied to the bridge. 
The null indicator was a measuring amplifier of type 281M with narrow passband. Heating 
and cooling of specimens with windings were achieved in an oil medium at an experimentally 
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ensured thorough heating of the specimens. Permeability measurement was performed with 
slow heating from 20°C to Curie temperature (150°C) and subsequent slow cooling. The 
number of turns of the measuring winding was 40 and of the magnetizing winding 25. The 
effective value of magnetic field intensity at which the permeability was measured varied from 
2.0.10-4 to 2.0-10-4 oersteds. The magnetizing winding was fed from a high-resistance 
dry-cell battery. The magnetizing field varied from 0.01 to 2.0 oersteds 

In order to establish the influence of the number of heating and cooling cycles on the 
thermal hysteresis of permeability the latter was measured in the same specimen during 
each of twelve such cycles. 


2. EVALUATION OF MEASUREMENTS 


Figure 1 shows the results of measurement of the permeability of F-1000 ferrite during 
heating and subsequent cooling with different magnetizing field intensities. The magnetizing 
field intensities are indicated in the figure. As is seen from Figure la, maximum hysteresis 
occurs with the weakest magnetizing field (0.01 oe). The hysteresis decreases as the mag- 
netizing field increases. At weak magnetizing fields of 0.01 and 0.05 oe (Figure la and 1b) 
the curve for cooling passes above the curve for heating. With a magnetizing field of 0.1 
oe (Figure lc) the curves for cooling and heating intersect. With a magnetizing field of 
0.2 oe (Figure 1d) the curve for cooling passes below the curve for heating, whereas with 
a magnetizing field of 2,0 oe (Figure le) both curves (under the given conditions of measure- 
ment) practically merge. Thus it is seen from Figure 1 that in the given case a constant 
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magnetizing field only decreases the hysteresis. As follows from reference [4], magnetiz- 
ing fields with intensities of up to 0.2 oe are fields in which over the entire temperature 
range only reversible magnetizing processes occur, whereas fields with intensities of the 
order of 2.0 oe are fields of reversible and irreversible processes. Thus, regardless of 
whether the magnetizing processes in the region of the given magnetizing fields are re- 
versible or irreversible, the hysteresis only decreases as the field intensity increases. 

Figure 2a and 2b show similar curves -- the measurement cycles of permeability with 
heating and subsequent cooling of an F-1000 specimen without a magnetizing field but with 
different effective values of magnetic field intensity (indicated in Figure 2) at which the 

_ bridge of the measuring circuit is balanced. It is seen from these curves that with a 
considerable change in effective value of the measurement field intensity (from 2°10™* to 
2°10-2 oe) the permeability hysteresis changes inconsiderably. 

The tahle lists the results of measurement of the permeability hysteresis of the same 
aon during the first through the fifth cycles and during the twelfth cycle of heating and 
cooling. 

It is seen from the table that the hysteresis decreases with each cycle, but as the number 
of cycles increases this decrease becomes smaller. 


Note: yj is the permeability measured at 100° C 
during heating; u2 is the permeability measured 
at 100° C during cooling. 


The observed hysteresis is apparently explained by the thermal hysteresis of the 
domain structure of the ferrits, which undergoes an irreversible change upon heating and 
cooling. Irreversible changes in magnetic structure of a ferrite upon heating and cooling 
may occur both during irreversible processes of displacement of domain boundaries (ref- 
erence [3]) and during processes of reorganization of the domain structure of the ferrite 
(reference [2]). 
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ENERGY DISTRIBUTION OF FIELD-EMISSION ELECTRONS: 


IN SEMICONDUCTORS 


I.M. Bronshteyn and Ya. M. Shchuchinskiy 


1. It was shown in reference [1] that the shape of the curve for energy distribution 
of slow secondary electrons varies with the thickness of the spray coating of Ba on W. In- 
stead of the single maximum which is characteristic of W, there appear two maxima. With 
an increase in the thickness 6@ of the Ba layer the relative value of the first ("tungsten") 
maximum decreases and that of the second ("barium") increases. With 
8 ~10 atomic layers of Ba on W the first maximum disappears and the 
curve for energy distribution of slow secondary electrons acquires the 
form characteristic for a thick layer of Ba. In this same work (reference 
[1]) it was also pointed out that the second (barium) maximum upon adsorp 
tion of Ba atoms onto W is displaced in the direction of lower energies, 
following the change in effective work function of the target, wherein 
its position is finally fixed at a 9 ~2 atomic layers of barium. 

This report presents the energy spectra of slow secondary electrons 
of thin layers of Be adsorbed onto W. The shape and position of the 
maximum of the distribution curves for slow secondary electrons of 
Be and W differ considerably although their work functions are almost 
the same (pe= 5ev, Pyw= 4.52 ev). 

The device, techniqies ' and procedure of the experiment were 
described in detail in reference [1]. We will note that the curve o(E,) 
for Be, obtained in vacuum at 5-10-9 mm Hg, is in excellent agreement 
with the curve obtained in a vacuum of ~ 10-7 mm Hg (reference [2]). 
Thus, the vacuum conditions (p ~ 10-8 mm Hg) under which our measure- 
ments were performed appear to be acceptable. 

2. Figure 1 (a-f) shows the dynamics of the change in curves of 
energy distribution of slow secondary electrons according to the thick- 
ness of the spray coating of Be on W. It is seen from these curves 
that with an increase in 6 the position of the maximum and the shape 
of the curve vary. The position of the maximum, as in the adsorption 
of Ba, is fixed at 0 ~2 atomic layers; however, the relative contribution 
of electrons with energies of >3-3.5 ev is still quite large. Witha 
further increase in @ the half -width of the curve decreases and with 
§ > 12 atomic layers (Figure 1f) the curve of energy distribution of slow 
secondaries does not differ from that for a thick layer of Be. 


Figure 1. Change in low-voltage maximum of curve of energy distributior 
of secondary electrons according to thickness of Be coating on W. 


a, W;b, 6 ~0.3 atomic layers; c, 1 atomic layer; d, 2 atomic 
layers; e, 6 atomic layers; f, e-- 12 atomic layers. 


Thus the sublayer ceases to have any effect on the shape of the curve of energy distributic 
of slow secondaries at a Be thickness of 6 ~12 atomic layers that is with @ = AL(A is the 
upper limit of the free path of slow secondaries in Be (reference [3]) }. 

While the change in work function, as shown in reference [1] affects the energy spectrum 
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of secondary electrons, it evidently follows from the above data that the position and shape 
of the maximum in the given case are determined not only by the work function but also by 


other emitter properties. 
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ENERGY SPECTRUM OF SLOW SECONDARY 
ELECTRONS IN ADSORPTION 


OF BERYLLIUM ONTO TUNGSTEN 


A.G. Zhdan and M.I. Yelinson 


Previous reports (references [1,2]) have presented theoretical and experimental investi- 
gations of the influence of an internal electric field on the field emission of semiconductors 


10 See units elewt | units 
A 
Vcol,: volts, ee \ Yeol, volts 
ij &é 6 7 & 
Figure 1. Delay as a function of current Figure 2, Delay as a function of current 
density j at room temperature: density j at 1100° Cs 9 
1, j = 15 a/cm?; 2, j = 187 a/cem*; 3. j = 


1, j = 66a/cm?; 2, j = 125 a/cm?; 3, j = 


= 362 a /cm?2. = 494 a/cm2, 
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and have shown that in the presence of sufficiently strong fields the concentration of electrons 
in the conduction band and their energy distribution change significangly in comparison with 
the case of absence of an internal field, as a consequence of which an essentially nonequi- 
librium emission is attained. 

The character of the change in the energy distribution function of field-emission electrons 
is best seen by measuring the spectrum of field-emission electrons at different selected 
currents. 

We measured the spectra for thin semiconductive layers of quartz on carbon-activated 
tungsten (for the method of obtaining the layers and for their properties see reference [2)). 

The experimental device was similar to that described in reference [3] with the exception 
of the method of adjustment and the collector material. The strong focusing of the electron 
stream and the elimination of stray lens effects resulted in excellent resolution. 

Figure 1 shows the delay curves at room temperature for three values of mean density 
of current from a field-emissive point. From the figure it is seen that the delay curve expand 
from~ 1.75 to ~ 3.25 ev with a change in j from 66 to 362 amp/cm. 

With an increase in current density in several cases there was observed an expansion 
of the curves up to ~ 7 ev. Figure 2 shows the delay curves for three values of j at 1100°C. 
The nature of the change in the curves is somewhat different: expansion is noticeable even 
at small values of j, but there is little change in the width of the curve. The position of 
the delay curves on the Veo] axis permits estimation of the voltage drop at the SiOg +C 
layer and, consequently, of the mean value of the internal field E;,; in the layer. Consider- 
able expansion of the spectrum was observed with Ejnt ~10* v/cm. 

The obtained results permit the following important conclusions. 

1. The essentially nonequilibrium nature of field emission of high-resistance semicon- 
ductors is confirmed. 

2. With internal fields Ejpt 104 v/em there occurs a considerable increase in electron 
temperature. 

3. With an increase in lattice temperature the increase in electron temperature is 
retarded. 

4. In the presence of strong internal fields a considerable number of emitted electrons 
pass over the potential barrier. 
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LETTERS TO THE EDITORS 


PHOTOELECTRON EMISSION OF LaB, 


L.S. Miroshnichenko 


According to data in the literature, an interesting property of LaBg is its metallic 
conductivity and low work function (reference [1]) in comparison with ordinary metals. Since 
in the latter the work function is decreased by means of the adsorbed BaO molecules to a 
value of the order of 2-3 ev, it is of interest to investigate the possibility of such a de- 
crease and a corresponding shift of the red threshold of photoemission in lanthanum hexa- 
boride. The high sensitivity of LaBg to surface poisoning by residual gases is also known 
(references [3,4]). According to our observations the difference in work functions of a 
cleaned surface and one located in an atmosphere of residual gases at p ~1-107-° mm Hg 
is 0.8.ev. Our experiments were conducted with specimens with different surface condi- 
tions. 

The experiments were performed in sealed tubes of a design previously described 
(reference [2]), which allowed heating of the specimens by electron bombardment. During 
careful evacuation of the device the specimens were heated at 1200°C for approximately 
20 hours. 

The results are shown in the figure, wherein the spectral characteristics of quantum 
yield of the emitted particles correspond to the different states of the LaBg surface. 

Curve 1 is for the initial surface state of a specimen 
y, eVkv kept for a long time in an atmosphere of residual 
: gases at p ~1-10-8 mm Hg. Surfaces purified to 

Li a different degree (by heating to 1100° C) are rep= 
resented by curves 2 and 3. The long dashed curve’ 
represents Lafferty's data (reference [3]). The 
corresponding work function values obtained from our 
data by Fowler's method are 3.55, 2.89, and 2.77 
ev. The optimum coatings of these initial surfaces 
with molecules of barium oxide lead to a shift of the 
spectral characteristics to positions 1', 2', and 3! 
and to different values of work function (2,07, 2.12. 
and 2.24 ev, respectively). The best purified surface 
gave the lowest optimum decrease in work function. 
=, This decrease (0.53 ev) is extremely small in compari- 

son with the decrease in work function of such ordinary 
metals as tungsten, gold, tantalum, et al.. 

Experiments with GdBg specimens in our arrange- 
ment led to results cont rary to those given in the literature. The spectral charateristic for 
the purified surface of our specimen is given in the figure as a short dashed curve. from which 
the work function is found to be approximately 4.6 ev instead of the value of 2.1 ev given in 
the literature (reference [1]). With the use of Ba) the work function of our specimen was 
reduced by slightly more than 2 ev. 

I wish to thank P. G. Borzyak for his constant interest and assistance in this work 
and also G. V. Samsonov and Yu. V. Paderno for submitting the specimens for the investigation. 
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RECOMBINATION RADIATION 
OF CESIUM PLASMA IN A MAGNETIC FIELD 


Yu. M. Aleskovskiy, V.L. Granovskiy and Ye. Mikhalets 


Upon the application of a longitudinal magnetic field to the positive column of a low- 
pressure discharge there is a decrease in the diffusion of electrons and ions toward the walls 
in a direction perpendicular to the field. Hence the mean life of charge carriers in the 
plasma in increased. The ion balance is mean life of charge carriers in the plasma is 
increased. The ion balance is maintained at a lower ionization frequency (z;) at one elec- 
tron per second, hence intensity of the longitudinal electric field (E,) and the electron temp- 
erature (T,) in the stationary plasma are reduced (reference [1]), which was observed 
experimenfally in reference [2]. 

In this connection we may assume that within the magnetic field the contribution of 
charged particles leaving the plasma due to volume recombination is increased (reference 
[3]). The absolute number of recombinations per cm? per second must also increase 
somewhat. ~ However, spectroscopic observations of the recombination radiation of a 
discharge (Davis, reference [5]) have not agreed with the above conclusion. 
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Intensity of recombination radiation as a function of magnetic 
field intensity: 1, p=8.2u Hg; 2, p=18 uw Hg; 3, p=36u He; 4, p= 
=74 uw He 


ile oer : ‘ : 
As is shown in reference [4], in a decaying plasma the absolute number of recombinations n 
rise sharply with an increase in magnetic field. 


598 


We undertook the study of the influence of a magnetic field on electron recombination ra- 
diation, in a low-pressure stationary discharge in cesium vapor. For this purpose we 

| measured the intensity of the recombination continuum with a limit of 4943° A, corresponding 

to electron capture at the Cs6Py/2 level (reference [6}]). 

A discharge tube with diameter of 25 mm was placed within a uniform magnetic field 
created by two solenoids. Through the gap between the solenoids and at the center of the 

_ tube the discharge radiation was led out to a monochromator and then recorded by means 
of a photomultiplier or observed visually. The discharge current varied from 1 to 2.4 amp 
and the cesium vapor pressure varied from 2 to 130 microns Hg. 

Z It was established that the magnetic field has a strong influence on radiation of the 
positive column. Intensity of ail emission lines of cesium decreases with an increase in 
field. For example, the intensity of the Cs 4555-4593 A doublet decreases by 5-10 times 
with H ~1000 oersteds. The recombination glow, on the other hand, increases with the 
magnetic field. This effect is particularly evident at low pressures. At the lowest pressure 
the recombination glow is not observed in examining even a well adapted gas through the 
spectroscope, but application of a field of the order of 100 oersteds leads to the appearance 
of a clearly visible continuum. 

The figure shows the intensity of recombination radiation as a function of the magnetic 
field at different pressures of Cs vapor. 

In all curves it was assumed that I = 1 when H= 0. In the calculations a correction 
was introduced for that portion of the light of a bright Cs 82 Pq" who nga 6284/2 doublet which 
was scattered in the monochromator optical system. As wasto be expected. with an increase 
in pressure the influence of the magnetic field on the recombination glow of the plasma 
decreases, for there is a decrease in the mean free path of electrons and, consequently. 
in the quantity wT determining the effect of.the magnetic field on the electron parameters of 
the plasma. 
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CHRONICLE 
SYMPOSIUM ON WAVE DIFFRACTION 


From 26 September to 1 October there was held in Odessa a symposium on diffraction 
of waves. The symposium was organized by the Committe on Acoustics AN SSSR conjointly 
with the Acoustics Institute AN SSR and the Odessa Electrical Engineering Institute of Com- 
munications. The sessions were held on the premises of the latter institute. The theme of 
the symposium was extremely broad and embraced waves,of the most varied nature, which 
permitted extensive interchange of views between the scientific workers in various specialties 
during the discussion of common problems, 

The plenary sessions were devoted chiefly to summary reports. At the first plenary 
session after the initial opening of the symposium and the introductory address by V.A. Fok, 
G.A. Grinberg gave a review of the work performed at the mathematical physics division 
(which he heads) at the Leningrad Institute of Physics and Technology AN SSSR on the theory of 
diffraction of electromagnetic waves and the development of general methods of mathematical 
physics. 

At subsequent plenary sessions reports were given by V.A. Fok — ''Certain electrody- 
namic problems for a hollow cylinder of finite length'' (concerning methods of numerical 
solution of boundary problems in electrostatics and electrodynamics for a hollow conductor) 

— and Ye. L. Feynberg — "Diffraction problems in the physics of elementary particles" 
(concerning diffraction problems arising in the scattering of nucleons at the nucleus and 
mutual scattering of protons, electrons and 7-mesons, and also in inelastic scattering of 
particles). L.A.Vaynshteyn's report on ''Electromagnetic deffraction and boundary problems" 
gave a summary of works performed in the USSR during the years 1957-1960 and expressed 
the opinion that in the near future diffraction theory will expand rapidly, on the one hand, due 
to the devlopment of numerical methods on the basis of modern computer techniques and, on 
the other hand, due to asymptotic methods which provide approximate and graphic solutions 

of diffraction problems in "'quasi-optic" areas where direct numerical methods are ineffective. 
G.D. Malyuzhints' report" The ideas of Thomas Young and asymptotic laws of diffraction presentec 
an asymptotic description of diffraction by means of a parabolic equation given in radial coordinates 
and considering the transverse diffusion of wave amplitude; the report also discussed the prospects 
for development of analytical and machine calculating methods of solving diffractional problems. 

In the summary report by A.S. Alekseyev, V.M. Babich and B. Ya. Gel'chinskiy, "Radial 
method of calculating the intensity of wave fields" the mathematical problems associated with 
this method were discussed. N.N. Monseyev's report, ''The present state and problems of 
the nonlinear theory of surface waves, ' dealt with hydrodynamic waves. 

The report presented by L.D. Bakhrakh and A.A. Pistol'kors on ''Certain problems of 
diffraction theory in antenna techniques at centimeter wavelengths" stated a number of dif- 
fraction problems (diffraction of compound waves at a small mirror, radiation of antennas 
located at a conducting cone, diffraction and radiation of surface waves, influence of antenna 
blister of conical shape on antenna operation, etc. M.D. Khaskind's report on ''Certain 
problems in the diffraction and excitation of waves at an impedance plane" showed that for 
bidimensional problems in the diffraction and radiation of hydrodynamic surface waves (these 
problems are associated with the hydrodynamics of seagoing vessels) the mathematical 
statement is the same as for acoustic and electrodynamic problems in the diffraction and 
excitation of waves above an impedance plane, and presented rigorous and approximate solu- 
tions of a number of problems of this type. 

Sectional sessions were held simultaneously in four sections. 

A. Rigorous and numerical solutions of boundary diffraction problems. Asymptotic meth 
in boundary diffraction problems. 

B. Nonstationary problems. Rayleigh waves. Waves in heavy liquid. 

C. Waves in lamellar media. Grids and corrugated surfaces. Propagation of waves. 

D. Regular and periodic waveguides. Irregular waveguides. This section held an ad- 
ditional session devoted to diffraction in optical devices. 
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Since it is not possible to list all the section reports and communications, we shall 
mention only a fiew of them with the interests of the readers of our journal in mind. 

In the report by G.D. Malyzhints and A.A. Tushilin on "Electromagnetic field excited 
by an electric dipole in a wedge-shaped region with ideally conducting boundaries" was 
given a rigorous solution of the problem in the form of Sommerfield integral and simple 
asymptotic formulas were derived for a field at great distances. In his work in "Integral 
equations of antenna theory" N.N. Govorun investigated integral equations for current den- 
sity at an antenna represented as a rotational body with impedance surface and presented 
the numerical results for a thin cylindrical dipole obtained by high-speed computer. The 
theory of dipoles was also discussed in P. Ya. Ufintsev'"s report on "Scattering of plane 
waves at thin cylindrical conductors, '' wherein the results for current waves in thin cylin- 
drical conductors were obtained by the method of slowly varying functions used (in conjunc- 
tion with simply physical consideration) for calculation of the scatter characteristics of 
passive dipoles. 

It is known that by solving the problem of diffraction of unit step or a nonstationary wave 
of any mode it is possible not only to construct a formal solution of the problem of diffraction 
of a monochromatic wave, but also to determine (effectively) the short-wave asymptote of 
the latter problem. In V.A. Borokov's report on ''The tridimensional problem of diffraction 
of a plane wave at a plane shield with wedge-shaped notch" the nonstationary problem of 
diffraction of a plane scalar wave at a plane with notched angle a(m/2 < a< 3/2) is reduced 
to the Dirichlet problem for the Laplacian in a bounded tridimensional region. Numerical 
solution of this problem permits determining the asymptotic properties of a monochromatic 
diffraction field. In the report by A. Ya. Povzner andI.V. Sukharevskiy ''On asymptotic 
expansions in certain problems in the theory of diffraction of short waves" there is investi- 
gated an infinite region with an ideally reflecting and sufficiently smooth boundary wholly 
"illhiminated" from the source. The asymptotic formulas correspond to the laws of geometric 
optics. 

Similar results for a more special case and another method are obtained in the communica- 
tion by B. Ye Kinber on ''Diffraction of a cylindrical wave at the inside of a circular cylinder," 
where the asymptotic formulas contain multiply reflected rays, caustics and "whispering 
gallery" waves traveling along the inside of the cylinder. In a second communication on 
"Approximate solution of the problem of diffraction at a parabolic mirror of finite dimen- 
sions'' B. Ye. Kinber showed that in a logical theory of mirror antennas, based on the concept 
of diffraction rays, it is necessary to consider the specific aspects of a concave surtace, 
particularly the multiple reflections of the fringe wave. 

In the reports "Scattering of plane and cylindfical waves at an elliptical cylinder and the 
concept of diffraction rays" (L. A. Vaynshteyn and A.A. Fedorov) and "Short-wave asymptote 
to Green's function in the problem for parabolic surfaces" (V.I. Ivanov) the asymptotic laws 
of diffraction at convex, ideally reflecting bodies (elliptical cylinder, paraboloid of rotation) 
are investigated. 

In the work by Ye. N. Mayzel's and P. Ya Ufimtsev on "Reflection of electromagnetic 
waves of circular polarization from metallic bodies" it is shown that there may be distin~ 
guished in a scatter field (both theoretically and experimentally its 'nonuniform' component, 
caused by deformation (break of the surface. The report by L.M. Brekhovskikh and V.A. 
Yeliseyevnin "On propagation of waves in a nonuniform waveguide" is devoted to the propa- 
gation of sound waves in a lamellar medium of special type forming a waveguide, the proper- 
ties of which vary along the path of propagation. In ''The propagation and reflection of radio 
waves from an ionized layer" (G.I. Makarov) and ''New asymptotic representations of the 
Whittaker functions for problems of propagation of radio waves'' (E.M. Gyuninen and G.I. 
Makarov) there is given asymptotic treatment of propagation of radio waves in a lamellar 
atmosphere with E grad € # 0. Tropospheric propagation of radio waves is discussed in the 
report by L.M. Ponomarenko, ''The role of coherent scattering in long-distance propaga- 
tion of ultrashort waves." 

Investigation of the passage of sound waves or electromagnetic waves through an infinite 
periodic grating formed by parallel cylinders is a complex diffraction problem even with 
the condition that the period is small in comparison with the wavelength. Although in the 
latter case electromagnetic waves) the wave field in the vicinity of the grating plane must 
change to static fields, the corresponding "interlacing" was until recently associated with 
definite difficulties. The theory of such gratings was discussed in the reports by M. I. 
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Gurevich ("Acoustic conductivity of a close-spaced grating), G. D. _Malyuzhints (‘'Mean 
boundary conditions at planes defining a remote field in the diffraction of long waves at a 
dense, acoustically rigid grating) and A.N. Sivov ("Oblique incidence of a plane wave at 

a plane grating of parallel conductors"). In the report by A.M. Model' and N.V. Talyzin 
("Diffraction of a plane wave at an infinite grating consisting of individual dipoles"), there 
was investigated the reflection of an electromagnetic wave from a system of dipoles located 
in a plane in alternating order. 

The reports by M. D. Khaskind ("Propagation of electromagnetic waves above a 
gyrotropic medium" and "Radiation of electromagnetic waves above a thin gyrotropic layer) 
presented the solution of complex problems of excitation of waves by given sources in the 
vicinity of a magnetized ferrite or plasma. 

Various problems in the propagation of radio waves over the earth's surface were dis- 
cussed in the reports by Yu. K. Kalinin and A.D. Petrovskiy ('' Approximate boundary 
conditions and the diffraction of radio waves"), Yu.K. Kalinin (''Diffraction of radio waves 
at surface discontinuities (a comparison of theory and experiment)"), V.V. Novikov, 
("Propagation of pulse signals over a plane, uniform earth surface (nonstationary problem 
of Sommerfield)"), E.M. Gyuninen, G.I. Makarov and A.V. Manankova (''Electromagnetic- 
pulse propagation over the surface of a spherical earth"), G.N. Krylov (''Field of a vertical 
dipole and antenna over an earth with infinite conductivity"). In his report on 'Propagation 
of electromagnetic pulses in a conducting medium" Ye. B. Khanakhbey investigated propa- 
gation in an infinite conductor and in a conducting medium bounded by a dielectric. 

The theory of propagation at corrugated surfaces was discussed in reports by I. A. 
Urusovskiy (''Diffraction of sound at periodic irregular and nonuniform surfaces"), R.G. 
Barantsev ("Scattering of a plane wave at an arbitrary periodic surface"), B. F. Kur'yanov 
("Scattering of sound at a rough surface formed by two types of irregularity") and V.I. 
Aksenov ("Scattering of electromagnetic waves at periodic irregular .surfaces with finite 
conductivity"). In Yu. P. Lysanov's communication on "Diffraction of a plane wave ata 
nonuniform surface with continuously varying properties" it was shown that if the derivative 
of the reflection coefficient reaches a maximum at a certain value of coordinate x at the 
reflecting plane, then from the corresponding line a cylindrical wave diverges ( as from a 
notch or break). 

Among the reports devoted to waveguides it is necessary to mention that of M.G. Kreyn 
and G. Ya. Lyubarskiy, ''Toward a theory of passband of periodic waveguides, '' wherein 
general evaluations are presented for the passband of waves subject to the scalar wave 
equation. N.A. Kuzimin presented a report on ''Potentials and the variation principle 
of equations of electrodynamics described in the nonorthogonal curvilinear system of coor- 
dinates." In the report on ''Nonstationary processes in the propagation of pulse signals in a 
circular waveguide’ A.A. Kovtun and G.A. Makarov presented a method of calculation 
and numerical results dealing with the excitation and propagation of radio pulses in a wave- 
guide (with ideal walls and with consideration of finite conductivity of walls. ) 

In his report on ''The theory of irregular acoustic waveguides" B.Z. Katsenelenbaum 
spoke of extension of the method of transverse sections (previously developed for radio 
waveguides) to the case of acoustic waveguides. For waveguides with slowly varying 
parameters this method permits explicit solution, that is, it permits determination of 
the amplitudes of all waves scattered by a regular section. The report by A.G. Svesh- 
nikov and I. P. Kotik on ''Methods of calculation of irregular waveguides" was devoted to 
methods whereby, by the use of high-speed computers, it is possible to perform calculation 
of an arbitrary, irregular waveguide. The report on ''Synthesis of transmission lines from 
a given law of wave transformation" by Livshits and M. Sh. Flekser examined the general 
mathematical properties of the transmission matrix of a nonuniform section of line. 

In conclusion it should be mentioned that the symposium had no precedent either at 
home or abroad and demonstrated the fruitfulness of a meeting of physicists, mathematicians 
and engineers dealing with the diffraction of various types of waves. At the final plenary 
session the symposium adopted the recommendation that another such conference be held 
in the spring of 1962 in Gor'kiy. 

It is necessary to remark on the excellent organization of the symposium (representing 
much work on the part of the chairman of the organization committee, professor M.D. Khas- 
kind of the Odessa Electrical Engineering Institute of Communications) and the hospitality 
with which the city of Odessa greeted the numerous participants coming to the symposium fro: 
all over the Soviet Union. 
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VENEDIKT IVANOVICH KALININ 


Soviet radiophysics has suffered a great loss. On October 15 1960, Venedikt Ivanovich 
Kalinin, Doctor of Physical and MathematicalSciences, well-knownin our country as a 
radiophysicist and honored scientist of the RSFSR, suddenly passed away. 

The name of V.I. Kalinin is well known through his books and scientific research and 
for his activity as a teacher at Saratov University. 

Venedikt Ivanovich Kalinin was born on March 16 1907 in Saratov into the family of a 
railroad employee. After finishing middle school he entered Saratov University, within 
the halls of which he passed almost his entire creative life from physics student to head 
of the chair of radiophysics created by him. While still a student under the direction of 
K. A. Leont'yev he began his research in the field generation of microwaves and in 1929 
he published his first article, devoted to the regions of oscillations of the retarding-field 
generator. 

Upon concluding his studies at the university, V.I. Kalinin worked for a while at the 
Central Radio Laboratory in Leningrad. Here he organized a group for study of decimeter 
waves. During this period he performed a number of important investigations in the gener- 
ation of microwaves, in particular he developed a tube with a periodic grid, which was 
widely used at that time. 

In 1933 V.1I. Kalinin returned to Saratov and resumed work at Saratov University. 

Here his creative activity was particularly fruitful. This activity was extremely varied, 
attesting to his remarkable abilities and love of work. His wide scope and broad erudition 
permitted Venedikt Ivanovich to create the first series of valuable monographs on microwaves 
in our country. These included 'Decimeter waves" (1935), 'Decimeter and centimeter waves 
(1939) and ''Generation of decimeter and centimeter waves'(1948). In addition to these 

works he conducted a number of original investigations. He published more than 50 scientific 
works, devoted chiefly to problems of the kinematic theory of microwave oscillators. A 
generalization of these investigations was made in his doctor's dissertation, defended in 1944. 

The scientific interests of Venedikt Ivanovich Kalinin were closely linked with practical 
problems, Under his direction a number of assignments of great importance to the national 
economy were executed. Particularly trying work in this direction was performed during 
the war years, for which he was awarded a medal ''For heroic service in the Great Patriotic 
War, 1941-1945." 

Professor Kalinin devoted exceptionally serigus attention to the teaching profession. 

He developed a number of exemplary radiophysics courses. 

The lucid and absorbing lectures of Venedikt Ivanovich were used with great success in 
the auditorium. His extensive pedagogical experience was evident in a number of textbooks 
on which he, along with his students, expended much labor and effort. (‘Introduction to 
Radiophysics, " 1957; ''A Radiophysics Practicum, '' 1956-1960). 

Devoting great attention to creative scientific discussion, Venedikt Ivanovich organized 
in 1944 a permanent radiophysics seminar at Saratov University. This seminar has been 
instrumental in attracting young people to research work and conducive to a creative atmos- 
phere in the department. Thereby Venedikt Ivanovich contributed to the training of scientific 
cadres of high skill, giving this work particular attention. Under his guidance more thm ten 
persons have completed and successfully defended candidate dissertations. 

Professor Kalinin was active in fields other than science and pedagogy. Kalinin took 
part in the actions of society, often presenting interesting lectures to the populace. One of 
his lectures was published in a separate brochure (‘Russia — the birthplace of radio. '' 1949). 

The fruitful activity of Venedikt Ivanovich Kalinin was highly esteemed: in 1959 he was 
awarded the title of honored scientist of the Russian Soviet Federated Socialist Republic. 

Those around him knew Venedikt Ivanovich to be a man of high culture, straightforward 
and principled. The scope of his interests was extremely broad. He had a lively interest 
in literature and art, was attracted to creative photography, passionately loved Russian 
nature and was a zealous patriot. The shining example of Venedikt Ivanovich Kalinin will 
always be an inspiration to honorable service to Soviet science and our Motherland. 


V.L. Ptarushev, G.M Gershteyn, V. Ya Krasil'nikov 
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